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Abstract. Adequate partial semigroups were first introduced by Bergelson, Blass, and
Hindman. They give rise to a semigroup δS, which is a subset of βS. We extend the
Commutative Central Sets Theorem to adequate partial semigroups. We also show
that if S is an adequate countable cancellative semigroup, δS contains many copies of
H in δS.

1. Introduction

The notion of central subsets of N was introduced by Furstenberg [3] in terms of
dynamical systems. The definition given there of “central” makes sense in any semi-
group, S, and was shown [7] to be equivalent to a simpler algebraic characterization
which we use below. This algebraic characterization is in the setting of the Stone–Čech
compactification, βS, of the semigroup S. It is this characterization that we use as our
definition of central.

1.1 Definition. Let (S, ·) be a semigroup and let A ⊆ S. Then A is central if and only
if there is some minimal idempotent p ∈ βS with p ∈ A.

In [3] Furstenberg also proves the powerful “Central Sets Theorem”. The non-
commutative version of the theorem is particularly complicated to state and for this
reason we will discuss here only the commutative version. See [4, Section 14.4] for a
statement and proof of the non-commutative version.

This paper is organized in the following way: In Section 1 we state the Commutative
Central Sets Theorem for a semigroup. We also prove a more general statement of
van der Waerden’s theorem as a corollary. Section 2 provides basic background about
adequate partial semigroups including the definition of δS. The fact that δS is a compact
right topological semigroup in βS provides the context for our investigation of its central
subsets. Please refer to [5] for more on the algebra of δS. In Section 3 we present
our main result Theorem 3.3 which is the extension of the central sets theorem to
commutative adequate partial semigroups. We end the section and the article by giving
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some examples of adequate partial semigroups which produce copies of the semigroup
H =

⋂
n∈H c`βN

(
2nN

)
.

1.2 Definition.

a) Φ is the set of all functions f : N→ N for which f(n) ≤ n for all n ∈ N.

b) Given a set A, Pf (A) = {F : ∅ 6= F F ⊆ A and F is finite}.
c) Let (S, ·) be a semigroup and let 〈xn〉∞n=1 be an infinite sequence in S. Then

FS(〈xn〉∞n=1) = {
∑

n∈F

xn : F ∈ Pf (N)}

and FP (〈xn〉∞n=1) = {
∏

n∈F

xn : F ∈ Pf (N)}.

1.3 Theorem (Central Sets Theorem). Let S be a commutative semigroup, let A be
a central subset of S, and for each l ∈ N, let 〈y

l,n
〉∞n=1 be a sequence in S. There exist a

sequence 〈an〉∞n=1 in S and a sequence 〈Hn〉∞n=1 in Pf (N) such that max Hn < min Hn+1

for each n ∈ N and such that for each f ∈ Φ, FP (〈an ·
∏

t∈Hn
y

f(n),t
〉∞n=1) ⊆ A.

Proof. [4, Theorem 14.11].

An easily derivable consequence of the central sets theorem is the following ex-
tension of van der Waerden’s Theorem, which says that given any sequence 〈xn〉∞n=1

and any central set A, there exist arbitrarily long arithmetic progressions in A whose
increment comes from FS(〈xn〉∞n=1), [3].

1.4 Corollary. Let 〈xn〉∞n=1 be a sequence in N, let r ∈ N, and let N =
⋃r

i=1 Ai.
Then there is some i ∈ {1, 2, . . . , r} such that for all l ∈ N there exists a ∈ N and
d ∈ FS(〈xn〉∞n=1) with {a, a + d, a + 2d, . . . , a + ld} ⊆ Ai.

