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ABSTRACT

Often it is necessary to restrict the natural operation on a given set S to a
subset D of S on which the operation is well behaved. In the literature, terms such
as groupoid, pargoid, and oid have been used to describe structures having these
partial operations. A partial semigroup is one such structure. Loosely defined, a
partial semigroup is a pair (S, ), such that S is a nonempty set and * is a binary

operation which is associative where it is defined.

Introduced in [1], partial semigroups allow us to explore partial operations in
a given semigroup. Specifically, we consider how notions of size in a semigroup
(with its total operation), are affected when extended to a partial semigroup (with
its restricted operation). It is very often difficult, if not impossible, to make direct
transfers of results from total operations to partial operations. Thus, it is often
necessary that we modify the “usual” definitions, characterizations, or axioms, to
extend to the partial case. These, sometimes minor, modifications can unveil new

and interesting questions that are specific to the partial operation.

Our particular interest in partial operations is in the context of the compact
right topological semigroup 3S5. Much is known about the algebra of 3.5, the Stone-
Cech compactification of any semigroup S. Partial semigroups give rise to a natural
and useful subset of 4S5 which is in fact a semigroup. This subset is §S. In [1] it
was shown that 65 is a compact Hausdorff right topological semigroup. Therefore
0S is guaranteed the structure common to any such object; and we are therefore
able to, in many cases, easily extend our knowledge of operations in semigroups to

partial operations in adequate partial semigroups.

Borrowing from the field of Topological Dynamics, the notions of size we dis-
cuss are thick, syndetic, piecewise syndetic, IP, and central. These notions have
all been useful in the development of the theory of 3S. For a semigroup S, it is

known that many of these notions of size can be characterized in terms of K (35),
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the smallest ideal of 35S, [9]. We show here that each notion has natural extensions,
combinatorially and algebraically, to partial semigroups. And we answer, for each
notion, the following question: Does the equivalence, that holds in a semigroup, be-

tween the combinatorial and algebraic characterization of the given notion, transfer

to adequate partial semigroups?
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CHAPTER 1

PRELIMINARIES

The concept of a partial semigroup arose in the study of partition theorems for
variable words. In their paper entitled “Partition theorems for spaces of variable
words,” [1], the authors noticed that the natural binary operation on located words
is well defined only when it is restricted to located words with disjoint unions. They
also noticed that the natural operation does not allow the operation of concatenation
to be a homomorphism. These problems are easily remedied with the introduction of
the notion of partial semigroups, which allows one to restrict the natural operation
to the subset for which it is defined or works “well”.

In this chapter we develop the notion of a partial semigroup and provide the
necessary algebra for our research. We see that partial semigroups arise essentially
in one of the two ways referred to above. Partial semigroups, in particular adequate
partial semigroups, lead to a natural and useful subset of 55, the Stone-Cech com-
pactification of S, which is in fact a semigroup. This subset, §.5, will provide the
algebraic foundation for all that we do in the subsequent chapters. Being a subset
of BS, the algebra of 05 will be developed from much of what we already know
about 3S. Therefore we will provide many results, all previously known, about the
algebraic and combinatorial structure of 55 and then attempt to extend them to
partial semigroups.

Our interest in partial semigroups comes at a time when there is a growing
interest in, and possibly need for, the study of partial operations as a separate
area of algebra [10]. Partial operations are frequently investigated in connection
with the areas of information theory, category theory, and coding theory. Here we
investigate partial operations in the context of “large” sets. Some important notions

of largeness in a semigroup S can be characterized in terms of K (35), the smallest
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ideal of 5S. It is our intention to use K(45), the smallest ideal of 4.5, to obtain

appropriate analogues of these notions for partial semigroups.

The questions we address for partial semigroups are generally in an attempt to
transfer our knowledge about notions of size in a semigroup S. Theorem 1.9 below,
shows that for an adequate partial semigroup S, 4.5 is in a natural way, a compact
Hausdorff right topological semigroup. This fact allows us, in many cases, to easily
extend our knowledge of total operations in semigroups to partial operations in

adequate partial semigroups.

There are many notions of size in an arbitrary semigroup. Many of these notions
originate in topological dynamics in the context of the semigroup (N, +). These
notions, such as central, have been very important in excavating the rich structure
of 3S. In a semigroup, it has been shown that the combinatorial definitions of these
notions of size, all have nice algebraic characterizations in 55 [9]. In extending the
notions: thick, syndetic, piecewise syndetic, IP, and central, to a partial semigroup
we, in general, see a loss of this equivalence between the combinatorial definitions
and the algebraic characterization. In some cases we are able to find conditions
under which equivalence may be attained. In most cases we simply produce new

equivalences.

We shall be using the Stone- Cech compactification, 85, of a discrete space S.
We take the points of 55 to be the ultrafilters on S; the principal ultrafilters being
identified with the points of S. By this identification, we pretend that S C 3S. In
a similar fashion, if S C T, we pretend that 3S C T by identifying the ultrafilter
p on S with the ultrafilter {A C T : ANS € p} on T. Given a set A C S,
A={pepS:Acp}. Theset {A: AC S} is a basis for the open sets (as well as

a basis for the closed sets) of 3S5.

If S is a semigroup, there is a natural extension of the operation - of S to 3S

making 35 a compact right topological semigroup with S contained in its topological
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center. This says that for each p € 35S the function p, : S — BS, defined by
pp(q) = ¢ - p, is continuous and for each x € S, the function A\, : 55 — 35, defined
by A.(q¢) = x - q is continuous.

Any compact Hausdorff right topological semigroup (7',-) has a smallest two
sided ideal K (T') which is the union of all of the minimal left ideals of T', each of
which is closed [9, Theorem 2.8 and Corollary 2.6], and any compact right topo-
logical semigroup contains idempotents [9, Theorem 2.5]. Since the minimal left
ideals are themselves compact right topological semigroups, this says in particular
that there are idempotents in the smallest ideal. There is a partial ordering of the
idempotents of T determined by p < ¢ if and only if p = p-q = ¢-p. An idempotent

p is minimal with respect to this order if and only if p € K(7T') [9, Theorem 1.59].

This ends our brief review of the algebra of 3S. We shall frequently cite [9]
for other basic properties of 35 when needed. We begin now our introduction to
partial semigroups. Much of the material overlaps with that in [5] and [8]. The two

examples that follow indicate how we often in fact encounter partial semigroups.

Given a set S, and a natural binary operation, it is often convenient to define
the operation for only a subset of S x S. Consider for instance the semigroup
(P¢(N),U), where P¢(N) = {F : F is a finite nonempty subset of N}. If we define
v : (Pr(N),U) — (N,+) by ¢(F) = |F|, then ¢ is not a homomorphism. However,
if we let

AUB ifANB=1

Awb = { undefined if ANB #0

then ¢ is a homomorphism on (P¢(N), ), in the sense that p(AwWB) = ¢(A)+¢(B)
whenever AwB is defined.
Another case in which we may need to restrict the domain of the operation oc-

curs when the natural operation does not satisfy the closure property. For example,



given a sequence (z, )" ; in the semigroup (.5, ), let

T =FP((zn)pZ1) = {llnep #n : F € Pr(N)},

where the products are taken in increasing order of indices. Then (x1 - x3) - (2 - x4)
is not likely to be in T unless xo and x3 commute, and (z7 - x3) - (3 - x4) is not

likely to be in T" at all. On the other hand, if we let (J],,cp zn) * (I],,c Tn) be

H’nEFUG’ T, if maxF < minG
undefined  if max F' > minG

Then T is closed under *.

(P¢(N),w) and (7, *) are examples of adequate partial semigroups.

1.1 Definition. A partial semigroup is a pair (S, *), where S is a nonempty set
and * maps a subset D of S x S to S so that for all x,y,z € 5,
(a) if (z,y) € D and (z *y,z) € D, then (y,z) € D, (z,y*z) € D, and
(x*xy)*xz=2xx*(y*z) and
(b) if (y,2) € D and (z,y * 2) € D, then (z,y) € D, (xxy,z) € D, and
(xxy)*xz=xx*(yx*z).

If (S,*) is a partial semigroup and (x,y) € domain(x), we say that “x *y is
defined”. The requirements of Definition 1.1(a) and (), can then be more succinctly
stated as “(z *y) x 2 = x x (y * z) in the sense that, whenever either side is defined,

so is the other and they are equal.”

1.2 Definition. Let (S, *) be a partial semigroup.

(a) Forx € S, P(x) = Ps(z) ={y € S: xxy is defined}.

(b) For each H € P(S), o(H) = (e #(5)-

(c) o(0) =

(d) The semigroup S is adequate if and only if o(H) # 0 for all H € P(S).
)

(e) S =, €s CEBS( (z )) = mHePf(S) CE,BS(U(H))-



All of the partial semigroups that we have presented thus far have been ade-
quate. The assertion that S is adequate is exactly the assertion that 4.5 # (). Notice
that any semigroup S is a partial semigroup in which case §S = 3S. Also note that
the operation * of a partial semigroup S is defined precisely on |J, .5 ({z} x ¥(z)).

A fundamental fact for our discussion of notions of size in partial semigroups
is that, for an adequate partial semigroup S, 6.5 is in a natural way a compact right

topological semigroup.

1.3 Theorem. Let (S,*) be an adequate partial semigroup. Let

D = (Uyes ({x} x #(x)) U (8S x 65) .

Then the operation x can be extended uniquely to D so that
(a) for each x € S, the function A, : P(x) — (S, defined by A\y(q) = x * q, is
continuous, and
(b) for each p € §S, the function p, : BS — (S, defined by py(q) = q* p is

continuous.

Proof. For each z € S, define I, : $(z) — S by l,(y) = z*y. Then [, has a unique
continuous extension [, : W — (S. For q € S, define = xq = l;(q) whenever
x * q has not already been defined. Then A\, is continuous.

Now, for each p € 0.5, x * p is defined for all z € S. Define r,(z) = x * p and
let r, : BS — (S be the unique continuous extension of r,. For ¢ € S, define

q * p = 7p(q) whenever ¢ * p has not already been defined. U

As a subset of 35, the points of §.5 are ultrafilters. Thus, we are interested in

describing the members of p x ¢ in terms of the ultrafilters p and ¢ in 6.

1.4 Definition. Let (S, %) be a partial semigroup, let x € S, and let A C S. Then

rlA={yeP(x):zxyec A}.
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Note that, as in a semigroup, and even more strongly here, there is no sugges-
tion, even in the event that S has an identity, that any or all elements of S have
inverses. Also, if the operation in S is denoted by +, then we write —x + A for

{yeP(x):x+ye A}

1.5 Lemma. Let (S,*) be a partial semigroup, let A C S, and let a,b,c € S. Then
ceb HatA) e bepla) and c € (axb) A

In particular, if b € ¢(a), then b=1(a1A) = (ax b) "L A.

Proof.

cebl(atA) Yand bxce€atA
)and bxc € p(a) and ax (bxc) € A
and ¢ € p(a*xb) and (a*xb)*xc € A

)
a)and c € (a*xb)"1A

R
m
$S58S

g

For any semigroup S and any member z of S, we are guaranteed that

S\z71(S\A) = 271 A. This need not be the case in a partial semigroup.

1.6 Lemma. Let (S,%) be a partial semigroup. Let x € S and A C S. Then
S\a7H(S\4) = (S\g(2)) U (71 4).
Proof. Let y € S\z71(S\A). Then either y ¢ ¢(z) or y € p(x) and = * y ¢ S\ A.
So S\a~ 1 ($\4) C (S\e(e)) U (1)

Now if y € 271 A, then y € p(z) and zxy € A. Soy € S and x xy ¢ S\A. So
y € S\(z71(S\A)). On the other hand, if y € (S\¢(x)), then y ¢ 2~ *(S\A). 0O

1.7 Lemma. Let S be an adequate partial semigroup.
(a) Let x € S, let q € P(z), and let A C S. Then A € x q if and only if
r 1A €cq.
(b) Let p € S, let ¢ € S, and let A C S. Then A € px*q if and only if

{reS:atAcq}ep.
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Proof. (a) Necessity. Pick B € ¢ such that A\, [m] C A. Then ¢(z)N B C
r LA

Sufficiency. Suppose that A ¢ x * g. Then S\ A € z % ¢ so that, by the already
established necessity, 71(S\A) € ¢ while x7!ANx~1(S\A) = 0, a contradiction.

