SELFATOPES AND THEIR PROPERTIES

SARAH GILLES

In tro duction

Through toric varieties, polytopeshave beenconnectedwith projec-
tive algebraicgeometry conesand fans, ring ideals,and group actions.
Polytopes are also useful in “elds sut as Operations Researb and
involve the useof conbinatorics and linear algebra.

Our goal this summer was to better understand a special class of
polytopes which we called a selfatope. Selfatopes rst appearedin a
problem in a theorem on toric varieties by JessicaSidman and David
Cox. Oncewe wereableto recognizea selfatope, we beganlooking into
how thesepolytopesmight be related to ead other. Along with trying
to classify the exampleswe had created, we also tried to expand our
list of examplesby dewelopingalgorithms to construct more selfatopes.
In the process,we were able to discover certain patterns as well as
interesting, and slightly unexpected, restrictions on the existenceof
selfatops.

The rst section of this paper will provide a general overview of
terms and ideasneededin what follows. In Section2, we will presen
a theorem which will outline a criterion for determining equivalence
betweenpolytopes. This sectionwill alsoinclude a distinct classof ex-
amples. Section3 will provide the rst look into a method for creating
selfatopesand the limits of this method. Section4 will outline another
method which will prove to be helpful in creating selfatopes. The last
section, Section5, cortains two algorithms to generateselfatopeswith
somespeci ed characteristics.
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1. Definitions and Back gr ound

In order to understand selfatopes, we need a basic understanding
of polytopesin general. The following de nitions are standard terms
regarding polytopes. For more information, pleaserefer to Ziegler or
Grnbaum. [4] [3]

De nition 1.1. A setA is convexif 8 p;g2 A; tp+ (1 t)g2 A
for 0- t - 1. Furthermore, the convexhull of a setA 2 R" is the
intersection of all convex setsthat cortain A.

Example 1.2. As an example, we look at a doughrut shape and a
circle. The doughrut is not corvex becausehe line connectingthe two
displayed points passesoutside of the doughrut. This is not true for
the circle, which is in fact corvex.

©Q

De nition  1.3. A polytope is the corvex hull of a nite set of points
in R".

Example 1.4. In this example,A is a nite setof points in R2. When
we take the convex hull of A, we get a convex polytope.

n = .

A conv(A)

De nition 1.5. Let vq;::: ;vP2 R". Thenrv; + ...+ ryvg is a convex
combinationif allr; , Oand r; = 1.



SELFATOPES AND THEIR PROPERTIES 3

frovo+ i+ rewgri . 0, ry = 1g. For proof of this, seeZiegler. [4]
We have de ned a polytope in terms of a set of points, howewer, we
canalsode ne it in terms of hyperplanes.

De nition  1.6. A hyperplane in R" is the set of all solutionsto a
linear equation, 1x; + :::+ , X, = Owherenot all ,; = 0.

Now that we have a de ned polytopes,we needto generatetools to
be able to descrile their properties.

De nition 1.7. An axne hyperplanein R" is the set of all solutions
to a linear equation , 1X; + :::+ , X, = a where,;;a 2 R and not
all , = 0. If Aisasubsetof R", the atne hull of A, a®(A), is the
intersectionof all atne hyperplanescortaining A.

This atne geometryallows usto de ne the smallestspacethe poly-
tope is cortained in.

De nition 1.8. The dimension of a polytope P is the dimension of
its axne hull. A polytope is full dimensionalin R" if the dimensionof
P isn.

Example 1.9. The polytope P below is embeddedin R® but a®P) =
R? which is the xy-plane. Sothe dimensionof P is 2. Note that P is
not full dimensionalin R3.

z

X

De nition  1.10. If H is the hyperplanea ¢w = ® where® 2 R and
a2 R", then

H* =fw2 R"jatw, ®g

Hi =fw2 R"jatw - ®g

are the positive and negative halfsmoes determinedby H.