Proof. A stronger statement is proved in [4, Exercise 14.3.1]. Pick i ∈ {1, 2, . . . , r}
such that Ai is central in (ω, +) (where ω = N ∪ {0}). For each k, n ∈ N, let
yk, n = (k − 1) · xn. Pick sequences 〈an〉∞n=1 and 〈Hn〉∞n=1 as guaranteed by the central
sets theorem. Given l ∈ N, pick any m > l and let a = am and let d =

∑
t∈Hm

xt. Now
given k ∈ {0, 1, . . . , l}, pick any f ∈ Φ such that f(m) = k + 1. Then
a + kd = am +

∑
t∈Hm

y
f(m), t

which is in FP (〈an ·
∑

t∈Hn
y

f(n),t
〉∞n=1) ⊆ Ai.

The author would like to thank Dona Strauss for inviting her to the University of
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2. The definition of δS.

Given a set S, and a natural binary operation, it is often convenient to define the
operation for only a subset of S × S.

2.1 Definition. A partial semigroup is a pair (S, ∗) where ∗ maps a subset of S × S to
S and for all a, b, c,∈ S, (a ∗ b) ∗ c = a ∗ (b ∗ c) in the sense that if either side is defined,
then so is the other and they are equal.

Some easy examples are:

1. Let R = {A : there exist m,n ∈ N such that A is an m × n matrix with entries
from Z}, with the usual matrix multiplication. We know that for an m× n matrix
M and an m′ × n′ matrix N in R, M ·N is defined if and only if n = m′. So if we
define ∗ as follows:

M ∗N =
{

M ·N if n = m′

undefined otherwise

then (R, ∗) is a partial semigroup.

2. Given a sequence 〈xn〉∞n=1 in some semigroup (S, ·), let T = FP (〈xn〉∞n=1) where

FP (〈xn〉∞n=1) = {∏n∈F xn : F ∈ Pf (N)}
and the products are taken in increasing order of indices. Then T is not likely to
be closed under ·. On the other hand, if we let if we let (

∏
n∈F xn)∗ (

∏
n∈G xn) be

{ ∏
n∈F∪G xn if max F < min G

undefined if maxF ≥ min G

Then (T, ∗) is a partial semigroup.

While both (R, ∗) and (T, ∗) are partial semigroups, for our purposes, partial semi-
groups like (T, ∗) are particularly interesting.

2.2 Definition. Let (S, ∗) be a partial semigroup.

(a) For s ∈ S, ϕ(s) = {t ∈ S : s ∗ t is defined}.
(b) For H ∈ Pf (S), σ(H) =

⋂
s∈H ϕ(s).

(c) (S, ∗) is adequate if and only if σ(H) 6= ∅ for all H ∈ Pf (S).

So one can easily see that unlike (R, ∗), the partial semigroup (T, ∗) is adequate.
In the case of (R, ∗), notice that for any H ∈ Pf (R), σ(H) 6= ∅ if and only if H = {A :
A is a matrix with r columns} for some fixed r ∈ N.
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We are specifically interested in adequate partial semigroups as they lead to an in-
teresting subsemigroup of βS, the Stone-Čech compactification of S. This subsemigroup
is itself a compact right topological semigroup and is defined next.

2.3 Definition. Let (S, ∗) be a partial semigroup. Then

δS =
⋂

x∈S ϕ(x) =
⋂

H∈Pf (S) σ(H)

Notice that adequacy of S is exactly what is required to guarantee that δS 6= ∅.
Also, if S is in fact a semigroup then δS = βS. For an adequate partial semigroup S,
δS is in a natural way a compact right topological semigroup.

Being a compact right topological semigroup, δS contains idempotents, left ideals,
a smallest 2-sided ideal, and minimal idempotents. Thus δS provides a suitable envi-
ronment for considering the notion of central. The next example shows that the familiar
set A? is an adequate partial semigroup also.

2.4 Theorem. If (S, ·) is an arbitrary semigroup, p ∈ E(βS), and A ∈ p, then (A?, ·),
where A? = {s ∈ A : s−1A ∈ p}, is an adequate partial semigroup.