(b) Necessity. Pick B € p such that p,[ B] C A. Then by (a),
BC{reS:xtAeq}.

Sufficiency. Suppose that A ¢ p*q. Then S\ A € p * g so that, by the already
established necessity, {x € S : z71(S\A) € ¢} € p while {z € S: 271 (S\A) € ¢} N

{xeS:z7'A € q} =0, a contradiction. O

1.8 Lemma. Let S be an adequate partial semigroup, let p € 3S, q € 65, and

a € S. Then ¥(a) € p*q if and only if P(a) € p.

Proof. Necessity. Assume that ¢(a) € p* ¢ so that {b€ S : 07 p(a) € ¢} € p. We
show that {b € S : b~ 'p(a) € ¢} C p(a). So let b=1y(a) € q. Pick c € b~ 1p(a).
Then ¢ € p(b) and bxc € p(a) so ax (bxc) is defined and thus a* (bxc) = (a*xb)*c
and in particular b € p(a).

Sufficiency. Assume that p(a) € p. We claim that p(a) C {b € S : b~ p(a) € ¢}
so that p(a) € pxq. Let b € p(a). Since g € 4.5, p(a xb) € q. Therefore it suffices
to show that p(a*b) C b~ 'y(a). Let ¢ € p(a*b). Then (a*b)*c=ax (bxc) so

c € o(b) and b* c € p(a). That is, ¢ € b~ 1¢(a) as required. O

1.9 Theorem. Let S be an adequate partial semigroup. Then with the restriction

of the operation given in Theorem 1.3, 65 is a compact right topological semigroup.

Proof. We have by Lemma 1.8 that if p,q € 6.5, then pxq € §S. Since 45 is a
closed subset of 35S we have that 4.5 is compact. By Theorem 1.3, we have that p, is
continuous for each ¢ € §.5. It thus suffices to show that the operation is associative

on 0S.

To this end, let p,q,7 € 5. Suppose that p* (¢ *x7) # (p * q) * r and pick



8

Aecpx(gxr)\(pxq)*r. Let B={a e S:a'(S\A) € r}. Then B € px*q so
{be S:b'Beq}lep Also,{beS:b1A€c g*r} €psopick b € S such that
b'Begand b"'A € g*r. Then {c€ S:c 1 (b71A) € r} € g so pick c € b~1B
such that ¢=*(b=*A) € 7. Then ¢ € p(b) and b c € B so (bx*c)~1(S\A) € r. Pick
acc tbtA)N(bxc) 1(S\A). Then a € ¥(c) and cxa € b=*A so cxa € P(b) and
bx(cxa) € A. On the other hand, a € $(bxc) and (bxc)*a € S\ A, a contradiction.

O

As noted earlier, the fact of Theorem 1.9 allows for the algebraic part of our
investigation of the notions thick, syndetic (Chapter 2), piecewise syndetic (Chapter
3), IP and central (Chapter 4). As a compact right topological semigroup, 65
enjoys all of the properties characteristic of those structures. That is, 05 contains
idempotents, left ideals, minimal left ideals, minimal idempotents, and a smallest
ideal K (65).

It would seem natural to define an “adequate partial subsemigroup” S of an
adequate semigroup 7" to be a subset which is an adequate partial semigroup under
the inherited operation. We see now that this is not enough to guarantee that

08 CoT.

1.10 Lemma. Let T be an adequate partial semigroup and let S be a subset of
T which is an adequate partial semigroup under the inherited operation. Then the
following statements are equivalent.

(a) 65 C OT.

(b) For all y € T there exists H € Py(S) such that (\,c gy Ps(z) € Pr(y).

(c) For all F € Py(T) there exists H € Py (S) such that

Macn Ps(@) € Npep Pr(@).

Proof. (a) = (b). Let y € T and suppose that for all H € Ps(S),

Nacr Ps@\Pr(y) #0.
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Then {(,cxg Ps(@)\Pr(y) : H € Pg(S)} has the finite intersection property so
pick p € 85 such that {(, .y Ps(x)\Pr(y) : H € Py(S)} € p. Then p € 65\dT, a
contradiction.

The other implications are immediate U

We shall see in Theorem 1.13 that the condition of Lemma 1.10 does not have

to hold.

1.11 Definition. Let 7" be a partial semigroup. Then S is an adequate partial

subsemigroup of T if and only if S C T, S is an adequate partial semigroup under

the inherited operation, and for all F' € P¢(T) there exists H € P¢(S) such that

MNeer Ps(@) € Nyer Pr(o).

1.12 Remark. Notice that:

(1) By Lemma 1.10 if S is an adequate partial subsemigroup of T, then §S C dT.

(2) If T is a partial semigroup which has an adequate partial subsemigroup, then
necessarily T is an adequate partial semigroup.

(8) If S is a subset of T which is a partial semigroup under the inherited operation,
then every adequate partial subsemigroup of T included in S is an adequate

partial subsemigroup of S.

Notice that “is an adequate partial subsemigroup of” is a transitive relation.
However, the following result establishes that the notion is not as well behaved as

one might like.

1.13 Theorem. There exist an adequate partial semigroup T and adequate partial
subsemigroups R and S of T such that RN.S is an adequate partial semigroup with

the inherited operation, but RN S is not an adequate partial subsemigroup of T'.

Proof. Let T = Py(w + w), where w + w is the ordinal sum. For «, 5 € T, define
a*x = aUf exactly when max a < min 3. It is easy to see that T' is an adequate

partial semigroup.
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Let A=wU{w+2n:n cw}land B=wU{w+2n+1:n € w}. Let R =Ps(A)
and let S = Ps(B). It is routine to verify that both R and S are adequate partial
subsemigroups of 7. Now RN S = Py¢(w). To see that RN S is not an adequate
partial subsemigroup of T', let F = {{w}}. Then there is no H € P;(RN S) such

that (N, ey Prns(a) € (\yer Pr(a) (whichis {a € T : mina > w}). O

Theorem 1.13 shows in particular that one may have adequate partial semi-
groups S and T such that S C T (and S has the inherited operation) but §S\07T # 0.
If ¢ € 0S\0T and p € BS\S, then p * g is defined in S, but is not defined in 5T
This fact raises the possibility of some ambiguity concerning what is meant by p*gq.

The following result shows that, if it is defined, p * ¢ can mean only one thing.

1.14 Lemma. Let T be an adequate partial semigroup and let R and S be subsets
of T which are both adequate partial semigroups under the inherited operation. Let
p,q € B(RNS). If pxq is defined in S and p * q is defined in SR, then it is the

same object under both definitions.

Proof. Let A C RN S and assume that A € p % ¢ as that object is defined in SR.
We show that A € p*q as that object is defined in 3S. Assume first that p € RN.S
so that (because p* ¢ is defined), $r(p) € ¢ and P5(p) € ¢. Then by Lemma 1.7(a)
{y € Pr(p) :pxy € A} € qand {y € Pr(p) :pxy € A} N¥Ps(p) C {y € ¥s(p) :
pxy € A} and hence {y € Ps(p) : pxy € A} € q.

Now assume that p € (RN S)\(RNS) and hence (because p * ¢ is defined),
q € (RN 4S). Then by Lemma 1.7(b) {x € R: {y € Pr(x) : xxy € A} € q} € p.

Also S € p. We claim that
{reR:{ycPrlx):xxycAteqginNSC{zeS:{yePs(z):zxyc A} € ¢}

sothat {x € S: {y € Ps(x) : zxy € A} € q} € p as required. To this end, let

x € SN R such that {y € Pr(x): x*xy € A} € ¢q. Since also Pg(z) € g and

{yePr(x):xxyec A}NPs(z) C{y € Ps(x) :xxy e A}
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we have that {y € Pg(z) : z*xy € A} € q as required. O

Next we define homomorphisms between partial semigroups and establish con-
ditions guaranteeing that the continuous extension of a partial semigroup homo-

morphism is a homomorphism.

1.15 Definition. Let S and T be partial semigroups and let f : S — T. Then f is

a partial semigroup homomorphism if and only if whenever z € S and y € ¥g(x),

one has that f(y) € Pr(f(z)) and f(zxy) = f(z)* f(y).

1.16 Lemma. Let S and T be adequate partial semigroups, let f : S — T be a
partial semigroup homomorphism, and let f: BS — BT be the continuous extension
of f- If p € BS, q €8S, and f(q) € 6T, then f(p*q) = f(p) * f(q). If f[S] is
an adequate partial subsemigroup of T, then f[(SS] C 6T and ﬁ&g is a (semigroup)

homomorphism.

Proof. Assume first that p € 85, ¢ € §S, and f( ) € 6T and suppose that

(p % q) # f( ) * ( ). Pick disjoint open neighborhoods U and V' of f(p % ¢q) and
f(p) f(q) respectively. Pick A € p such that fopq[ ] C U and PFa )of[ ] cVv
and pick € A. Then f(z *¢q) € U and f(z) = f(q) € V. Since Af(z) (f(q)) €

V, pick B € f(q) such that s, [BN@r(f(z))] € V. Pick C € g such that

foA[CNPs(x)] C U and f[C] C BN®r(f(z)). Pick y € C N Pg(x). Then
f(xxy) € U and f(x)* f(y) € V, a contradiction.

Now assume that f[S] is an adequate partial subsemigroup of T. Let p € 45
and let € T. Suppose that ¥7(z) ¢ f(p). Pick A € p such that f[Z] Ner(z) =0
and pick I € Pr(f[S]) such that (), cp Pris(y) C Pr(z). Let G € Pr(S) be such
that f[G] = F, and pick b € AN(),cq Ps(a). Then f(b) € fIA]N,cr Pris1(¥) C
f[A] N ¢r(z), a contradiction. The fact that fb . is a homomorphism now follows

from the first assertion. O

The notions of “right ideal”, “left ideal”, and “ideal” extend naturally to partial
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semigroups.

1.17 Definition. Let S be a partial semigroup.

(a) A subset I of S is a left ideal of S if and only if x xy € I whenever x € S
andy € I NP(x).

(b) A subset I of S is a right ideal of S if and only if xxy € I whenever x € I
and y € P(x).

(c) A subset I of S is an ideal of S if and only if I is both a left ideal and a
right ideal of S

(d) A subset L of S is a minimal left ideal of S if and only if L is a left ideal
of S and whenever J s a left ideal of S and J C L one has J = L.

(e) A subset R of S is a minimal right ideal of S if and only if R is a right
ideal of S and whenever J is a right ideal of S and J C R one has J = R.

The following are some of the properties of compact right topological semi-
groups that will be useful for our discussion. These results are taken directly from
[9] where they are stated for an arbitrary semigroup. Recall that by Lemma 1.9,

0S is a semigroup.

1.18 Lemma. Let S be an adequate partial semigroup. Let I be an ideal of 65 and
let L be a minimal left ideal of 6S. Then L C I.

Proof. Since S is adequate S # (). Let x € L. Then since I is a right ideal also,
ITxx CI+x6SCI. ButI«xxCdSxx CdS*xL=L.So by the minimality of L we

have I sz =L C I. O

In Chapter 4 we discuss the notions IP and central. Both of these notions are
characterized algebraically in terms of idempotents in §.5. Compact right topological
semigroups contain idempotents therefore 65 does. Hence we have the following

theorem.

