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Polytopes

Take a finite collection of elements in Z™" C R". A
lattice polytope Is the convex hull of these integer
points.




Examples of Polytopes: Simplices

Definition: A standard lattice n-simplex, A,
C R", 1s the convex hull of O and the standard
basis vectors.




Examples of Polytopes: Cubes

Definition: The standard n-cube C R" Is the
convex hull of all points whose coordinates are
made up of O’'s and 1’s.




Defining a Map

Definition: Let K be a field. Let
t = (t1,t9,...,t,) € (K*)" and let
a = (ay,as,...,a,) € Z". Define t% = t1't52...t0,

Example: (z,v)1? = zy?




Defining a Map

Definition: Let K be a field. Let
t = (t1,t9,....,1,) € (K*)" and let
a = (ay,as,...,a,) € Z". Define t% = t1't52...t0,

Definition: Let P be a lattice polytope C R™ with
PNz ={ay,....a,} op: (CH" — P, where
op(t) = [t% . ... : t%n].




Example 1

Let P = 2-cube.
PNZ*={0,0),(1,0),(0,1),(1,1)}.

op : (C)? — P, dp((t1,t2)) = [1: t1 : to : tits)].
|m(¢p) = {[)\ A Ay )\tltg: ‘ A # O}, asS we
account for homogeneous coordinates.




Toric Varieties and ldeals

Definition: Let P be a n-dimensional lattice
polytope C R" with | PNZ" | =m + 1. The
closure of the image of ¢p In P Is the projective
toric variety Xp.




Toric Varieties and ldeals

Definition: Let P be a n-dimensional lattice
polytope C R" with | PNZ" | =m + 1. The
closure of the image of ¢p In P Is the projective
toric variety Xp.

Definition: The ideal of Xp Is




Toric Varieties and ldeals

Definition: The ideal of Xp IS

Proposition: Let f € Clxy, ..., x,].
f(a) = 0, Va € Xp if and only if f(b) = 0, Vb €

|m¢p.




Example 1 continued

|m(¢p) — {P\ . )\tl . )\tg . )\tltg] ‘ A 7& O}
Xp — ]m(gbp)

](Xp) - {f S C[il?o, ..,xg] | f([)\ c At Ay )\tltg]) = O}
where \ # 0.

Using Macaulay?2, I(Xp) = (x129 — xox3)



Pyramids

Definition: Let P be a d-dimensional polytope
C R", n > d. The pyramid of P, pyr(P), is convex
hull of P and ¢ € R" where ¢ ¢ aff(P).




Pyramids and ldeals

Let P C R" x {0} C R""! be a lattice polytope,
| PNZ" | =m+ 1.

Let pyr(P)C R™"*! equal convex hull of P and ¢
where g = (q1, ..., qn, 1).

Proposition: I(Xp) and I(X,,,p)) have the
same generators.




Pyramids and ldeals

Let P C R" x {0} C R""! be a lattice polytope,
| PNZ" | =m+ 1.

Let pyr(P)C R™"*! equal convex hull of P and ¢
where g = (q1, ..., qn, 1).

Proposition: I(Xp) and I(X,,,p)) have the
same generators.

Remark: I(Xp) C Clxy,...,xn| and I(X,,,p)) C

C[Qjo, 00 xm+1].




|dea of Proof

Let P = 2-cube. Let ¢ = (0,0,1). I(Xp) = (x122 — 2o73) ANd
|m(§bp) = {[)\ . )\tl . )\tg . )\tltg] ‘ A # O}

|m(¢pyr(p)) = {P\ C AL Al D Aty )\tg] | A 7& O}
What do elements of I(X,,.(p)) look like?
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Attempts

Let’s try to form a polynomial f € Clxy, ..., 24]
such that f([)\ C A Ao D Aty )\tg]) = 0.



Attempts

Let’s try to form a polynomial f € Clxy, ..., 24]
such that f([)\ C A Ao D Aty )\tg]) = 0.

Attempt 1: Xy — XTo Ty — )\Qtltg — )\2t2t3 7& 0



Attempts

Let’s try to form a polynomial f € Clxy, ..., 24]
such that f([)\ C A Ao D Aty )\tg]) = 0.

Attempt 1: Xy — XTo Ty — )\Qtltg — )\2t2t3 7& 0

Attempt 2: 517151725174—5130517421 — )\3?51?52?53—)\3?5% # 0



Attempts

Let’s try to form a polynomial f € Clxy, ..., 24]
such that f([)\ C A Ao D Aty )\tg]) = 0.

Attempt 1: Xy — XTo Ty — )\Qtltg — )\2t2t3 7& 0
Attempt 2: 517151725174—5130517421 — )\3t1t2t3 - )\3?5% # 0

Attempt 3:
ZEgajol’Z—QfgiEQZEZ — )\4t1t2t§—)\4t1t%t§ 7é 0



Attempts

Let’s try to form a polynomial f € Clxy, ..., 24]
such that f([)\ C A Ao D Aty )\tg]) = 0.

Attempt 3.
Q?gﬂ?oﬂ?i-ﬂ?gﬂ?gﬂ?i — )\4t1t2t§—)\4t1t%t§# 0
Why didn’t Attempt 3 work?

y 2 __ 2
T3ToT;—23T20] = xi(T3T0 — T372)

= NA5(Ntity — Ntqt3)
Problem: )\Qtltg — )\Qtlt% 7& 0.
In other words: x3x¢) — x322 ¢ I(Xp)



Attempts

Let’s try to form a polynomial f € Clxy, ..., 24]
such that f([)\ C AL At s At )\tg]) — (.
Recall ](Xp) = <CI?15132 — ZC()ZE?,>

Attempt 4:
CEZ(QZliEQ — iEoiEg) :)\Qt?g()\Qtth — )\Qtltg) =3

Thus f = 2% h(x, ..., z3) Where k € N
and h € [(Xp)



Back to Simplices



Back to Simplices

Thus ](XA ) = (XA1) — [(XAn)
IMoa, = {[A] | A # 0}

[(Xa,) = (0).

Therefore I

Xa ) = (0) for all n.



Prisms

The product of two polytopes P C R™ and
QCR"isPxQ={(p,g ER"™|pe PqeQ}
The product P x[0,1] is called the prism of P.



Prisms and ldeals

Proposition: Let P be a full-dimensional lattice
polytope in R”. There are two copies of I(Xp) in

I(Xpyio1)-




Example of Proposition

Let P = 2-cube. P x [0, 1] = 3-cube.
PNZ*={0,0),(1,0),(0,1),(1,1)}.

(P x [0,1]) nZ* = {(0,0,0), (1,0,0),(0,1,0), (1,1,0),
(0,0,1),(1,0,1),(0,1,1),(1,1,1)}.

](Xp) — <$1ZE2 — $OZE3>
[(pr[o,u) — < Y1Y2 — YoYs yX3Y2 — T2Y3 , L1Yos — ToY3 , T3Y1 —

L1Y3 , L2Y1 — LoY3 , L3Yo — LoY3 , L2Yo — LoY2 , L1Yo — LoY1,
L1X9 — LT3 >
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Products

Conjecture: If P and Q are lattice polytopes,
](Xp) C [(XPXQ) and ](XQ) C [(XPXQ)-
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