Proof. Notice that · is a partial operation on A?, since A? fails to be closed under ·.
We need only show that given any F ∈ Pf (A?), there exists a ∈ A? such that

Fa ⊆ A?. Since p is an idempotent, A? ∈ p. Let t ∈ A?. By [Lemma 4.14, 4],
t−1A? ∈ p. So A? ∩⋂

t∈F t−1A? 6= ∅. Pick a ∈ A? ∩⋂
t∈A? t−1A?. Then Fa ⊆ A? (if

f ∈ F , since a ∈ f−1A?, we have fa ∈ A?).

3. The Central Sets Theorem for δS

3.1 Definition. Let (S, ∗) be an adequate partial semigroup and let A ⊆ S. Then A

is central if and only if there is some minimal idempotent p ∈ δS such that p ∈ A.

3.2 Definition. Let (S, ∗) be an adequate partial semigroup and let 〈yn〉∞n=1 be a
sequence in S. Then 〈yn〉∞n=1 is adequate if and only if

∏
n∈F yn is defined for each

F ∈ Pf (N) and for every K ∈ Pf (S), there exists m ∈ N such that
FP (〈yn〉∞n=m) ⊆ ⋂

x∈K
ϕ(x) = σ(K).

3.3 Definition. Let (S, ∗) be an adequate partial semigroup. Then S is commutative
if and only if for all x and y ∈ S, whenever x ∈ ϕ(y) we have that y ∈ ϕ(x) and
x ∗ y = y ∗ x.
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3.4 Theorem. Let S be a commutative adequate partial semigroup, let A be a central
subset of S, and for each l ∈ {1, 2, . . . , k}, let 〈y

l,n
〉∞n=1 be an adequate sequence in

S. There exist a sequence 〈an〉∞n=1 in S and a sequence 〈Hn〉∞n=1 in Pf (N) such that
max Hn < min Hn+1 for each n ∈ N and such that for each f : N→ {1, 2, . . . , k},
FP (〈an ∗

∏
t∈Hn

y
f(n),t

〉∞n=1) ⊆ A.

Proof. Let p be a minimal idempotent in δS and let A ∈ p. If A? = {a ∈ A : a−1A ∈ p},
then A? ∈ p, and for every a ∈ A?, a−1A = {b ∈ ϕ(a) : a ∗ b ∈ A?} ∈ p. We claim that
given m, r ∈ N, B ∈ p and F ∈ Pf (S), there exist a ∈ σ(F ) and H ∈ Pf (N) such that
min H > r,

∏
t∈H yl,t ∈ ϕ(a) and a ∗ ∏

t∈H yl,t ∈ B for every l ∈ {1, 2, . . . , m}. To
see this, let D = Pf (S)× {r + 1, r + 2, . . .} be a directed set with ordering defined by
(F2, n2) ≥ (F1, n1) if F1 ⊆ F2 and n1 ≤ n2. For each (F, n) ∈ D we define I(F,n) ⊆ Sm

to be the set of elements of the form
(
a ∗∏

t∈H y1,t, a ∗∏
t∈H y2,t, . . . , a ∗∏

t∈H ym,t

)
,

such that a ∈ σ(F ) and H ∈ Pf (N) satisfies min H > n and
∏

t∈H yl,t ∈ σ(F ∗ a) for
every l ∈ {1, 2, . . . , m}. Notice that I(F,n) 6= ∅ since 〈yl,n〉 is an adequate sequence.
Define also the set E(F,n) = I(F,n) ∪ {(a, a, . . . , a) ∈ Sm : a ∈ σ(F )}. Let (F, n) ∈ D.
Choose a ∈ σ(F ) and H ∈ Pf (N) satisfies min H > n and