1.19 Theorem. Let S be an adequate partial semigroup. Then
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(a) E(6S)={e€dS: exe=c¢} #0.
(b) Every left ideal of §S contains a minimal left ideal.
(c) Minimal left ideals of §S are closed.

(d) Each minimal left ideal of §S has an idempotent.

Proof. (a) Lemma 1.9 and [9, Theorem 2.5].
(b)-(d) [9, Corollary 2.6]. O

1.20 Definition. Let p = pxp € S andlet A € p. Then A* = {z € A: 271A € p}.
Given an idempotent p € 6S and A € p, it is immediate that A* € p. The

following fact is used in the alternate proof of Theorem 4.6.

1.21 Lemma. Let S be an adequate partial semigroup and let A C S. Further let

p=p*p €S, let Acp, and let v € A*. Then x71(A*) € p.

Proof. Since x € A*, x7'A € p and so (z71A)* € p. Thus it suffices to show that
(x7rA)* C 271(A4*). (In fact equality holds.) Let y € (z71A)*. Then y € z7 1A
and y~1(x71A) € p. Then y € p(z) and x xy € A. By Lemma 1.5, we have that

(x*xy) A=y N2 tA) €p. Soy € ¢(x) and x *y € A* as required. O

As is the case for any compact right topological semigroup, 65 has a smallest

ideal.

1.22 Theorem. Let S be an adequate partial semigroup. Then S has a smallest
(two sided) ideal K(8S) which is the union of all minimal left ideals of 6S and also

the union of all minimal right ideals of 6.5.
Proof. Lemma 1.9 and [9, Theorem 2.8]. 0

1.23 Lemma. Let T be a partial semigroup, let S be an adequate partial subsemi-
group of T and assume that S is an ideal of T. Then 6S is an ideal of éT. In
particular, K(6S) = K(0T).
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Proof. By Lemma 1.10, §S C §T. Let p € 65 and g € dT. To see that ¢ xp € 45,
let z € S. We need to show that ¥g(z) € g % p. Since ¢ € dT, Pr(z) € q. We
claim that @r(x) C {y € T : y~1¥5(z) € p}. (Here y~1¥5(x) is interpreted in T,
soy 1¢g(x) ={z € Pr(y):yx2 € Ps(x)}.) Solet y € Pr(z) and pick H € Py(S)
such that (). Ps(2) C Pr(z*y). We claim that (), Ps(2) €y tes(x), and
thus that y~'pg(z) € p as required. So let w € (,cp Ps(2). Then w € Pr(x xy).
So (x * y) * w is defined in T and so z * (y * w) is defined in T. In particular,
y*xw € Pp(x). Since w € S, and S is an ideal of T, y x w € Pp(x) NS = Pg(x).
Also, w € P7(y). Thus, w € y~1¢g(x).

To see that px g € 45, let x € S. We need to show that ¥g(z) € p*q. We
claim that Pg(z) C {y € T : y~'¥g(x) € q}. (Again y~1¥g(x) is interpreted in T'.)
Let y € ¥5(x). We claim that ¥7(z * y) C y~1¥g(z), so that y~1¥Pg(x) € ¢. Let
z € Pp(x*y). Then (x *y) * z is defined in T and so x * (y * z) is defined in T
Therefore z € $7(y). And since S is an ideal of T', y x z € S, s0 y * z € pg(x).

Finally, since 0.5 is an ideal of T, we have that K(67) C §S and in particular
K(0T)NéS # 0. Consequently by [9, Theorem 1.65], K(6.5) = K(6T)NJS = K(0T).

O



CHAPTER 11
THICK and SYNDETIC SETS

The first notions we consider are the notions of thick and syndetic. The section
begins with a reminder of what each notion means in the context of a semigroup S
along with their algebraic characterizations as stated in [3]. We then extend these
notions to an adequate partial semigroup, thereby obtaining analogous statements
for the combinatorial definition and the algebraic characterization of each notion
for an adequate partial semigroup. The main results of this chapter show that
the resulting extensions correspond to nonequivalent notions in an adequate partial
semigroup.

Thick sets are intimately related to syndetic sets in a semigroup. We find that
in an adequate partial semigroup this intimacy is maintained in a significant way
among both the algebraic and the combinatorial versions. We introduce some of
these interrelationships towards the middle of the chapter, as a bridge between the

notions.

Thick and syndetic sets are algebraically characterized in S in terms of the
left ideals of 5S. Given p € 85, S - p is a left ideal of 3S. Further, given any left
ideal L of S and any p € L, 35 -p C L. A left ideal of the form (S - p is called a
semiprincipal left ideal. (It is only semiprincipal because p need not be a member
of S -p.) In the case of an adequate partial semigroup, we are naturally interested
in the left ideals of 45 of the form 05  p for p € 4S.

For a semigroup S, the semiprincipal left ideals of 35S are categorized in terms
of the set C(p) [9]. We construct an analog of the set C(p) for an adequate partial
semigroup and use it to categorize the members of §.5*p. We first remind the reader
of the definition of C(p) and the characterization of the semiprincipal left ideals of

BS in terms of C(p).

15
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2.1 Definition. Let S be a semigroup and let p € 85. Then
Clp)={ACS:forallsc S, s 'Acp}.
2.2 Theorem. Let S be a semigroup and let p € 3S. Then

BS-p={qeBS:C(p) Cq}.

Proof. [9, Theorem 6.18]. g

In the partial semigroup case we define the set D(p) as the analog of C'(p). Like
C(p), D(p) is a filter on the partial semigroup, and characterizes the semiprincipal

left ideals of 8.5.

2.3 Definition. Let (5, %) be an adequate partial semigroup and let p € §S. Then
D(p) = {A C S : there exists F' € P;(S) such that for all x € o(F), 271 A € p}.

Notice that if S is a semigroup D(p) is equal to C(p).

2.4 Theorem. Let (S,%) be an adequate partial semigroup and let p € §S. Then
D(p) is a filter on S.

Proof. D(p) # () since S € D(p). It is clear that ) ¢ D(p), otherwise there exists
H € P¢(S) such that for all x € o(H), 27'0 € p. This is impossible.

Assume that A and B are in D(p). To see that ANB € D(p), pick F,G € Py(S)
such that for all z € o(F), 271A € p and for all y € o(G), y !B € p. Note that
FUG € P¢(S). Let z € 0(FUG). Then z € o(F) and z € 0(G). So 27'A € p and
27 'B € p. Therefore z7'ANz"1B=2"1(ANB) €p. So AN B € D(p).

Let A € D(p) and let B C S such that A C B. Pick F' € P¢(S) such that
for all x € o(F), 271A € p. So given z € o(F), {s € p(z) : z*s € A} € p and
{sepx):xxse A} C{s € p(x):x*xs € B}, so{s € p(x): x+xs € B} €p.
Therefore for all z € o(F), x7'B € p. Thus B € D(p).
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So D(p) is a filter on S. 0

2.5 Theorem. Let (S,*) be an adequate partial semigroup and let p € §S. Then
dS*p={qe€dS:D(p) Cq}.

Proof. Let r € 65. We show that D(p) C rxp. Let A € D(p) and pick F' € P(S5)
such that for all x € o(F), z71A € p. So o(F) = {z € o(F) : z71A € p}. Also
r €8S so o(F) € r. Therefore {x € o(F):27*A € p} €r. Thus A € r *p.

Now let ¢ € 65 such that D(p) C q. For each A € q, let B(A) = {z € S :
r7 1A € p}. We claim that {B(4) : A € ¢} U{o(F) : F € P¢(S)} has the finite
intersection property. To see this, first observe that {B(A) : A € ¢} and {o(F) : F €
P¢(S)} are both closed under finite intersections. So it suffices to show that given
A€ qgand F € Ps(S), B(A)No(F) # 0. Suppose instead that there exist A € p
and F' € P;(S) such that B(A)No(F) =0. Then {z € o(F) : 2 'A € p} = 0. That
is, for each x € o(F), z71(S\A) € p. So S\A4 € D(p) C q. This is a contradiction.
So {B(A) : A € ¢} U{o(F) : F € Ps(S)} has the finite intersection property.
Therefore pick r € 85 such that {B(A) : A € q} U{o(F) : F € P¢(S)} C r. Since
{o(F): F € PsS)} Cr,re€dS. Since {w € S: 2 1A € p} € r for each A € ¢,

q = r * p. Therefore g € S * p. H

2.6 Theorem. Let (S,*) be an adequate partial semigroup and let p € §S. Then
D(p) = (65 *p).

Proof. Let A € D(p), and pick F' € P¢(S) such that for all z € o(F), 714 € p.
Suppose that A ¢ ((dS * p). Pick ¢ € 05 such that A ¢ ¢« p. Then {z €
S:x'A € p} ¢ q Equivalently {zx € S : 27'A ¢ p} € q. Also o(F) € ¢
so{r € o(F):2'A¢pleq But{zxe€olF):27'A¢p =0 Thisisa
contradiction.

Now let A € ((0S * p), and suppose that A ¢ D(p). Then {S\A} U D(p) has

the finite intersection property because D(p) is a filter. So pick ¢ € S such that
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S\A € g and D(p) C q. Then by Theorem 2.5, ¢ € (65 * p) N (S\A). This is a

contradiction since by assumption A € q. O

2.7 Theorem. Let (S,*) be an adequate partial semigroup, let A C S, and let
p €30S. Then 6S xp C A if and only if A € D(p).

Proof. We use Theorem 2.6.

A € D(p) A€ (S xp)
(Vg € 6S)(A € g *p)
(Vg € 6S)(g*pe€ A)

§SxpC A 0

teoe

The last result takes us to our discussion of the notion of thick sets in an
adequate partial semigroup. By Theorem 2.7, we shall see that a set is thick if
and only if it is a member of D(p). Therefore we will return to this result as a
characterization of thick sets in 45.

The notion of a thick set originates in Topological Dynamics in the context of
the semigroup (N, +). There [6], a set is said to be thick if it contains arbitrarily long
intervals (a,, a, +n), where n — oo. More recently, thick sets (referred to as right
thick) were presented in the context of compact right topological semigroups [3]. It
was shown that thick sets are easily characterized in terms of 3S, the Stone-Cech

compactification of S.

2.8 Definition. Let (S, -) be a semigroup and let A C S. The set A is thick if and

only if for every F' € P;(S) there is some z € S such that Fz C A.

2.9 Theorem. Let (5,-) be a semigroup and let A C S. The following statements
are equivalent.

(a) The set A is thick.

(b) There exists p € 3S such that 3S-p C A.

(c) There is a left ideal L of S with L C A.
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Proof. (a) = (b). Since A is thick, {t71A : ¢t € S} has the finite intersection
property. Pick p € 85 such that {t !4 :¢t € S} C p. Then S-p C A and thus
BS-pC A

That (b) implies (c) is trivial.

(¢) = (a). Pick a left ideal L of 35 such that I C A and pick p € L. Then for

cacht € S,t-pe Aandsot A€ p. Given F € Ps(S), pick z € ,ep t7'A. O

The notion of a syndetic set also originates in Topological Dynamics in the
context of the semigroup (N, +). In this context a set A is syndetic if and only if it
has bounded gaps.

In [3], syndetic sets, (referred to as right syndetic), in an abitrary semigroup

S, were similarly characterized in terms of 3S.

2.10 Definition. Let (.5,-) be a semigroup and let A C S. The set A is syndetic if

and only if there exists H € P (S) such that S C (J,cpy t™ 1 A.

2.11 Theorem. Let (S,-) be a semigroup and let A C S. The following statements
are equivalent.

(a) The set A is syndetic.

(b) For each p € S, AN (BS-p) # 0.

(c) For each left ideal L of 3S, AN L # .

Proof. (a) = (b). Let p € 3S and pick H € P¢(S) such that S C (J,cy t™ 1 A. Pick
t € H such that t7'A € p. Thent-pc (8S-p)N A.