A polytope can also be descrited as the bounded intersection of a
“nite number of halfspacesas shawvn in Ziegler. [4]

De nition 1.11. A hyperplaneH is a supprting hyperplane of a poly-
tope P if

QA H\ PE6,;

(2) P liesin H* orHT .
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Example 1.12. Let uslook at the supporting hyperplanesof the poly-
tope P = corvf (0; 0); (O; 1); (1; 0)g, with thanks to Lisa Byrne for pro-
viding the following picture. Note that there are four supporting hy-
perplanesshownn at the vertex (1;0). In fact, there are in nitely many
supporting hyperplanesat eat vertex. They are all linesin R? which
intersectthe vertex and keepP to oneside.
@ y=1

2)x=0

B)x+y=0

@ 4y=0
@®) B)y-x=-1

©B)x=1

()
4
[\ Mx+y=1
Q) @) tx+y=1t

G ® 2

Not only do hyperplanesde ne polytopes, they also de ne speci ¢
aspects of polytopes.

De nition 1.13. If H is asupporting hyperplaneof P, thenH\ P isa
face of P. A vertex is a O-dimensionalface,an edgeis a 1-dimensional
face and a facet is an (n i 1)-dimensionalface of an n-dimensional

polytope.

We can visualize this de nition using the polytope from Example
1.12. The triangle has 3 verticesat (0;0); (1;0); (0;1) and 3 edges,
the lines connectingead pair of vertices. Sincethe atne hull of the
triangle is R?, the facetsof this triangle are the 1-dimensionaledges.

The above de nitions have beentrue for all polytopes. Howewer, this
paper is concernedwith a speci c type of polytope, the selfatope. The
following terms de ne the properties of selfatopes.

De nition 1.14. A lattice polytope is a polytope whosevertices all
have integer coordinates.

De nition 1.15. Let P be a lattice polytope. Then P has lattice-
free edgesif ead edgeof P cortains no lattice points other than its
vertices. Furthermore, a lattice line segmen haslattice length 1 if the
only lattice points on the segmen are its vertices.

Example 1.16. In this example we seecombinations of lattice and
non-lattice polytopeswith and without lattice-free edges.
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The polytope #1 is a lattice polytope with lattice-

free edgeswhile polytope #2 haslattice-free edges 1 w

but is not a lattice polytope. Polytope #3 is a lat-

tice polytope, but doesnot have lattice-free edges,

and nally polytope #4 is neither lattice nor has 3 4

lattice-free edges.

De nition 1.17. Let P p R" be a lattice polytope of dimensionk
wherek - n. Let v be a vertex of P. Let w;, be the nearestlattice
vectorson ead edgeincident to v. Then for P to be smaoth, fw; j vg
should form part of a Z-basisfor Z" and the span of fw; | vg has
dimensionk. If k = n, then this meansw; j v forms a basisand

0 1

j j
det@w, i v ::: wej VA = 81
j j

The n£ n matrix formedin this processof determining smoothnessfor
vertex v of the full dimensionalpolytope P will be calledthe smathness
matrix and denotedW,.

De nition 1.18. A smooth, lattice polytope with lattice-free edgesis
a selfato. Furthermore, a selfatope in R? is a selfagon

There are somestandard examplesof polytopeswhich, when sized
correctly, are selfatopesas well.

De nition  1.19. An n-simplex is the corvex hull of n + 1 atnely
independent points. The standad n-simplex is the convex hull of the

. —

0 1

0-simplex 1-simplex

2-simplex

3-simplex

De nition  1.21. The standad n-cute p R" is the corvex hull of all
points whosecoordinates are madeup of O's and 1's.
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Example 1.22.

0 cube 1 cube 2 cube

X

3 cube

As expected, placemen of a selfatope in R" doesnot changea self-
atope, as long as lattice points are presened. That is, any selfatope
will be equivalernt to a congruen selfatope, no matter its placemet in
the hyperplane.

De nition 1.23. A translation of a polyope occurswhena vector bis
addedto ewery point of the polytope.

Prop erty 1.24. If P is a selfatope in R", then P » P + b for any
b2 Z". In particular, | b may be a vertex of P, sowe seethat we can
translate any vertex of P to the origin.

Note that a translation by a vector b 2 Z" presenesall three se-
laftope properties. Becauseb is an integer vector, sud a translation
will act likeaddingthe sameintegeronto ead correspnding coordinate
of all points in the selfatope. Thus, lattice verticeswill translate to lat-
tice verticeswhile there will still be no lattice points within ead edge.
Finally, the translated selfatope will still be smooth sincethe transla-
tion moves ead lattice point an equal amourt. Sincethis changeis
equalfor ead lattice point, the smoothnessmatrix will not change.