∏
t∈H yl,t ∈ σ(F ∗a) for every

l ∈ {1, 2, . . . , m}. Put ~x =
(
a ∗∏

t∈H y1,t, a ∗∏
t∈H y2,t, . . . , a ∗

∏
t∈H ym,t

) ∈ I(F,n)

and ~y = (a, a, . . . , a) ∈ Sm where a ∈ σ(F ), H ∈ Pf (N), min H > max(n, r) and∏
t∈H yl,t ∈ σ(a ∗ F ) for every l ∈ {1, 2, . . . , m}. Choose G ⊆ σ

({a ∗∏
t∈H y1,t, a ∗∏

t∈H y2,t, . . . , a ∗
∏

t∈H ym,t}
)

and choose t > max{n,max H}. Then we have the
following:

(i) ~x ∗ E(G,t) ⊆ I(F,n)

(ii) ~y ∗ E(G,t) ⊆ E(F,n)

(iii) ~y ∗ I(G,t) ⊆ I(F,n)

It follows (as in the proof of Lemma 14.9 in [4], with T(F,n) = S for every (F, n) ∈ D),
that E =

⋂
(F,n)∈D E(F,n) is a subsemigroup of δSm and I =

⋂
(F,n)∈D I(F,n) is an ideal

in E.

Let p = (p, p, . . . , p) ∈ δSm. Then p is a minimal idempotent in δSm. Since
p ∈ E, p is a minimal idempotent in E and hence p ∈ I. Now (B)m is a neighborhood of
p in δSm. So p ∈ I(F,n) implies that (B)m ∩ I(F,n) 6= ∅, and hence that Bm ∩ I(F,n) 6= ∅.
Thus the claim is satisfied.

We now prove the theorem by induction. With m = m1, r = 1, F = ∅ and B = A?,
we can choose a1 ∈ S and H1 ∈ Pf (N) such that

∏
t∈H1

yl,t ∈ ϕ(a1) and a∗∏
t∈H1

yl,t ∈
A? for every l ∈ {1, 2, . . . ,m1}. Assume that ai and Hi have been defined for every
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i ≤ n, with max Hi < min Hi+1 for every i < n and FP
(〈ai ∗

∏
t∈Hi

yf(i),t〉ni=1

) ⊆ A?

for every f ∈ Φ. We apply the earlier claim again, with m = mn, r = max Hn,
F = σ

(⋃
f∈Φ FP

(〈ai ∗
∏

t∈Hi
yf(i),t〉ni=1

))
and B = A? ∩⋂

f∈Φ

(
x−1A? : x ∈ FP

(〈ai ∗∏
t∈Hi

yf(i),t〉ni=1

))
.

4. Copies of H.

Recall [see 4, Chapter 6] the semigroup H =
⋂

n∈N c`βN(2nN). Of particular note
is the fact that it is very easy to produce homomorphisms on this semigroup. In fact
every finite discrete semigroup is the image of H under a continuous homomorphism [4,
Corollary 6.5]. Motivated by [Theorem 6.15 of 4], the following theorem shows that we
can choose our adequate partial semigroup S so that δS is a copy of H.

4.1 Theorem. Let 〈Ai〉∞i=1 be any sequence of countable sets such that |Ai| > 1 for
each i ∈ N. Let ei be a distinguished element in Ai for each i ∈ N. Define the set

S = {〈ai〉∞i=1 ∈
∞∏

i=1

Ai : {i ∈ N : ai 6= ei} is finite }

If x = 〈ai〉∞i=1 ∈ S, then supp(x) = {i ∈ N : ai 6= ei}. Let S∗ = {x ∈ S : supp(x) 6= ∅}.
For x = 〈ai〉∞i=1 and y = 〈bi〉∞i=1 both in S∗, x ∗ y is defined if and only if supp(x) ∩
supp(y) = ∅. In this case x ∗ y = 〈ci〉∞i=1 where

ci =
{

ai if i ∈ supp(x);
bi if i ∈ supp(y).

Then S is an adequate partial semigroup and δS ' H.