That (b) implies (c) is trivial.

() = (a). Suppose that for each H € P¢(S), S\U,eyt 'A # 0. Then
{S\t71A : t € S} has the finite intersection property so pick p € 3S such that
{S\t 'A:t€ S} Cp. Then AN (BS-p)#D. So pick ¢ € 3S such that A € q-p.

Then {t € S:t 1A € p} € qgsoforsomete S, t71A € p, acontradiction. O
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The algebraic characterization of thick has a completely straight forward ex-

tension to partial semigroups.

2.12 Definition. Let (S, *) be an adequate partial semigroup and let A C S. The

set A is thick if and only if there exists p € §S such that 6S xp C A.

In an adequate partial semigroup (S, *), given a finite subset F' of S, F % x
need not be defined for every member of F'. Therefore, the combinatorial definition
of thick stated above, cannot be transferred verbatim to the partial semigroup
case. The modification needed for the extension to partial semigroups is minor, as
indicated below. (The notation é-thick is intended to represent “combinatorially

thick”. We will adhere to this notation for all combinatorially defined notions.)

2.13 Definition. Let (5, %) be an adequate partial semigroup and let A C S. A is

¢-thick if and only if for each F' € P¢(.5), there exists x € o(F') such that F'xx C A.

First we show that these two notions are not equivalent. The example given
uses an adequate partial semigroup introduced in Chapter 1. We will use this partial

semigroup again in this and subsequent chapters.

2.14 Theorem. There exist an adequate partial semigroup (T, *) and a thick subset

A of T which is not ¢-thick.

Proof. Let (z,)52 ; be a sequence in a semigroup (.5, -) which satisfies uniqueness of

finite products (meaning [], cp 2n = [],cq Tn, With products in increasing order

of indices, only when F' = ). (For example S could be the free semigroup on the

generators (x,)5> ;. Alternatively, one could take (S,-) = (N, +) and let z,, = 2™.)
Let T'= FP({zn)pZ1) = {I,cr on : F € Py(N)} and define

- [lerug Tn if max F' < minG
(e @) (Ulnee @) = { undefined  if max F' > minG'.

Let A = {[[,,cp Zn : min F' > 1} = FP({z,);Z,). Then A = ¢(x1) and thus

§S C A. In particular, for any p € §S, §S *p C 6S C A and so A is thick.
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To see that A is not cé-thick, let FF = {x1}. Then for any y € o(F) = A,
Fxy C (S\A). a

We shall soon show that the notion of thick in an adequate partial semigroup
is weaker than the notion of ¢-thick. To produce a simple proof of this fact, we first

construct the algebraic characterization of a ¢é-thick set, in terms of 3S.

2.15 Theorem. Let (S, ) be an adequate partial semigroup and let A C S. Then

A is é-thick if and only if there exists p € 6 such that 3S x p C A.

Proof. Assume first that A is ¢-thick. We claim that {o(F) : F € Ps(S)} U
{z71A : x € S} has the finite intersection property. Since {o(F) : F € P¢(S)}
is closed under finite intersections, it suffices to let F, H € P;(S) and show that
o(F)N(egt tA # 0. To see this, let G = FUH. Then G € P¢(S) so we can
pick x € o(G) such that Gxz C A. Then = € o(F), © € o(H), and H xz C A.
That is, x € o(F) and for all t € H, we have that z € p(t) and t xz € A. So
z € 0(F)N\;egyt A Thus that claim holds. Therefore we can pick p € 35 such
that {o(F) : F € P¢(S)}U{z tA:2 € S} Cp. Since {o(F): F € Ps(S)} C p we
have p € §S. To see that 35S xp C A, let ¢ € 8S. Since S = {t € S :t7 1A € p},
{teS:t7'Aepleqgandso A€ qx*p.

Now pick p € §9 such that 3S*p C A. We want to show that given F' € P;(S),
there exists ¢t € o(F') such that F'x¢t C A. To see this, let F' € Pf(S). Since
BS xp C A, for any x € S we have that A € x % p. In particular, for all z € F we
have that 27*A € p. Since p € 65, o(F) € p. Therefore o(F)N(\,cpaz™tA # 0.
So pick t € o(F) N(,cpx 'A. Then F«t C A. So A is ¢-thick. O

We also provide an equivalent combinatorial statement of the definition of a

thick set in an adequate partial semigroup.

2.16 Theorem. Let (S, %) be an adequate partial semigroup and let A C S. The
set A is thick if and only if there exists F' € Pf(S) such that for all H € P¢(S) and
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for all L € Py (o (F)) there ewists x € o(H U L) such that Lz C A.

Proof. Necessity. Assume A4 is thick and pick p € §S such that 6S*p C A. Then by
Theorem 2.7, A € D(p). So pick F' € P¢(S) such that for all z € o(F),z" A € p.
Let H € Pf(S) and L € Py(c(F)) be given. Then (., 'A € p, and o(H) € p,
80 Nyer @ "ANo(H) € p. Thus (e, a2 PANo(H) #0. Picky € ez TAN
o(H). Since y € (e o 'A, y € o(HUL). Also Lxy C A.

Sufficiency. Pick F' € Py(S) such that for all H € P;(S) and for all L €
Py(o(F)) there exists € o(H U L) such that Lz C A. We claim that {c(H) :
H € Ps(S)}U{t™*A : t € o(F)} has the finite intersection property. To see
that the claim is true, let H € Pf(S) and let L € Ps(c(F)). By assumption
we have an @ € o(H U L) such that Lxx C A. So x € (¢, t 'A, and thus
MNicr,tPANo(H) # 0. So {o(H) : H € Ps(S)}U{t7'A : t € o(F)} has the
finite intersection property. Therefore we can pick p € S such that {oc(H) : H €
Pr(S)}U{t™tA:t € o(F)} C p. Since {oc(H) : H € P¢(S)} C p we have that
p € 6S. We now claim that §S * p C A. To see this, let ¢ € 6S. Then o(F) € q.
Since {t71A : t € o(F)} C p, we have that o(F) C {t € S : t !4 € p}. So

{teS:t7 1A € p}eq. Therefore A € q*p. O

As an immediate consequence of Theorem 2.15 we have the following implica-

tion.

2.17 Theorem. Let (S,*) be an adequate partial semigroup, and let A C S. If A

18 a ¢-thick set, then A is thick set.

Proof. The set A is ¢-thick so by Theorem 2.15, we can pick p € §.5 such that

BS xp C A. Since 65 *p C 3S * p, we have that §5 xp C A. So A is thick. O
We observe that ¢-thickness is equivalent to a superficially stronger statement.

2.18 Lemma. Let (S, *) be an adequate partial semigroup and let A C S. If A is

¢-thick, then for every F € Pf(S) there exists v € AN o(F) such that F xx C A.
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Proof. Let H € P¢(S) and pick t € o(H). Then F = (H xt) U{t} € Ps(S). Since
A is ¢-thick we can pick = € o(F') such that Fx2 C A. Sotxx € o(H), txx € A,

and H  (txz) C A. 0

We turn our attention now to the notion of a syndetic set. The combinatorial
definition and the algebraic characterization of syndetic in a semigroup can both be

extended to partial semigroups in a natural way.

2.19 Definition. Let (5, *) be an adequate partial semigroup and let A C S. The

set A is syndetic if and only if for every p € 65, AN (65 * p) # 0.

Since * is defined for only a subset of S, we are unlikely to find a finite subset
H of S such that S C (J,cy ¢(t). Thus we cannot transfer, verbatim, the definition

for syndetic to partial semigroups. However, a minor adjustment is sufficient.

2.20 Definition. Let (S, %) be an adequate partial semigroup and let A C S. Then

A is ¢-syndetic if and only if there exists H € Py(S) such that o(H) C (J,epy t71A.

Note that the combinatorial definition of syndetic in a partial semigroup,
(¢-syndetic), guarantees that S itself is syndetic. The notions “syndetic” and “¢-
syndetic” are not equivalent, though we shall see that every syndetic subset of an
adequate partial semigroup is also é-syndetic. As an example of a set which is

¢-syndetic but not syndetic, we have the following.

2.21 Theorem. There exist an adequate partial semigroup (T, %) and a ¢-syndetic

subset A of T which is not syndetic. In fact, for any p € 65, AN (68 xp) = 0.

Proof. Let T be the partial semigroup introduced in the proof of Theorem 2.14.
Let A = {[],cp on : F € Py(N) and 1 € F}. To see that A is é-syndetic, let
H = {x1}, so that o(H) = ¢(x1) = {][,,cp on : F' € P¢(N) and min F' > 1}. Then
o(H) Cxz; 1A
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Now let p, ¢ € §S and suppose that A € ¢*p. Then {x € S: 27 'A € p} € ¢
and ¢(r1) € g so pick y € p(x1) such that y= 1A € p. Pick 2 € y=*A. Then z € ¥(y)
and y* z € A. But y € #(r1), so y = [],,cp Tn where min F' > 1. Thus y x 2 ¢ A.

This is a contradiction. So A is not syndetic. U

As mentioned at the beginning of this chapter, in a semigroup thick sets and
syndetic sets are intimately related. A subset A of a semigroup S is thick if and only
if its complement is not syndetic. Motivated by this result, which is the basis of
the proof of Theorem 2.21, we are able to produce analogous results for the partial
semigroup case. These results become helpful in proving many other results and so
we introduce them here. As always, we begin by stating the known results for the

semigroup case, taken from [3].

2.22 Theorem. Let (S-) be a semigroup and let A C S. Then the following are
equivalent.

(a) The set A is thick.

(b) The set A intersects every syndetic set nontrivially.

(c) The set S\ A is not syndetic.

Proof. (a) = (b). Let B be a syndetic set. Pick H € P;(S) such that § =
UteH t~'B. Pick € S such that H -z C A and pick t € H such that t-z € B.
Thent -z € AN B.

(b) = (c). We have that AN (S\A) = 0.

(¢) = (a). To see that A is thick, let F' € P¢(S). Since S\A is not syndetic,
pick z € S\U,cp t71(S\A). Then F -z C A. O

Though the notions of thick (respectively syndetic) and ¢é-thick (respectively
¢-syndetic) are not equivalent we find that in an adequate partial semigroup, the
relationship between thick and syndetic sets is exactly the relationship between

¢-thick and ¢é-syndetic sets.
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2.23 Theorem. Let (S, %) be an adequate partial semigroup and let A C S. Then
the following are equivalent.

(a) The set A is thick.

(b) The set A intersects every syndetic set nontrivially.

(c) The set S\ A is not syndetic.

Proof. (a) = (b). Let B be a syndetic subset of S. Since A is thick, pick
p € 65 such that 65 *p C A. Since B is syndetic (65 * p) N B # (. Therefore
ANB=ANB#0.

(b) = (c). We have that AN (S\A) = 0.

(¢) = (a). Pick p € 65 such that (S\A) N (65 *p) =0. Then §S*xp C A. [

2.24 Theorem. Let (S, %) be an adequate partial semigroup and let A C S. Then
the following are equivalent.

(a) The set A is ¢-thick.

(b) The set A intersects every ¢-syndetic set nontrivially.

(c) The set S\A is not ¢-syndetic.

Proof. (a) = (b). Let B be a ¢é-syndetic subset of S. The set B is ¢-syndetic
so pick H € P(S) such that o(H) C U,y t ' B. Also pick x € o(H) such that
Hxx C A. Pick t € H such that z € t7!B. Then t xz € (AN B).

(b) = (c) We have that AN (S\A4) = 0.

(c) = (a) Let H € Py(S), and pick = € o(H) such that = & (J,c; t7(S\A).
Then for any t € H, t xx ¢ S\A. So for all t € H, t ¥z € A. Therefore H xx C A.
So A is é-thick. O

We obtain now an algebraic characterization of “é-syndetic” and a combinato-

rial characterization of “syndetic”, based on the corresponding characterizations of

“é-thick” and “thick”.
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2.25 Theorem. Let (S, %) be an adequate partial semigroup and let A C S. Then
A is é-syndetic if and only if for all p € 6S, AN (BS * p) # 0.