Example 1.25. If we want to move the vertex (2,1) of the 10-gon
selfatope below to the origin, we must translate the ertire selfagonby
the vector b= (j 2;j 1). A similar processcan be carried out for any
of the vertices.

b=+(2, 1)

@1

0.0 (0,0)

Through integertranslations, we beginto seehow two selfatopescan
be equivalert evenif they are not in the sameposition. Howewer, this
only beginsto explain equivalenceof selfatopes.
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2. Preser ving Self atope Pr oper ties

Now that we know what a selfatope is, we work to dewelopa criterion
for determining equivalencebetweenselfatopes.

Theorem 2.1. Linear transformationsthat can be written as elements
of GL(n; Z) (with determinant § 1) preserveall properties of selfatogs.

Proof. Let x 2 R" denotea point in a selfatope, P. Let

0 1
;i i Qn

an1 :i0 @nn

be a matrix with elemerts in Z with determinart of § 1.

First we must prove that the described linear transformations pre-
sene lattice points and thus presene the lattice verticesof the lattice
polytopes. The verticesof the newpolytope createdby the linear trans-
formation are found by calculating Ax for all vertices of the original
polytope. We seethat

0 10,1 O
ai1 ... Ain X1 A X1+ i+ a;ppXy
Ax=@: . A@:A=Q@ : A

@1 .- @ Xn An1Xy+ 110 F @ Xy

Becauseg; ;xi 2 Z, P i”:1 aj Xi 2 Z. Thus, the vertices of the new
polytope are alsolattice points.

Next we must make sure the given linear transformations presene
lattice-free edges. Let us take a momert to look at Ai . From linear
algebra,we seethat Ai ! = detl(A) (Adj( A)) whereAdj(A) is the adjoint
of A and det(A) is the determinart of A. Basedon the de nition of
the adjoint, Adj(A) will have integer elemens becauseA has integer
elemerts. We de ned A to have a determinart of § 1, so m = 81.
Thus, we can seethat since A has integer elemens, Ai ! will have
integer elemeits aswell.

Calculation shovs 1 = det(l) = det(AAi 1) = det(A) ¢det(Ai 1) =
§ 1 ¢det(Ai 1) which implies det(Ai 1) = §1. Thus, we can conclude
that if A is a matrix with elemens in Z with a determinart of §1,
then Ail is also a matrix with elemen is Z with a determinart of
8 1. Importantly, we know that A mapslattice points to lattice points
becauseA is a matrix in GL(n; Z), thus we can concludethat Ai  will
alsomap lattice points to lattice points.
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Let's assuméor the momert that the original polytope P haslattice-
free edgesbut that the imageof P under A, A(P), doesnot. Speci -
cally, let y be a non-lattice point on an edgeof P sud that Ay is a lat-
tice point onan edgeof A(P). But then Al }(Ay) = (AitA)y = ly=y.
However, we just found that Ai * mapslattice points to lattice points so
Ai 1 should map the lattice point Ay to a lattice point. But we de ned
y to be a non-lattice point. Thus, we have a cortradiction and we nd
that if P has lattice-free edges,then A(P) must also have lattice-free
edges.

Finally, sud linear transformations must presene smaothness. Let
v be a vertex of P and W, be the smoothness matrix at v. Since
we de ned P to be smooth, det(W,) = 81 for all v. In calculat-
ing smoothnessfor A(P), we look at the determinart of AW,. But,
det(AW,) = det(A) ¢det(W,) = §1¢81 = §1. Thus, the matrix A
presenessmaoothness.

o]

De nition  2.2. A vertex of a polytope, P is in standad position if it

Prop erty 2.3. Through alinear transformation and a translation, any
vertex of a selfatope can be placein standard position.

This property follows directly from Theorem2.1. Also, Theorem2.1
allows comparisonbetweenselfatopeswhich appear distinct but should
be consideredequivalert.