Proof. For each i ∈ N, choose a group Gi such that |Gi| = |Ai|. Let 1i denote the
identity of Gi. Define a bijection ϕi : Ai → Gi such that ϕi(ei) = 1i. Let ϕ : S → G,
where G =

⊕
i∈N Gi, be defined by ϕ(〈ai〉∞i=1) =

∏∞
i=1 ϕ(ai). Now ϕ is a bijection. So

ϕ̃ : βS → βG is also a bijection [4, Exercise 3.4.1]. If x, y ∈ S and x ∗ y is defined, then
ϕ(x ∗ y) = ϕ(x)ϕ(y). Let p, q ∈ δS. Since

lim
x→p

lim
y→q

ϕ(x ∗ y) = lim
x→p

lim
y→q

ϕ(x)ϕ(y),

we have ϕ̃(p ∗ q) = ϕ̃(p)ϕ̃(q). So ϕ̃ is a homomorphism on δS.

Now let Ui = {a ∈ G : πj(a) = 1j whenever j ≤ i}. We claim that
ϕ̃[δS] =

⋂
i∈N c`βG(Ui)\{1}. To see this, let Vi = {x ∈ S : min

(
supp(x)

) ≥ i} for
each i ∈ N. Notice that δS =

⋂
i∈N c`βS(Vi)\{u} (where u is the unique member

of S with empty support). Now ϕ[Vi\{u}] = Ui\{1}, where 1 is the identity in G.
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Hence ϕ̃[c`βS(Vi)\{u}] = c`βG(Ui)\{1}. So ϕ̃
[ ⋂∞

i=1

(
c`βS(Vi)\{u}

)]
=

⋂
c`βG(Ui)\{1}.

Therefore⋂∞
i=1 ϕ̃[c`βSVi\{u}] =

⋂∞
i=1 c`βGUi\{1}. We have [Exercise 7.2.5, 4] that⋂∞

i=1 c`βGUi\{1} ' H. Since
⋂∞

i=1 ϕ̃[c`βSVi\{u}] = δS, δS ' H.

Recall that a sequence 〈xn〉∞n=1 is adequate if and only if
∏

n∈F xn is defined for
each F ∈ Pf (N) and for every K ∈ Pf (S), there exists m ∈ N such that FP (〈xn〉∞n=m) ⊆
∩y∈Kϕ(y).

4.2 Lemma. Let S be an adequate partial semigroup and let 〈xn〉∞n=1 be an adequate
sequence in S and let T =

⋂∞
m=1 FP (〈xn〉∞n=m). Then T is a subsemigroup of δS.

Proof. From the definition of adequate sequence, we see immediately that T ⊆ δS. To
see that T is a semigroup, let p, q ∈ T . For m ∈ N, let Tm = FP (〈xn〉∞n=m). To see that
p ∗ q ∈ T , let m ∈ N. We shall show that Tm ∈ p ∗ q. Given y ∈ Tm, pick F ∈ Pf (N)
such that y =

∏
n∈F xn and minF ≥ m. Let k = max F + 1. Then y ∗ Tk ⊆ Tm so

Tm ∈ p ∗ q as required.

Theorem 4.4 below is the extension of Theorem 6.27 [4] to adequate partial semi-
groups, giving us a copy of H in δS.

4.3 Definition. Given a sequence 〈xn〉∞n=1 in some semigroup S, we say that 〈xn〉∞n=1

has distinct finite products if whenever F and G are distinct members of Pf (N), then∏
n∈F xn 6=

∏
n∈G xn.

4.4 Theorem. Let S be a discrete adequate partial semigroup and let 〈xn〉∞n=1 be an
adequate sequence in S with distinct finite products. Let T =

⋂∞
m=1 c`

(
FP (〈xm〉∞n=m)

)
.

Then T is a subsemigroup of δS which is algebraically and topologically isomorphic to
H.

