ALGORITHM FOR CONSTRUCTING COMPACT RATIONAL

KNOTS

DONOVAN MCFERON

ABSTRACT. This paper defines an algorithm for constructing compact rational
knots for a given knot-type. A trefoil following this algorithm is constructed.
Conjectures on the degree necessary for this algorithm to work are stated.
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1. INTRODUCTION

First, this paper defines an algorithm for constructing compact rational knots
for a given knot-type. Then we construct a trefoil following this algorithm.

2. ALGORITHM FOR CONSTRUCTING COMPACT RATIONAL KNOTS FOR A GIVEN

(1)
(2)

KNOT-TYPE

Draw knot in Dowker form, which simply means that all crossings occur on
the x-axis, and the crossings are labelled in order from 1 to 2n.
Choose t;, such that |ty — tx41] = a, V&, and for some a € R

if k<mn,let t; <0
ik >n+1,letty >k

Let g(t) = Z;Eg and f(t) = Q)Eg, where g;(t) and f;(t) are polynomials,
and neither go(t) nor f2(2) have real roots.

Choose sufficient degrees for g(t) and f(t), (32) and (42=1), respectively.
Construct g(t) such that g(tx) = 0, V k. Depending on the knot-type it
may be necessary for g(t) to have roots between a particular ¢; and ;41 in
order to avoid extra crossings. (Note: This will be obvious once the knot
is put into Dowker form).

Let go(t) = iio boit?®, where by, are chosen such that on the interval
[t—n,tn], |9(t)] < 0.5, and lim; o g(t) = 1. This will allow us to construct
f(t) such that the trace of (f(¢), g(¢)) will not having extra crossings.

Let f1(t) = Soag ext®, and let fo(t) = 0=, dit.

Let f(t;) = f(t;) = my;, where t; and ¢; are values that yield double points,
and each m;; is chosen such that the dowker form will be symmetric.
Choose the coefficients of f(t) such that they lie in the solution space of

the following set of inequalities:
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) = f(t;) = myj
f2(t) #0V ¢
if g(t) = g(s),t # t;, and s # t;, then f(t) # f(s)

(10) Now (f(t),g(t)) gives a trace of the desired knot.

(11) Construct h(t) such that lim; o h(t) = 0. Also, if in [t;_1,t;] we have only
under crossing or only over crossings and in [t;, t;11] we have the other form
of crossing, then we define

£ H2n+1(t _ ti)

h(t) = 1+ t2n+2

The sign of h(t) is depends on the first crossing from the left [1].

Remark Step 4 of the above algorithm is a conjecture. It has not been shown
that degrees 42 1 and 4” are large enough to parameterize a compact knot without
additional crossings. It is known that the degree of the numerator must be at least

2n to allow for the crossings to occur on the x-axis. If we allow for zeros between

the crossings, we could have at most n + 1 additional zeros. ?TZ and 42—;1 are large

enough for this, however, there may be additional invariants of the knot that require
n

the degree to be higher. So, it may be necessary to use a degree than i—n.

3. ALGORITHM APPLIED TO THE TREFOIL

Let tl = 73,t2 = 72,t1 - 1,t4 = 1,t5 = 2, and tﬁ = 3.
Let g(t) be defined by:

= E+3)t+1)Et+2)t—-1)(t—2)(t-3)
9(t) = 100 + ¢2 4 t4 1+ ¢6

Let f(t1) = —1, f(t2) = 0, f(t3) = 1, f(ta) = —1, f(t5) = 0, and f(ts) =

-0.5 05
-0.2

F1GURE 1. Trace of Dowker Trefoil Constructed Using Algorithm
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After solving for the coefficients of f(t), we have:
(6t° — 83 — 64t)
f( ) = 6 L 744 L 21842
6 + Tea 4 21842 4 40

Then we define h(t) by:

(t+2.5)(t + 1L5)t(t — 1.5)(t — 2.5)(t — 3.5)
1+18

Now we have a Dowker Trefoil (See Figure 1).

h(t) = —

4. CONJECTURES

) % is sufficiently large to construct the trace of a knot with n crossings.
o ?TZ and 42;1 are sufficiently large to construct the trace of a knot with n

crossings.
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