Prop osition 2.4. Let P be a selfato in R?. Let v be the vertexof P
that is placed at the origin and let (a;b) and (c;d) be the two adjacent

vertﬂfes. %inoe P is a selfato, we know thaﬁ a;b;ﬁ;d 2 Z and that
il

det 2 g = 81 The linear transformation b d will plaee the
vertexv in standaid position.
Proof. Note that sinceadj bc= §1,
s- . cﬂilzud icﬂorui d cﬂ_
b d ib a b ja

Calculation shaws the determinarts of these matrices are both ad j
bc= 8landa;b;c;d2 Z soS 2 GL(2;Z) and meetsthe criterion of
Theorem?2.1. Also, if adj bc= 1, then
S¢Haﬂ ) M d C‘H uaﬂ ) H ad bcﬂ . ul‘ﬂ
b~ ib a b =~ jab+ab = 0
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S¢ucﬂ_ud icﬂ“cﬂ_ucdi cdﬂ_uoﬂ_
d ~ b a d =~ jbctad = 1
If, on the otherhand,adi bc= j 1, then o
S¢uaﬂ_uid cﬂuaﬂ_uiad+bcﬂ_u1ﬂ
b~ b ja b~ abjab ~ 0
S¢“Cﬂ_“id cﬂucﬂ_uicd+cdﬂ_p0ﬂ_
d b ja d bcjad = 1

Thus, this matrix doesin fact map v into standard position.

Example 2.5. In this examplewe have two 10-gonsin R?. At Trst
glancethey seemdi®erent. Howewer, qpce veriex v is moved to the

origin using Property 1.24, the matrix transforms the rst

i2 1
10-gonintoﬂthe secondby Proposition 2.4. Note that it is true that
det ' % 1 = 1. Thus, we are able to seethey are in fact equivalent
i
selfatopes.

/=

The problem with this criterion is that it is usually dixcult to nd
the neededtransformation matrix.

Linear Operators in R?

This sectionfocuseson linear operatorsin the form of 2£ 2 matri-
cesthat presene the three properties of selfatopes. There are se\eral
standard linear transformations in R? which have a clear geometrical
interpretation. [1] Selfatopesrespond di®ererly to ead of thesetrans-
formations. In this investigation, let P be a selfatope in R?.

Identit y: The id(f_‘[ftityﬂnatrix,ul , and tkﬂe negative of the identity
matrix, i |, that is 01 and '01 101 . We seethat the deter-
minant of thesetwo matrices are both 1. Thus, the | and j | should
presene all the properties of selfatopes.

Let p = (py;p2) be a point on P. Note, that Ip = (p1;p2) and
i Ip= (i p;i p2). As expected, applying the identity matrix to P
‘xes P. On the other hand, appling j | to P resultsin a re°ection
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about the x- and y- axis. So, asexpectedfrom the theorem,| and j |
presene the properties of selfatopes.

Example 2.6. Let P bethe 2-cube,that is corvf (0;0); (0;1); (1;0); (1;1)g
Acting | and j | on this selfatope, we get:

y y

Thus, we can seethat both | and j | presene selfatope properties.

Scaling : Scalingby a matrix is away to stretch or shrirﬂk a quytope

by a constart k. The generalform of a scalingmatrix is g K
H 5 O‘H
Example 2.7. Let k = 2. Then, the scaling matrix 0 2 stretches

the 2-cube to the square with side length of two with vertices at
(0;0);(0;2);(2;0); and (2;2).

X

M, O‘H
0 2

This newsquaredoesnot have lattice-free edges.Moreover, det
4.

In general,the determinart is always goingto be k2. Thus, scaling
only workswhenk = § 1, that is, only whenthe scalingmatrix is equal
tol orjl.

Pro jections : The projectionswe are consideringare projectionsof a
polytopein R? onto aline through the origin spannngy the unit gector

2
(u1; u,). The generalform of a projection matrix is uullj UGIZJZ . We
142 2
seethat, in general,the determinart of this matrix is uzu3 i u2u3 =
06 . Howeer, becausgus; u,) is a unit vector, then it is alsotrue
that =~ u?+ u3 = 1. The only integersthat could meet this criteria
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are combinations of 0 and 8 1. So we are actually left with only the
projections onto the x- and y-axes.

Example 2.8. Let P bethe 2-cube arpld let s project P onto the line
y = X. Thus, (uz; uz) = (1;1). Acting 1 i on P we get:

Howe\wer, this line doesnot have lattice-free edges.