Proof. Necessity. The set A is ¢-syndetic so by Theorem 2.24 S\ A is not ¢é-thick.
Then by Theorem 2.15, for each p € 65, we have that 55 *p & (S\—A) Thus, for
all p € 65, AN (BS *p) #0.

Sufficiency. Suppose that A is not é-syndetic. By Theorem 2.24 S\ A is ¢é-thick
so pick by Theorem 2.15 some p € 05 such that 3S*p C S\_A Then AN(BS*p) = 0,

a contradiction. O

2.26 Theorem. Let (S, ) be an adequate partial semigroup and let A C S. Then
A is syndetic if and only if for each F € Py(S) there exist L € Pr(o(F)) and
H € Py(S) such that o(H U L) C J,ep t7A.

Proof. Necessity. The set A is syndetic so by Theorem 2.23 S\ A is not thick. Let
F € Ps(S). By Theorem 2.16 we can pick H € P¢(S) and L € Py(co(F)) such
that for each « € o(H U L), Lxx € S\A. To see that c(HUL) C J,c, t'A, let
x € o(HUL). Pick t € L such that t xz ¢ S\A. Then z € t~1 A.

Sufficiency. Suppose A is not syndetic. Then by Theorem 2.23 S\ A is thick.
So by Theorem 2.16 we can pick F' € Pf(S) such that for all H € P;(S) and for all
L € Ps(o(F)) there exists € o(H U L) such that L xz C S\A. By assumption,
choose L € Py(o(F)) and H € Ps(S) such that o(H U L) C J,c t A, Pick
x € o(H UL) such that Lz C S\ A. Picking t € L such that x € t~* A, we have a

contradiction. O
As a consequence of Theorem 2.25 we have the following.

2.27 Theorem. Let (S,*) be an adequate partial semigroup and let A C S. If A

is syndetic then A is ¢-syndetic.

Proof. Assume that A C S is syndetic. Let p € §S. Then AN (6S *p) # 0. And
§S C 3S,s0 AN (BS *p) #0. So by Theorem 2.25 A is é-syndetic. O
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Though the notions of “syndetic” and “¢-syndetic” are not equivalent, they play
an identical role in the characterization of members of the smallest ideal, K(J.5).
The fact that one is able to characterize the members of K (§5) is important because
of the extensive structure which this ideal is known to have.

The proof that (¢) implies (d) in the following theorem is taken from [8, The-

orem 2.15].

2.28 Theorem. Let (S,*) be an adequate partial semigroup and let p € §S. The
following statements are equivalent:

(a) p € K(65).

(b) Forall Acp, {vr €S :a 1A € p} is syndetic.

(c) Forall Acp, {vxe€S:x71A € p} is é-syndetic.

(d) For all g € 6S, p € §S x q*p.

Proof. (a) = (b). Let A€ pandlet B={x € S:2'A € p}. Let L be a
minimal left ideal of 0S with p € L. We show that for every left ideal L’ of 4.5,
BNL # (. Let L' be a left ideal of §S. Then L’ * p is a left ideal of S and
L' «p C L because L is a left ideal. So L’ x p = L (by the minimality of L). Pick
q € L' such that p=q#*p. Since A€ p=qxp, B={xec S:a27'Acp}cqandso
q € B.

(b) = (¢). Theorem 2.27.

(¢) = (d). Let ¢ € 6S. For A € p, let B(A) ={x € S: a7 1A € qxp}. We
claim that {B(A) : A € p} has the finite intersection property. Since, given A;
and As, B(A; N As) = B(A;) N B(Az), it suffices to show that each B(A) # (.
To this end, let A € p,let C = {z € S: 27'A € p}, and pick H € P(S) such
that o(H) C eyt~ 'C. For each y € o(H), pick t, € H such that t, xy € C.
Now o(H) € q and o(H) = U,cyly € o(H) : t, = t}, so pick t € H such that
{yeo(H):t, =t} € q. We show that t € B(A). For this it suffices to show that

()

{yeo(H):t,=t} C{ye S:y '(t 1A) € p}. Solet y € o(H) such that t, = t.
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Then txy € C so (txy) 1A € p. Since y € P(t), (txy) A=y 1t TA).

Since {B(A) : A € p} has the finite intersection property, pick r € S such
that {B(A) : A € p} Cr. Thenforall Aep, {z €8S :27'Aeqgxp} €rso
p=rx*(g*p). Since p € 05, for each a € S we have that p(a) € p. Consequently
by Lemma 1.8 we have that for each a € S, p(a) € r. That is r € 65.

(d) = (a). Pick any q € H(4S). O



CHAPTER III
PIECEWISE SYNDETICITY

There is much written about the smallest ideal of a compact right topological
semigroup. We know for instance that for a semigroup S, the ultrafilters in the
smallest ideal of 55, K(35), are precisely those whose members are piecewise syn-
detic sets. Being itself a compact topological semigroup, 65 has a smallest ideal,
K(4S). Naturally we are interested in extending the notion of piecewise syndetic
to adequate partial semigroup, and subsequently examining K (4.5).

As with the other notions we have looked at so far, the notion of piecewise
syndetic is also borrowed from Topological Dynamics. According to [6], in N, a set
A is piecewise syndetic if and only if there exists a fixed bound [ and arbitrarily long
intervals in which the gaps of A are bounded by [. In the last chapter we looked
at thick and syndetic sets. Piecewise syndetic sets proceed naturally from these
dual notions. In a semigroup, the intersection of a thick set with a syndetic set is
a piecewise syndetic set. This occurrence carries over only partially (pun intended)
to adequate partial semigroups.

In [3], piecewise syndetic sets (referred to as right piecewise syndetic) are de-
fined in terms of compact right topological semigroups. There a set A is said to be
right piecewise syndetic if and only if there exists H € Py(S) such that |, ¢t 1A
is right thick. This definition is equivalent to the one given below as stated in [9].
The main results of this chapter are motivated by the characterization, given in [3,
Theorem 2.9] and [9, Theorem 4.40], of piecewise syndetic sets in terms of K (35).
We begin by first extending the notion of piecewise syndetic to an adequate partial
semigroup. We show that, as in the last chapter, the extension of the combinatorial
and algebraic meanings of piecewise syndetic in a semigroup to an adequate partial

semigroup yield two new nonequivalent notions.

29
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Recall the definition and characterization of piecewise syndetic in a semigroup.

3.1 Definition. Let (S, -) be a semigroup. A set A C S is piecewise syndetic if and
only if there exists H € Ps(S) such that for all T' € P;(S), there exists z € S such
that T2 C ey t7 A

Alternatively stated, A is piecewise syndetic if and only if there exists H €
Py (S) such that [ J,c ¢~ A is thick.

3.2 Theorem. Let (S,:) be a semigroup and let A C S. Then A is piecewise
syndetic if and only if AN K(BS) # 0.

Proof. Sufficiency. Let p € K(8S)N A and let B = {z € S:27'A € p}. Then by
Theorem 2.28, B is syndetic and so S = (J,., t~' B for some H € P;(S). Now let
T € P¢(S) be given. For each a € T, a € t7'B for some t € H. So a ' (t71A) =
(ta) ' A € p and thus a ' (U,cy t7'A) € p. Pick z € Ny 0 (Upen t 1 A).
Necessity. Assume that A is piecewise syndetic and pick H € Py(S) such
that for all T € Py(S), there exists € S such that T -2 C (J,eyt 'A. Then
{a‘l(UteH t_lA) : a € S} has the finite intersection property. Pick ¢ € 58S such

that {a™'(U,egt 'A4) :a € S} Cq. Then S-q C eyt~ A. This implies that

(8S)-q € U,emt—tA. We can choose y € K(8S)N(8S-q). We then have y € t-1A
for some ¢t € H and so t -y € AN K(BS). O

The algebraic characterization of piecewise syndetic has a straight forward
extension to partial semigroups.
3.3 Definition. Let (S, *) be an adequate partial semigroup and let A C S. The

set A is piecewise syndetic if and only if AN K (69) # 0.

3.4 Lemma. Let (S,*) be an adequate partial semigroup and let A C S. If A is

either thick or syndetic, then A is piecewise syndetic.

Proof. This is an immediate consequence of Definitions 2.12, 2.19, and 3.3. O
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3.5 Theorem. Let (S, %) be an adequate partial semigroup and let p € §S. Then

p € K(05) if and only if every A € p is piecewise syndetic.

Proof. We have p € K(85) if and only if for each A € p, AN K(65) # 0. O

In extending the combinatorial definition of piecewise syndetic to an adequate
partial semigroup we recall that the operation * is defined only on the subset
U.es ({#} x ¢(z)). Therefore, given subsets 7" and H of S, h *t * x need not be
defined for every choice of members ¢ of 7" and h of H. The references to o(71") and
o(H) in the definition that follows guarantee that the operation occurring therein

is defined.

3.6 Definition. Let (S,*) be an adequate partial semigroup and let A C S. The
set A is é-piecewise syndetic if and only if there exists H € Py(S) such that for all

T € Py(S) there exists z € o(T) such that (T No(H))*x C U,y t A

In the definitions of ¢-thick and é-syndetic, the adaptations needed to extend
the combinatorial definitions to adequate partial semigroups were fairly obvious.
In the case of ¢-piecewise syndetic we have made one of several possible choices.
Theorems 3.8 and 3.12 (especially the latter) suggest that we made the correct
choice.

The notions of piecewise syndetic and ¢-piecewise syndetic are not equivalent,
though the notion of piecewise syndetic is stronger than the notion of ¢-piecewise
syndetic. We show that a ¢-piecewise syndetic set need not be a piecewise syndetic

set, again using the adequate partial semigroup from Chapter 1.

3.7 Theorem. There exist an adequate partial semigroup (S, *) and a subset A of

S such that A is ¢-piecewise syndetic but not piecewise syndetic.

Proof. Let T be the free semigroup on the generators (y,)°° ;. Further, let S =

FP((yn)n=1), where [, cp n * [[,c Yn is defined exactly when max F' < minG.
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Let A = {[],cr ¥n: F € Py(N)and 1 € F}. Then 6S C ¢(y1) = FP((yn)2,)
and AN FP({y,)%%,) = 0. In particular A N K(6S) = ), so A is not piecewise
syndetic.

To see that A is é-piecewise syndetic, let H = {y1}. Let T' € Pf(S) be
given. For each w € T, pick F,, € P¢(N) such that w = [[,cp yn. Let m =
max J, e Fuo- Then ypq1 € o(T). Soif welet a € (T'No(H)), then a * Y1 is
defined and in ¢ (y1). So y1*a*Ymy1 € A. Therefore axy, 1 € y; *A = Uper t 1A

a

We are able to characterize ¢-piecewise syndetic sets in terms of the smallest
ideal of 5. As with the previous notions, the characterization of ¢-piecewise syn-
detic is in terms of the set 35 * p. The reader is reminded that for any g € 55, ¢*p

need not be defined unless p € §.5; and so 35  p is not in general a left ideal.