Proof. By Lemma 4.2 we have that T is a semigroup of δS. We define a mapping
f : FP (〈xm〉∞n=1) → 2N by stating that f(

∏
n∈F xn) =

∑
n∈F 2n for every F ∈ Pf (N).

Since f is a bijection f̃ : FP (〈xn〉∞n=1) → 2N is a homeomorphism by [5, Exercise 3.4.1].

As above, for each m ∈ N, let Tm = FP (〈xn〉∞n=m). Then f [Tm] = 2mN and so

f̃ [T ] = f̃ [
⋂∞

m=1 Tm ] =
⋂∞

m=1 f̃ [Tm ] =
⋂∞

m=1 f [Tm ] =
⋂∞

m=1 2mN = H.

To see that f̃|T is a homomorphism, let p, q ∈ T . To see that f̃(p∗q) = f̃(p)+ f̃(q),
it suffices to show that the continuous functions f̃ ◦ ρp and ρ

f̃(q)
◦ f̃ agree on T1, which
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is a member of p. So let y ∈ T1 and pick F ∈ Pf (N) such that y =
∏

n∈F xn. Let
m = max F + 1. To see that f̃(y ∗ q) = f(y) + f̃(q), it suffices to observe that the
continuous functions f̃ ◦ λy and λf(y) ◦ f̃ agree on Tm, a member of q.

We now show that one can, under certain conditions, guarantee the existence of
adequate sequences with distinct finite products.

4.5 Definition. Let S be an adequate partial semigroup.

i) S is right cancellative if for all y and z ∈ S and for all x ∈ ϕ(y) ∩ ϕ(z), whenever
yx = zx, then y = z.

ii) S is weakly left cancellative if for all a, and b ∈ S, {x ∈ S : x ∈ ϕ(a) and ax = b}
is finite.

4.6 Definition. A partial semigroup S is said to be strongly adequate if and only if for
all F ∈ Pf (S), σ(F ) is infinite.

Note that if S is not strongly adequate then δS is a subsemigroup (a subset which
is a semigroup) of S.

4.7 Theorem. If S is a countable cancellative strongly adequate partial semigroup then
S contains an adequate sequence with distinct finite products.

Proof. Enumerate S as 〈sn〉∞n=1. Choose y ∈ S. Inductively let n ∈ N and assume we
have chosen a sequence 〈yt〉nt=1 satisfying:

i) uniqueness of finite products,

ii)
∏

t∈F yt is defined for each F ∈ Pf ({1, 2, . . . , n}), and

iii) for all k ∈ {1, 2, . . . , n}, and for all ∅ 6= F ⊆ {k, k + 1, . . . , n}, we have that∏
t∈F yt ∈ σ({s1, s2, . . . , sk}).

Define the set

A =
{

σ
({s1a, s2a . . . , ska}) : k ∈ {1, 2, . . . , n}, ∅ 6= F ⊆ {k, . . . , n}, and a =

∏

t∈F

yt

}
;

and let B = A ∩⋂
σ
({s1, s2, . . . , sn+1}

) ∩⋂{
ϕ
( ∏

t∈F yt

)
: ∅ 6= F ⊆ {1, 2, . . . , n}

}
.

Then B is infinite since S is strongly adequate.

Define sets A1, A2, and A3 as follows:

A1 =
{

z ∈ S : ∃ F ⊆ Pf ({1, 2, . . . , n}) such that z =
∏

t∈F yt

}
,

A2 =
{

z ∈ S : ∃ F 6= G ⊆ Pf ({1, 2, . . . , n}) such that
∏

t∈F yt · z =
∏

t∈G yt · z
}

,

A3 =
{

z ∈ S : ∃ F, G ⊆ Pf ({1, 2, . . . , n}) such that
∏

t∈F yt =
∏

t∈G yt · z
}

.
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Let C = A1 ∪ A2 ∪ A3. Then C is finite since S is right cancellative and weakly left
cancellative.

Now pick yn+1 ∈ B\C.
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