Thus, exceptfor a few, selectexamples projectionsonto a line in R?
do not presene the properties of selfatopes.

Re°ections : The re°ections we are consideringare re°ections of a
Bolytopﬂin R? about a line. The generalform of a re°ection matrix is

b iba sudh that a®+ b? = 1. We notice that the determinart of this
matrix isj a®j > =i (a2+ ) = j 1. Thus, we might concludethat
any re°ection would presene the properties of selfatopes. Howeer,
there are only a few combinations of integerssud that a?+ b?> = 1. In
fact, only combinations of 0 and 8 1 will meet this criteria. Thus, we
seethat the only re°ections that actually presene our properties are
re°ections about the x- and y-axesand the line y = x.

Rotations : We are consideringrotations through an anglein the

R? plane. The generalform of a rotation matrix is E 'ab sud that

a’+ ? = 1. So,the determinart of this matrix is a>+ b? = 1 by de ni-
tion. Howewer, we run into the sameproblem we had with re°ections.
Although in theory any rotation would work, our limitations of integer
valuesfor the matrix elemets restricts a and bto be conmbinations of O
and 8§ 1. So,we are only allowed rotations of multiples of 90*. Sincea
rotation is the sameastwo re°ections, soit makessensehat the limits
on rotations correspnd to the limitations of re°ections.

Shears: There are two typesof shearswe will consider;horizortal
and vertical. Shearingcanbe pictured asputting your hand on a sideof
a big block of Jello and Hushiqp parallel to that side. The gqmeralf?rm

of a horizontal shearis 01 and of a vertical sheatrit is K 2 )
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Example 2.9. Wecansrﬂaarthﬁ 2-cube with verticesat (0; 0); (0;1); (1;0);

and (1; 1) by the matrix . With this shear,we will geta paral-

01
lelogramwith verticesat (0; 0); (1;0); (5; 1) and (6; 1) respectively.

Y

5 6X

A calculation shavs that this is in fact a selfatope.

In general,the determinart of a shearmatrix is 1. Thus, shearsdo
in fact presene the properties of selfatopes.

We canconcludethat not all linear operators presene the properties
of selfatopes. While all linear operatorsthat are elemerts of GL(2;2)
presene properties of selfatopes, some matrices in GL(2;Z) can be
classifedas speci ¢ geometric operations. We have consideredsome
linear operations and found that rotations, re°ections, and shearspre-
sene the properties of interest. Howewer, there are only a few, select
rotations and re°ections which meetthe requiremers for our speci ed
matrices. Scalingsand projections, on the other hand, do not presene
the properties of selfatopes.

Of course,linear transformations do not create new selfatopes, but
simply changethe appearanceof those we know. There are, however,
ways to generatenew selfatopesfrom existing ones.

3. Pyramiding of Self atopes

Pyramiding is a method of creating polytopesin R" from polytopes
in R" 1. Unlike linear transformations, pyramiding createspolytopes
that are not equivaler.

De nition 3.1. If P is a d-dimensionalpolytope in R" wheren > d,
then the pyramid over P is pyr(P) = corv(P;p), wherep 2 a®P).
The pyramid hasdimensiond + 1.

In orderto investigatepyramidsin relation to selfatopes,smaothness
will be consideredin RY and R%!. The new point, p, must be placed
on a lattice point, otherwiseit will be impossiblefor the new polytope
to have verticeson lattice points.

First, we will clarify how pyramids are to be created. We start with
a polytope, P, of dimensiond in RY. To create a pyramid of P, we
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embed P in the xg:1 = 0 hyperplaneof R, For example,the point
X = (X1;::::%Xq) 2 P is placedat (xq;:::;%q;0) in R¥Y. Then, the
new point, p, is placedin R%? sud that for p, X4+1 6 O.

Theorem 3.2. All selfatog pyramids must come from selfatos and
are in fact simplices.

Proof. The ideaof this proof is to shawv that selfatope pyramids cannot
be smooth, lattice polytopeswith lattice-free edgesunlessthe original
polytope was also a smaoth, lattice polytope with lattice-free edges.