3.8 Theorem. Let (S, *) be an adequate partial semigroup and let A C S. The set A
18

é-piecewise syndetic if and only if there exists p € K(8S) such that AN (BS*p) # 0.
Proof. Necessity. Assume that A is ¢é-piecewise syndetic and pick H € Pf(S) as
guaranteed. For T € P(S) let B(T) ={z € o(T): (TNo(H))*x C Uyt tA}.
Note that B(Ty U T,) C B(Ty) N B(T3) and by assumption each B(T) # 0. So
{B(T) : T € P¢(S)} has the finite intersection property. So pick p € 35 such that
{B(T): T € Ps(S)} C p. Since for all T' € Ps(S), B(T) C o(T'), we have p € 4S.
Then S * p is a left ideal of 4.5 and so we can pick ¢ € K(JS) such that g € 65 x p.
We claim that AN(BS*q*p) # (. It suffices to show that there exists ¢ € S such that
A € t*q=p. Suppose not, then J,cy t 7' A€ qxp. So{s€S:s N Uenyt tA) &
pt € q. Also, o(H) € ¢ so pick s € o(H) such that s_l(UteH t7tA) € p. Let
T = {s}. Then B(T) € p. Pick x € B(T)\(s " (U,cyt *A4)). Then z € B(T) and
s € TNo(H) so sxx € J,cpy t 1 A. This is a contradiction. Thus AN(B3S*gx*p) # 0.

Since g x p € K(4.9), the result follows.
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Sufficiency. Pick p € K(65) such that AN (BS*p) # 0. So pick ¢ € S such that
Actxp Thent *Aep Let B={a€eS: a'(t71A) € p}. By Theorem 2.28, B
is é-syndetic, so pick H € Py(S) such that o(H) C ey s7'B. Let G = (txH)UH.
Then G € Ps(S). For T' € Ps(S), we show that there exists z € o(T') such that
(TNo(G)) xz C Upegt A, Given y € (T'No(G)), we have that y € o(H) so
choose s, € H such that s, xy € B. So (s, xy) " '(t71A) € p. Also o(T) € p. Pick
x € U(T)ﬂﬂye(Tm(G))(sy*y)_l(t_lA). Then for each y € TNo(G), sy*xy*xz €t 1A
and thus txs,xy*z € A and so yxx € (txs,) ' A. Thus (TNo(G))*z C J,eqt™ 4

and so A is é-piecewise syndetic. O

3.9 Corollary. Let (S,*) be an adequate partial semigroup and let A C S. If A is

either ¢-thick or ¢-syndetic, then A is ¢-piecewise syndetic.

Proof. If A is ¢-thick, then by Theorem 2.15 there exists p € §S such that S *p C

A. Since 65 * p is a left ideal of §S, we may pick ¢ € K(65) N (6S * p). We have

that S+ q C BS *p and so AN (BS *q) # 0. (To see that 3S x g C 3S * p, pick

r € 68 such that ¢ = r*p. Then for any t € 35, txq =t (r*p). And by Theorem
1.9, t % (rxp) = (txr)*xp.)

If A is ¢-syndetic, then by Theorem 2.25 for all p € §S one has AN (BS*p) # 0.

O

An immediate consequence of Theorem 3.8 is the following.

3.10 Theorem. Let (S,%*) be an adequate partial semigroup and let A C S be

piecewise syndetic. Then A is ¢-piecewise syndetic.

Proof. Pick p € K(6S) such that A € p. Let L be a minimal left ideal of 5
containing p. Then L *p is a left ideal and L+xp C L. So L+xp = L. Since p € Lxp

we have AN (BS * p) # (. Thus, by Theorem 3.8 A is ¢-piecewise syndetic. U

We mentioned in the introduction to this chapter that in a semigroup, the

piecewise syndetic sets are precisely those sets that are the intersection of a thick
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set with a syndetic set. Since in an adequate partial semigroup the notions of ¢-
piecewise syndetic and piecewise syndetic are not equivalent, we are interested in
determining whether they have corresponding relationships with respect to thick
(respectively ¢-thick) and syndetic (respectively ¢-syndetic) sets.

We first provide the proof of the known result for a semigroup; this is taken

from [3].

3.11 Theorem. Let (S,-) be a semigroup and suppose A C S. Then A is piecewise
syndetic if and only if there exist a syndetic set B and a thick set C' such that
A=BncC.

Proof. Necessity. Pick H € Ps(S) such that (J,cyt7"'A is thick. Let C =
AUUeyt A and let B= AU (S\C). Then trivially C is thick and A = BN C.
Thus it suffices to show that B is syndetic. Suppose not. Then S\B is thick and
S\B=C\AC eyt A

Recall that any semigroup is an adequate partial semigroup and that the no-
tions of thick and ¢é-thick coincide for semigroups. Pick by Lemma 2.18 some
x € S\B such that Hx C S\B. Then for some t € H,tx € A sotx € B, a
contradiction.

Sufficiency. Now assume that A = B N C' where B is syndetic and C' is thick.
Pick H € Py(S) such that S = J,cy t7'B. Let F € Pf(S) be given and pick z
such that HFz C C. We claim that Fz C |J,c t~ (BN C). To see this, let y € F

and pick ¢t € H such that yr € t !B. Then tyx € BN C. U

There is an identical relationship between ¢-piecewise syndetic sets, ¢-thick and

¢-syndetic sets.

3.12 Theorem. Let S be an adequate partial semigroup and suppose A C S. The
set A is ¢-piecewise syndetic if and only if there exist a ¢-syndetic set B, and a

¢-thick set C, such that A= BN C.
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Proof. Sufficiency. Let B be a ¢-syndetic subset of S and C' a ¢é-thick subset of S
with A = BN C. Pick by Theorem 2.15 p € 65 such that 8S * p C C, and pick
q € (0S*p)N (K((SS)). As in the proof of Corollary 3.9 we have that 3Sxq C 6S*p
and thus S ¢ C S *p C C. Since B is ¢-syndetic, (35 * ¢) N B # () by Theorem
2.25. Therefore (35S * ¢) N A # (). So by Theorem 3.8, A is é-piecewise syndetic.

Necessity. Assume A is ¢-piecewise syndetic, and pick H € P¢(S) such that for
all T € Py(S) there exists zr € o(T) such that (T No(H)) xxr C Uyt A

Let C = AUUegt " AU{y*ap : T € Ps(S) and y € T\o(H)} and let
B=AU(S\C). Then A= BNC. We claim that B is ¢-syndetic and C' is ¢-thick.
To see that C' is ¢-thick, let F' € Py(S) so that (F No(H)) xxp C Uepyt A
Let w € F. If w € o(H), then wxzp € Uyt ™A € C. And if w & o(H),
wxzxp € {yxxp:T € Pp(S)and y € T\o(H)} C C. So C is ¢-thick.

To see that B is ¢-syndetic, suppose not. Then by Theorem 2.24 S\B is
¢-thick. Now S\B = C\A C U,cyt 7 "AU{yxap : T € P¢(S) and y € T\o(H)}.
By Lemma 2.18, we can pick z € (S\B) No(H) such that H x z C S\B. We claim
that z € {yxap : T € Pg(S) and y € T\o(H)}. Otherwise z € J,cpyt !4, in
which case we can pick t € H such that ¢ * z € A while t x z € S\B = C\ A. This
is a contradiction. So z € o(H) and z = y * zp for some T" € P¢(S5) and some
y€T\o(H). Since y ¢ o(H), pick t € H such that y ¢ P(t). But t*z = t* (y*x7)

and so t x y is defined, a contradiction. U

For the algebraic notion, we are able to establish only the reverse implication.
We do not know whether every piecewise syndetic set is the intersection of a syndetic

set with a thick set.

3.13 Theorem. Let S be an adequate partial semigroup and suppose A C S. If
there exists a syndetic set B and a thick set C' such that A = BN C then A is

piecewise syndetic.

Proof. Let C be a thick subset of S and B a syndetic subset of S with A = BNC.
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Pick p € 65 such that S * p C C. Since B is syndetic, BN (05 * p) # () and thus
AN (6S xp) #£0. O

The following theorem shows some of the interrelationships between syndetic

sets and piecewise syndetic sets for an adequate partial semigroup.

3.14 Theorem. Let S be an adequate partial semigroup and suppose A C S. The
following statements are equivalent:

(a) ANK(6S) # 0.

(b) There exists p € K(8S) such that {x € S: x71A € p} is syndetic.

(c) There exists p € §S such that {x € S : 71 A € p} is syndetic.

(d) There exists p € 65 such that {x € S : x~ 1A € p} is piecewise syndetic.

Proof. (a) = (b). Pick p € K(6S)NA. Then by Theorem 2.28, {x € S: 714 € p}

is syndetic.
(b) = (c). Trivial.
(¢) = (d). Lemma 3.4.

(d) = (a). Pick p as guaranteed. Let B = {z € S : 27*A € p}. Since B is
piecewise syndetic, pick ¢ € K(6.5) such that B € q. So {r € S: 2 tA € p} € g s0
A € g% p. Therefore AN K(5S) # 0. O

Piecewise syndeticity and ¢-piecewise syndeticity are partition regular proper-

ties for adequate partial semigroups.

3.15 Theorem. In an adequate partial semigroup, the piecewise syndetic property

s partition reqular.

Proof. Assume that AUB is piecewise syndetic. Then (AUB)NK (6S) = (AU B)N
K(8S) # 0. So either ANK (6S) # 0 or BNK(6S) # 0. That is, either A is piecewise

syndetic or B is piecewise syndetic. U
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3.16 Theorem. In an adequate partial semigroup, the ¢-piecewise syndetic property

18 partition reqular.

Proof. Assume that AU B is ¢-piecewise syndetic and pick, by Theorem 3.8, some
p € K(6S) and some ¢ € (3S such that AU B € ¢ * p. Then either A € g p or

B € g p. That is, either A is ¢é-piecewise syndetic or A is ¢-piecewise syndetic. [l



CHAPTER IV

IP and CENTRAL SETS

In this chapter we look at the significance of idempotents in an adequate partial
semigroup. As in a semigroup, an element x in a partial semigroup (5, %) is an
idempotent if and only if x = z % x. Idempotents in a semigroup are of particular
interest when considering the algebraic structure of 5S5. One popular result is the
Finite Sums Theorem which establishes an intimate relationship between finite sums
in a semigroup S and idempotents of 3S. In topological dynamics, the notion of
an IP set in the semigroup (N, +) is defined to be a set which can be written as
FS((xn)02 ) for some sequence (x,)22 ;. For a semigroup written multiplicatively,
the corresponding requirement would be to have a set which can be written as
FP({x,)22 ). Additionally, since notions of largeness ought to be closed under
passage to supersets, one can simply ask that a set contain some FP({x,)>° ).
This notion is found to have an equivalent characterization in terms of the algebra
of 3S for an arbitrary semigroup S. In the context of compact right topological
semigroups IP sets are characterized in terms of idempotents.

Central sets in semigroups are well researched in the current literature. Cen-
tral sets are known to have very rich combinatorial structure as described by the
“Central Sets Theorem” [6, Proposition 8.21] or [9, Theorem 14.11]. Central sets
also originate in topological dynamics and were defined for subsets of N by Fursten-
berg. Algebraically, central sets are sets that are elements of minimal idempotents.
Formally, a subset A of a semigroup S is central if and only if it is a member of an
idempotent in the smallest ideal of 5S. In [5] an analog of the Central Sets Theroem
for adequate partial semigroups was presented. Some of the material from [5] will

be provided here also.

As in the context of compact right topological semigroups, we attempt to char-

38
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acterize IP and central sets in adequate partial semigroups. Central sets in an
adequate partial semigroup are characterized using piecewise syndetic sets. So we
will reference to the material covered in the previous chapter when constructing
this characterization. As both notions, IP and central, are intimately related to
idempotents, we expect that IP and central sets are also related. This explains our
choice of title for this chapter.

We begin, as before, by presenting the formal definitions and results of IP
followed by central sets in a semigroup. Our extension of IP to partial semigroups
is dual, as with all our preceding notions. However, our semigroup definition of a
central set is in fact its algebraic characterization in .5, therefore when we extend
central to partial semigroups we do so algebraically only. (There is a combinatorial
characterization of central sets [9, Section 14.5]. However, it is quite complicated

and does not have an obvious extension to partial semigroups.)
4.1 Definition. Let S be a semigroup. A subset A of S is an IP set if and only if
there is a sequence (x,,)° 4 in S such that FP({x,)52,) C A.

4.2 Theorem. Let S be a semigroup and let A C S. Then A is an IP set if and

only if there is some idempotent p € 3S such that A € p.

Proof. Necessity. Since A is IP we can pick a sequence (z,)7°; in S such that

FP((2,)221) CA. Let T = _; FP((xn)2%,,). We show that T' is a semigroup.
For then E(T) # 0, so the conclusion is satisfied. To see that T is a semigroup,

we use [9, Theorem 4.20]. Notice that trivially {FP({z,)52,,) : m € N} has the

n=m

finite intersection property. Let m € N and let s € FP((z,)2,,)be given. Pick
F € Py(N) with min F' > m such that s = [[,.p ¥n. Let k = maxF + 1. To

see that s - FP((x,)02 ) C FP((xn)02,,), let t € FP({x,) ,)be given and pick

n==k

G € P¢(N) with min G > k such that ¢t = [] Zp. Then max F' < minG so

neG

st = [l,erue Tn € FP({7n)5%,,). Therefore T is a semigroup and so contains an
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idempotent.

Sufficiency. Pick p € S with p-p = p, such that A € p. Let A; = A and let
Bi={ze€S:z271A €p}. Ay cp-p(sincep=p-p),so{recS:a 14} €p. So
By € p. Pick 1 € By N Aj and let Ay = A; N (z71A;). So Ay € p. Inductively,
given A, € p,let B, ={x € S:271A, € p}. Then B,, € p, so pick z,, € B, N A,
and let A, 11 = A, N (x,;14,). We have produced a sequence {x,,)% ; in S.

We show that if F' € Py(N) and m = minF' then [],.r 2, € Ay, To see
this, if || = 1, then [[ cp2n = om € Ay If |[F| > 1, let G = F\{m}, and
let £k = minG. Since k > m, Ay C A,,+1. Then by the induction hypothesis,
[Legzn € Ax € Apyr C v, 'A,. So ILer2n =2m  [l,cq Zn € Am. Therefore

Ais IP. O

Being itself a compact right topological semigroup, d5 contains idempotents.
Therefore we are able to easily extend the algebraic characterization of IP to partial

semigroups.

4.3 Definition. Let S be an adequate partial semigroup with A C S. A is IP if
and only if there exists p = p* p € 65 such that A € p.

For an adequate partial semigroup S and a sequence (x,)22 ; in S, the finite
products FP({x,)22 ;) need not be defined for each n € N. Thus to extend the
combinatorial definition of IP to the partial case requires the following slight mod-

ification of Definition 4.1.

4.4 Definition. Let S be an adequate partial semigroup with A C S. A is ¢-IP
if and only if there exists a sequence (z,)52; in S such that for all F' € P¢(N),
[I,.cr on is defined and [], . p 2, € A.

As would seem likely, the notions IP and ¢-IP are not equivalent. In the example
that follows one should notice that as defined, a ¢-IP set fails to be IP precisely when

for some H € P¢(S), FP({zn)32,) No(H) = 0. As we shall see in Theorem 4.8,
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this leads to a necessary and sufficient condition for equivalence of the two notions.

4.5 Theorem. There exists an adequate partial semigroup (S, *) and a subset A of

S such that A is ¢-IP but not IP.

Proof. Let S = {A CN: A # () and |[A\2N| < w}. So S is the collection of
nonempty subsets of N with finitely many odd numbers. Define & on S such that

AUB ifANB=1

AsB = { undefined if AN B # 0

Then (S,) is an adequate partial semigroup.

To see this, let H = {A1,4s,...,4,} € S. Then |J;_; 4;\2N| < w. So pick
z € N\U;_; A;. Then {z} € p(A;) for i € {1,2,...,n}. So {z} € N, p(4;) =
o(H). Therefore o(H) # 0 so (S, ) is adequate.

Let A = P¢(2N). We claim that A is ¢-IP but not IP. A is ¢-IP since
A = FP(({2n})52 ;). To see A is not IP, we show that there is no p € 45,
idempotent or otherwise, with A € p. Suppose there exists p € 4S5 such that
A = Ps(2N) € p. Notice that 2N € S, and ¢(2N) = P;(2N — 1) € p. However,
P(2N) N ¢(2N) = (). This is a contradiction. Thus A is not IP. O

The next theorem shows that if a set A is IP, then there is a sequence whose
finite products are defined and contained in A. That is, IP implies ¢-IP. The proof
is verbatim the sufficiency part of the proof of Theorem 4.2. This is the case
because as in the earlier proof, we can see for instance why 3 % x4 * rg x xg € A
since g € Ag C Ay C xglAg, therefore xg * xg is defined and in Ag. Likewise,
Ag C A5 C leA4, SO T4 * Tg * xg 1S also defined and in A4. While A4 C :cglAg SO

T3 * T4 * Tg * xg is defined and in A3 C Ay C A = A.

4.6 Theorem. Let (S, %) be an adequate partial semigroup and suppose A C S. If
A is IP, then A is ¢-IP.

Proof. Pick p € 0S5 with p*xp = p, such that A € p. Let A; = A and let

By={reS:27'A  €p}. Ay €pxp (sincep=pxp),so{reS:a271A}€p.
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So By € p. Pick 1 € By N Ay and let Ay = A; N (z71A41). So Ay € p. Inductively,
given A, € p, let B, = {r € S: 27 'A, € p}. Then B, € p, so pick x,, € B, N Ay,
and let A,41 = A, N (z,;1A,). We have produced a sequence (x,,)°°; in S.

We show that if F' € Py(N) and m = minF' then [],.r 2, € A, To see
this, if || = 1, then [[ cp2n = om € Ay If |[F| > 1, let G = F\{m}, and
let £k = minG. Since k > m, Ay C A,,+1. Then by the induction hypothesis,
[Leg2n € Ax € Apmg1 C r,1A,,. So [L.cr2n = Tm *[[,cq Tn € Am. Therefore
Ais ¢-IP. (Notice that the fact that the product z,, * [[,,c Tn € Ay, is defined is
part of the requirement for [], .oz, € 2,,' A;,.)

As was the case for a semigroup, the last result may also be proved in the
following way.

Alternate Proof:

Let p=p*p € dSand A€ p. Let A* ={sec A:s 1A € p}. Pick 7, € A*.
Let n € N, and assume we have chosen (x,)2° ; such that FP((z;)}_,) C A*. Let
E = FP({(x;)},). Then FE is finite, and by Lemma 1.21 we have that for each
a€ E, a'A* € p. So NacE a=1A* € p. Pick ,41 € A*N NecE a~'A*. Then

FP({z,)"*) C A* C A. So A is IP. 0

As was mentioned earlier in this chapter, though ¢-IP does not imply 1P, we
are able to give conditions for which the two notions are equivalent. Theorem 4.8
below gives precise conditions under which a ¢-IP set can be guaranteed to be an
IP set. This is particularly interesting since, to this point, we have not been able
to do this for any other notion. The lemma that follows is needed for the proof of

Theorem 4.8.

4.7 Lemma. Let (x,);2; be a sequence such that [],cp on is defined for all F €
P¢(N). The following are equivalent:

(a) {FP((xn)32,,)NP(y) :m e N and y € S} has the finite intersection property.

(b) Noo_y FP((xn)22,,) NS is a semigroup.
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Proof. (a) = (b). Let T' = (\oo_, FP((xm)52,,) N6S = N _, FP((xm)3%,,) N
mHePf(S) m. We have that T # () by assumption. Let p,q € T. To see that
pxq € T, let m € N, let H € P¢(5),and let A = FP((zy)52,,)No(H). We show that
AC{s€S:s51A € q}sothat A € pxq. To see this, let s € A, and pick F € P;(N)
such that s = [[,cp ¥n. Let k= max F + 1, and let L = H * 5. (Notice that since
s € o(H), yxsis defined for all y € H.) We claim that FP({x,)%,)No(L) C s~ 14,
so that s71A € ¢q. To see this, let t € FP({x,)°°,) No(L). One has immediately
that sxt € FP((z,)52,,). To see that sxt € o(H), let h € H. Then hxs € L, so
(hxs)«tis defined. So h * (s« t) is also defined. Therefore (s xt) € o(H). Thus,

te s LA.

(b) = (a). Since T =, _; FP((xm)3%,,) N34S is a semigroup, T # 0. Given
peT, {FP((xn)yr,) No(H):meNand H € Ps(5)} Cp. O

4.8 Theorem. Let (S, *) be an adequate partial semigroup. The following are equiv-

alent:

(a) For all AC S, A is ¢-IP if and only if A is IP.

(b) Whenever (xn)5-, is a sequence in S such that [],.pxn is defined for all
F € Ps(N) and H € Ps(S), FP({x,)22,) No(H) # 0.

(c) Whenever (xn)5, is a sequence in S such that [],.pxn is defined for all

F e Pr(N), {FP(zn)pX,,) Np(y) :m € N and y € S} has the finite intersec-

tion property.

Proof. (a) = (b). Let (x,)>2; be a sequence in S such that for all F' € P¢(N),

[1,cr ®n is defined and let A = FP((z,)52,). Let H € Py(S). Pick p € 45 such

that p = pxpand A € p. Then o(H) € psince p € §S. So FP({x,)52 )Mo (H) # 0.
(b) = (c). Let F € P¢(N) and let H € P#(S). Let k = max F'. Then

(b) applied to the sequence (x,)>° . says that

0 # FP((zn)pzy) No(H) € () FP((za)plmn) N [ @y)-

meF yeH
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(c) = (a). Let A be &-IP and let (z,)52,; be a sequence in S such that

[I,.cr on is defined for all F' € Py(N) and FP({(z,);2;) € A. Then by Lemma

n=1

4.7, T =N_, FP({(2,),,) NdS is a semigroup. So pick p, an idempotent in T
Then FP((x,)52,) € pand FP((z,)52 ) € A. So A € p. Therefore A is IP. By

Theorem 4.6 we know that I P implies ¢-1P. O

We now direct our attention to the notion of a central set in an adequate partial
semigroup. As noted earlier, central sets have rich combinatorial structure. One
combinatorial property of central sets in compact right topological semigroups is
that they contain arbitrarily long arithmetic progressions. Another is that every
central set contains an IP set.

Unlike the other notions we have considered, we will define central sets only
in terms of their algebraic characterization in 3S. Thus in the partial semigroup
case we will only have one notion of central. We begin by reviewing the meaning of
central in a semigroup. Recall that an idempotent in a compact right topological

semigroup is minimal if and only if it is a member of the smallest ideal.

4.9 Definition. Let (5, -) be a discrete semigroup and let A C S. Then A is central

if and only if there is some minimal idempotent p in S such that A € p.

In an adequate partial semigroup the definition of central is the same.

4.10 Definition. Let (S, *) be an adequate partial semigroup and let A C S. Then

A is central if and only if there is some minimal idempotent p in §.5 such that A € p.

In a semigroup there is an intimate relationship between central and piecewise
syndetic sets. And since by Theorem 3.11 every piecewise syndetic set is the inter-
section of a thick set with a syndetic set, central sets are also related to thick and

syndetic sets.

4.11 Theorem. Let S be an infinite semigroup and let A C S. The following

statements are equivalent.
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(a) The set A is piecewise syndetic.
(b) The set {x € S: x~ 1A is central } is syndetic.

(c) There is some x € S such that x=1A is central.

Proof. (a) = (b). Pick p € K(8S) with A € p. Since K(3S5) is the union of all
minimal left ideals of 8.5, we can pick a minimal left ideal L of 8S with p € L and
pick an idempotent e € L. Then p = p - e so pick y € S such that y='A € e.