Supposethat a pyramid is createdfrom a non-lattice polytope. When
a pyramid is constructed, the original verticesremain in the new poly-
tope. Thus, the new polytope createdin pyramiding will cortinue to
have the non-lattice point vertices and so will not be a lattice poly-
tope. Therefore,in order to create a lattice polytope in pyramiding,
the original polytope must be a lattice polytope.

Now supposethat a pyramid is created from a polytope without
lattice-free edges. When a new pyramid is built, the original edges
areincorporated into the new, higher dimensionalpolytope. Thus, the
pyramid will not have lattice-free edges.Therefore,to build a polytope
with lattice-free edgesby pyramiding, the original polytope must also
have lattice-free edges.

Finally, supposethat a pyramid is createdfrom a polytopein R that

We chedk for smoothnessby nding the determinart of
1
Wigj Vi 0 Wnrj Vi
M=@ : AL
Wini Vn 20 Wpn i Vp

Sincewe are assumingP is not smaooth at v, then det(M) 6 § 1. Next,
to form the pyramid the original polytope is placedin the x,.; = 0
hyperplaneof R"*! and a point, p, is addedanywherein R"*, except
the O hyperplane,say at (p1;:::;Pn;Pn+1) Wherepn.s 6 0. The new
vertex hasthe following for it's \smooth" matrix:

Witi Vi 00 Wnii Vi Pri Vi
S — . .
Wini Vn 10 Wpp i Vj pn i Vn
0 L 0 Pn+1

But then, expandingalongthe bottom row shavsthat det(S) = § det(M)¢
pn+1 - Howevwer, if det(M) 6 § 1, then for det(S) to equal 8 1, pn+1 =
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W' Howewer, p,+1 must be a lattice point in order for the pyramid

to be a lattice polytope, and this is only possibleif det(M) = §1.
Thus we have a cortradiction and it is true that for the pyramid to be
smaoth, the original polyope must be smaoth.

Note that this computation also shaws that, for the pyramid to be
smaoth, py,+1 must equal 81 if det(S) = §81. Thus, when creating
a pyramid from a polytope, the new point, p must be placedin the
hyperplaneone above or one below the x,.1 = 0 hyperplaneof R"**.

Now that we know that pyramiding a selfatope returns a selfatope,
it remains to prove that this processonly works when the origianl
polytope is a simplex.

De nition  3.3. Let a set of n points in R" be in linearly geneal
position if every k of them aznely spana ki 1 hyperplane.

For example,if four points arein linearly generalposition, any three
of those points spana 2-plane. By de nition of smoothness,it is not
possiblefor a polytopein R" to have a vertex with more than n edges
incidert to it. So,for a pyramid to be smaooth at p, p must have - n
adjacen edgeswhich implies pyr(P;p) has- n+ 1 vertices. Howewer,
for P to be an n-dimensionalpolytope, it must have, n+ 1 vertices. If
P had lessthan n+ 1 vertices,they would lie in anj 1 hyperplaneand
then P would not be n-dimensional. Thus, if we have a polytope that
is full dimensionalin R" and is smaoth, it hasexactly n + 1 vertices.
Howewer, by de nition, apolytopein R" with n+ 1 verticesis equivalert
to the n-simplex. Thus, every selfatope pyramid is a simplex.

g

Example 3.4. Let P be a full dimensionalselfatope in R? over which
we want to pyramid. By Theorem 3.2, P must be the 2-simplex, that
is, a triangle. Next we place P into the z = 0-hyperplane and add
in a point p. By Theorem 3.2, we know that p must be placedin the
z = § 1-hyperplane. But, then pyr (P) is simply a selfatope in R® with
4 vertices. By De nition 1.19,we know this to be the 3-simplex.

Although pyramiding, gave usan interestingway to createselaftopes,
the simplicesgeneratedare not truly new selfatopesfor us to study.
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4. The Chopping Method

The 3P Chop Method of constructing selfatopesfrom selfatopeswas
“rst obsened by David Cox. The Chopping Method provides a new
way to createselfatopes, provided certain criterion are met.

De nition 4.1. Let P u R" beafull dimensionalselfatope. With the
ChoppingMethad, an n-simplexis cut o®at a vertex, v, of P. The new
polytope is Chop(P).

The Chopping Method is easily visualizedin R?. SinceP is a full
dimensionalselfatope, then ewery vertex, v hastwo edgesadjacen to it.
If a selfatope scaledby 2 or greater,then betweenewery set of vertices,
there is at least one lattice point on ead edge. A 2-simplexis simply
a triangle so cutting o®a 2-simplexreducesto connectingthe lattice
points closestto v alongthe adjacert edges.

Thus, with the Chopping Method, the dotted edgeis added while the
vertex v is cut o®.

While the properties of the polytope P determine whether or not
Chop(P) is a selfatope, there is a clear property regardingsmaothness
of Chop(P).

Lemma 4.2. Let P u R" be a lattice polytope and let mP be P saled
by a factor of m wheem , 2andm 2 Z. Letv be a vertexof P. If P
is smaoth at v, then the vertices constructed by cutting o®an n-simplex
at v are also smaoth.

Proof. We will look at mP p R", a lattice polytope with vertex v
smooth. Using a translation, Property 1.24implies we can move v to
the origin. Becausethere are n adjacert edgesto v, and P p R", we
can transform all the edgesinto standard position by Property 2.3. A
setof nj 1 edgeswill lie in the x,, = 0 hyperplanewith the last edge
not in the span of this plane. Without lossof generality we let w be
the rst lattice point away from v on this n-th edge. Keeping this
coordinate systemin mind we canwrite the smaothnessmatrix of v as
I dn, the n £ n identity matrix, which hasa determinart of 1.
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Now let uslook at any one of the verticescreatedby cutting mP at
V, s& V;. Ths smoothnessmatrix of mP at vy is
0 1

2,10 O . 1 0 0 ::: 0
%}il - OE %11 o ::: Zé
il 0 ::: D
il 0 ::: .10::: 0 1

But note that this matrix hasa determinarnt of 1. Thus, v4 is a smaooth
vertex. Sincev; was arbitrary, this processcan be repeatedfor any of
the new vertices. Thus, every new vertex of the polytope formed by
cutting a simplex o®of eat vertex of mP is smooth and thereforethe
new polytope is smaooth.

o]

5. Creating Self atopes Using the Chopping Method

Choppingsmaoth verticesof certain polytopespresenessmoothness.
Howewer, the Chopping Method, whenjoined with scaling,can alsobe
usedto create selfatopesfrom selfatopes.

Algorithm  5.1. The 3P Chop Metho d

(1) Beginwith a selfatope, P.

(2) ScaleP up by a factor of 3, creating 3P.

(3) Perform the Chopping Method on ead of the vertices of 3P,
creating Chop(3P).

The 3P Chop Method is in fact a handy method to createselfatopes.

Theorem 5.2. Whenthe 3P ChopMethad is performed on a selfatoge,
P, then Chop(3P) will also ke a selfatoge.

Proof. Let v be avertex of 3P with v; the nearestlattice point on some
edgeadjacernt to v. Thus,v; isthej-th componert of the nearestlattice
point on the i-th edgeadjacen to v.

For Chop(3P) to be a selfatope, it must be a lattice polytope with
lattice-free edgesand be smooth at ead vertex.

By construction, Chop(3P) is formedby making cuts at lattice points
of 3P. Thus, Chop(3P) will be a lattice polytope.

Next, we look to nd if Chop(3P) has lattice-free edges. In this
construction, there are two types of edges; rst the edgescreated by
the cuts, and secondthe edgesof 3P left by the cuts. For ead pair
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Vi; Vj, we have:

wherethe solid edgesare of lattice length one. In this processwe delete
the solid edgesand add the dotted edge. We know by Property 2.3
that any two vectorsof lattice length one can be transformedinto the
standard position at the origin. This implies that the edgeconnecting
v; to v; must have lattice length one as well. Thus, the new edges
created by the cuts are lattice free. Now we only have to look at the
edgesof 3P left by the cuts. Theseedgesare created from an edge
of lattice length three and then a cut is made at ead vertex. These
cuts remove a sectionof lattice length onefrom the edge. Becausecah
edgehas two vertices, this meansead original edgelosestwo lattice
length sections. Sincewe started with lattice length three, the edge
remaining must have lattice length one. Thus, for any type of edgeof
C, the edgesare lattice-free.

To seethat Chop(3P) is smooth at ead vertex, we apply Lemma
4.2 at eat vertex of Chop(3P). Thus, we seethat Chop(3P) is in fact

smooth.
o]

Let uslook at an exampleof the 3P Chop to create a selfatope.

Example 5.3. Let P bethe standard squarein R2. Then 3P is simply
the squarescaledup by 3 and Chop(3P) is the 8-gonselfatope.

The Chopping Method also provides a way to create any selfagon
with 3n sidesfrom a selfagonwith 2n sides.

Algorithm 5.4, The 2P Chop Metho d

(1) Start with an 2n-gonselfatope P 2 R?, whereP hasdimension
two.
(2) ScaleP up by 2 to generate2P.
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(3) Perform the Chop Method on half of the verticesof 2P, that is
on ewery other vertex.

As an example,we will let n = 3 soP is the six-gonin R2.

Step 1 Step 2 Step 3

W W,
Vs V, . 2 -

Ve

So,from the original six-gon,we cut o®verticesv,; v,4; and vg. With
this process,we have now created a selfatope with 3n sides. In our
example, we have created the 9-gon. Of course,this method can be
usedto createa multitude of selfatopes.

Theorem 5.5. In R?, if we start with a 2n sided selfatoe P, the 2P
Chop Methad from Algorithm 5.4 createsa 3n sidel selfatoge, Q.

Proof. Let v beavertexof 2P. Let f, andf, bethe two edgesadjacen
to v with v, and v, the closestlattice points to v along these edges,
respectively.

For Q to be a selfatope, Q must be lattice, have lattice-free edges,
and be smooth at ead vertex.

First we will seeif Q is a lattice polytope. By construction, Q is
formed by making cuts at half of the verticesof 2P. The cuts madeto
form Q aremadeby connectingv; and v,, for all pairs of edgesadjacert
to half of the v 2 2P. Thus, the new verticesof Q are now at v, and
V,. Sincev; and v, were de ned to be lattice points, this implies that
Q is a lattice polytope.

Now we will nd if Q has lattice-free edges. In this construction,
there are two typesof edges; rst the edgescreated by the cuts, and
second,the edgesof 2P left by the cuts.

First, for the pair of lattice points, vi; Vv, we have:

where the solid edgesare of lattice length one. In this processwe
deletethe solid edgesand add the dotted edge. By Property 2.3, any
two vectorsof lattice length one can be transformedinto the standard
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position at the origin. This implies that the edgeconnectingv; and v,
must have lattice length oneaswell. Thus, the new edgescreated by
the cuts are lattice-free.

Now we only have to look at the edgesof 2P left by the cuts. These
edgesare created from an edgeof lattice length two and then a cut
is made at half of the vertices. These cuts remove one lattice length
section of the edge. Becauseeat edgehas two vertices, this means
eat original edgelosesone lattice length section. Since we started
with lattice length two, the edgeremaining must have lattice length
one. Thus, for any type of edgeof Q, the edgesare lattice-free.

To seethat Q is smooth, we rst note that in Q, there aretwo types
of vertices. First there are the vertices of 2P which were not cut o®.
Sincewe started with a selfatope, Q is smooth at thesevertices. The
other type of vertices are those created by the cuts in the algorithm.
By Lemma 4.2, we know theseverticesare alsosmooth. Thus, in R?,
any polytope createdwith this method will be smaoth.

Now we know that Q is in fact a selfatope, it is left to prove that Q
has3n sides. Becausewe are working in R?, there are an equalnumber
of edgesand verticesof P and 2P, namely 2n of ead. In the algorithm,
half of the vertices, n of them, are cut o® and two more vertices are
createdin placeof eat vertex. So,n verticesof the original 2n vertices
arecut o®and 2n areaddedon. This impliesthereare2nj n+2n = 3n
verticesin Q. But, we are still in R? so Q must also have 3n sides.
Therefore, the selfatope created by this algorithm will have 3n sides

given the original selfatope had 2n sides.
a

Thus, with these two algorithms, we are now able to create any
selfagonwith 2n and 3n sides. It still remainsto nd an algorithm to
create other selfagonsas well as selfatopesin any dimension.
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