The set B ={z € S:271(y 1A) € e} is syndetic by Theorem 2.28. So pick
finite G C S such that S = J,cqt™'B. Let D = {z € S : 271 A is central}. We
claim that § = Ute(y.G) t~1D. To see this, let z € S be given and pick t € G
such that ¢t -z € B. Then (t-z) 'y 1A) € e so (t-x)"1(y 1A) is central. But
(t-x) Yy tA) =(y-t-2)'A Thusy-t-x € Dsox € (y-t)~1D as required.

(b) = (c). Trivial.

(c)= (a). Pick x € S such that x7'A is central and pick an idempotent
p € K(BS) such that x4 € p. Then A € x-p and z-p € K(BS) so by [9,

Theorem 4.40], A is piecewise syndetic. O
In the partial case we have not quite the same situation.

4.12 Theorem. Let (S, *) be an adequate partial semigroup and let A C S. State-

ments (a) and (b) are equivalent and imply statements (¢) and (d).

(a) The set A is piecewise syndetic.

(b) There exists e = e x e € K(6S) such that {t € S : t7'A € e} is piecewise
syndetic.

(c) The set {t € S:t 1A is central } is piecewise syndetic.

(d) There exists e = e x e € K(65) such that {t € S :t7YA € e} is é-syndetic.

Proof. (a) = (b). Pick p € K(65) such that A € p. Also pick a minimal left ideal
L of S such that p € L. At the same time pick a minimal idempotent e € L. Then

p=p*e,so AE€pxe, thatis{t€S: t71Acelep So{teS: t1Ace}is
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piecewise syndetic.

(b) = (a). Pick p € K(65) such that {t € S:t"1A€e} €p. Then A€ px*e
so A is piecewise syndetic.

(a) = (d). Pick p € K(4S) such that A € p. Pick a minmal left ideal L
of S with p € L, and at the same time pick a minimal idempotent e € L. Then
p=p=*e,sopick y € S such tha y=1A € e. Then by Theorem 2.28, B = {z € S :
! (y~tA) € e} is é-syndetic. So pick finite G C S such that 0(G) C et 'B.
Let D ={a€S: atAdcel Let H=GUyx*(GNy(y). We claim that
o(H) € Uegt™'D. To see this let w € o(H). Then w € o(G). So pick s € G
such that w € s7'B. Then s *w € B, and so (s * w) '(y~tA) € e. That is,
((y*s)*w) tA€e. So (y*s)*w € D and therefore w € (y*s)~1D. We also have
that yxs € yx (GNep(y)) C H.

(b) = (c). Pick a minimal idempotent e as guaranteed. If t71 A € e, then t 1A

is central. O



CHAPTER V

The * Properties

Given any class R of subsets of a set S, we define the class R* to be the
class of subsets that meet every member of R nontrivially. If P is a property
and R = {A C S : A has property P}, then A has property P* if and only if
A € R*. Thus if P and @ are properties of subsets of S and we define the classes
R = {A : A has property P}, and S = {B : B has property Q} the statements
“P= Q" and “R C §” are equivalent. We state the following theorem in terms of
classes. The corresponding assertion using properties will also be used.

The following facts will be useful for our discussion. When we say that R C
P¢(S) is closed under supersets we mean that for all A € R, and for all B C S, if

A C B then B € R.

5.1 Theorem. Let S be a set and let R C P(S) such that R is closed under
supersets. Then

(a) For all AC S, A€ R" if and only if S\A ¢ R.

(b) (R")" =R.

Proof. (a) Necessity. Let A € R*. Then if BeE R, ANB #{. So S\A ¢ R.

Sufficiency. Let B € R. Suppose that AN B = (), then B C S\ A. Since R is
closed under supersets, S\A € R. But AN (S\A) = (). This is a contradiction.

(b) Let A € (R*)* Then by part (a), S\A € R*. Using the same argument
AeR.

Now let A € R and suppose that A ¢ (R*)* By part (a) S\A € R*,s0 A ¢ R.

This is a contradiction. O

5.2 Theorem. Let S be a set and let S and R be subsets of P(S) which are closed

under supersets. Then R C S if and only if S* C R".

47
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Proof. Necessity. Let A € S*. Then by Theorem 5.1, S\A ¢ S. By assumption
then, S\A ¢ R. Applying Theorem 5.1 again, we get that A € R".

Sufficiency. Let A € R. Then by Theorem 5.1, S\A ¢ R*. So by our assump-
tion S\A € S*. Therefore by Theorem 5.1, A € S. g

In a semigroup IP* sets, that is, sets which intersect FP((x,)32 ) for every
sequence (x,)>° ;, are known to have rich combinatorial structure. This is of par-
ticular significance in the semigroups (N, +) and (N,-), [9], [6]. And central* sets,
which are characterized as sets contained in every minimal idempotent, have appli-
cations to image partition regular matrices, [9].

For partial semigroups we are similarly interested in the dual of IP and central
sets. In this chapter we will develop the classes analogous to the class of IP* and
central® sets for partial semigroups. Notice that, based on our discussion of thick
and syndetic sets in Chapter 2, we have already seen some * properties. So for an
adequate partial semigroup we saw that a syndetic* (respectively ¢-syndetic*) set
is a thick (respectively ¢-thick) set and vice-versa.

In a semigroup we have the following characterization of IP* sets.

5.3 Theorem. Let (5,-) be a semigroup and let A C S. Then the following state-
ments are equivalent:

(a) A is an IP* set in S.

(b) A is a member of every idempotent of 3S.

(c) AN B is an IP set for every IP subset B of S.
Proof. [9, Theorem 16.6].

Since the notion of IP, as we saw in the last chapter, takes on two nonequivalent
meanings in an adequate partial semigroup, we have correspondingly the notions of

IP* and ¢-1P*.
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The algebraic characterization of IP* sets in a semigroup, (Theorem 5.3), ap-

plies almost verbatim to partial semigroups.

5.4 Theorem. Let (S,*) be an adequate partial semigroup and let A C S. The
following statements are equivalent:

(a) A is an IP* subset.

(b) A is a member of every idempotent of 6S.

(¢c) AN B is IP for every IP subset B of S.

Proof. (a) = (b). Let p be an idempotent in §S. Suppose that A ¢ p. Then
S\A € p; and so S\ A is an IP set that misses A. This is a contradiction.

(b) = (c). Let B be an IP set in S and pick an idempotent p € §S such that
B € p. Then A € p. Therefore ANB € p. So AN B is also IP.

(¢c) = (a). Let B be an IP subset of S. Then AN B is IP and therefore

nonempty. So A is IP*. U

In the case of ¢-IP* sets a little more is required, and there is no immediate

association with idempotents.

5.5 Theorem. Let (S,*) be an adequate partial semigroup and let A C S. The
following statements are equivalent:

(a) A is a ¢-IP* subset.

(b) AN B is ¢-IP for every ¢-IP subset B of S.

Proof. (a) = (b). Let B a ¢IP subset of S. Pick (x,,)0% in S such that for all
F € Pr(N), [[,,cr Tn is defined and FP((z,)5-,) € B. Let

Co={FePs(N): [] xn €A},

nekr
and let

Cr={FePrN): [ n &4}

nekr
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So Ps(N) = CoUC;. Then by [9, Corollary 5.17] there exists ¢ € {0,1} and (G,,)22

n=1

with max G,, < min G,,1; for all n, such that for all H € P;(N), G, € C;. Let

neH
Yn = HteGn x¢. Then FP((yn)52 1) € FP((zn)52 ). If i =0 then FP((y,)22,) C
A. If i =1 then FP((y,)22,) N A = (), in which case FP({y,)>2 ;) C S\A. Then
S\A is ¢-IP and since A is ¢IP* this implies that A N (S\A) # (. This is a
contradiction. So FP({yn)s2,) € A and FP((yn)s2,) € FP({xn)s2,) € B. So
FP({yn)o2,) C AN B. Thus AN B is ¢IP.

(b) = (a). Suppose that A is not éIP* and pick B C S such that B is ¢-IP
and AN B = (). We have already that AN B is ¢IP so pick (z,)52 in S such that

for all F' € P¢(N), [[,,c ®n is defined and FP((x,)52 ;) C ANB. Then AN B # 0.

ner

This is a contradiction. So A is ¢-IP*. O

The same pattern follows for PS* and ¢-PS*, where “PS” and “¢-PS” abbreviate

“piecewise syndetic” and “c-piecewise syndetic” respectively.

5.6 Theorem. Let (S,*) be an adequate partial semigroup and let A C S. The
following statements are equivalent:

(a) A is a PS* subset.

(b) K(5S) C A.

(¢) AN B is piecewise syndetic for every piecewise syndetic subset B of S.

Proof. (a) = (b) Suppose there exists p € K(45) such that A ¢ p. Pick such p.
Then S\ A € p so S\ A is a piecewise syndetic set which does not intersect A. This
is a contradiction.
(b) = (c) Let B be a piecewise syndetic subset of S. Then pick ¢ € K(65)
such that B € q. So A € q. Therefore AN B € q. Thus AN B is piecewise syndetic.
(¢) = (a) Suppose that A is not PS*. Then by Theorem 5.1, S\ A is a piece-
wise syndetic subset of S. But A N (S\A) is not piecewise syndetic. This is a

contradiction. O
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5.7 Theorem. Let (S,*) be an adequate partial semigroup and let A C S. The

following statements are equivalent:

(a) A is a ¢-PS* subset of S.

(b) For all H € P¢(S) there exists T € Ps(S) such that for all x € o(T), there
exists y € T No(H) such that H xy xx C A.

(c) For allp € K(6S), BS*xp C A.

(d) AN B is ¢-piecewise syndetic for every ¢-piecewise syndetic subset B of S.

Proof. (a) = (b) Given H € Py(S5), given T' € Ps(S), and given = € o(T), the
assertion that (TNo(H)) xx\ U,cp t(S\A) # 0 is exactly the assertion that there
exists y € T No(H) such that H x y x 2 C A. Thus statement (b) is exactly the
assertion that S\ A is not ¢-piecewise syndetic. Therfore (a) and (b) are equivalent
by Theorem 5.1.

(a) = (c) Let p € K(4S) and assume that (35 * p)\A # 0. Then (3S * p) N
(S\A) # (. So S\A is é&-piecewise syndetic by Theorem 3.8, a contradiction.

(¢) = (d) Let B be a ¢-piecewise syndetic subset of S and pick by Theorem 3.8
some p € K (0S) such that (8S*p) # 0. Then (3S*p) C 4, so (3S*p)N(AN B) # 0.
Thus AN B is piecewise syndetic.

(d) = (a) Trivial. O

We now turn our attention to central* sets and their relationship to IP* and
¢-IP* sets.

In a semigroup the natural relationship between IP and central sets and their
characterizations in terms of idempotents, is transferred to the dual notions IP* and
central®*. These relationships are discussed in detail in [9]. We provide the basic

properties here for easy referencing.

5.8 Theorem. Let S be a semigroup and let A C S. Then the following statements

are equivalent:
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(a) A is a central® subset of S.
(b) A is a member of every minimal idempotent of 3S.

(¢) AN B is a central set for every central subset B of S.
Proof. [9, Lemma 15.4].

Recall that the notion of central in an adequate partial is unilateral, and there-

fore we refer only to central® sets here.

5.9 Theorem. Let (S, x) be an adequate partial semigroup and let A C S. Then
the following statements are equivalent:

(a) A is a central® subset of S.

(b) A is a member of every minimal idempotent of §S.

(c) AN B is a central set for every central subset B of S.

Proof. (a) = (b). Let p be a minimal idempotent in §S. If A & p then S\A € p.
So S\ A is a central set that misses A. This is a contradiction.
(b) = (c). Let C be a central subset of S. Pick a minimal idempotent p € §.5
such that C € p. By assumption A € p, so ANC € p. Therefore AN C' is central.
(¢c) = (a). Let C be a central subset of S. Then AN C is central. So pick
a minimal idempotent p € 45 such that ANC € p. Then ANC # (). Thus A is

central*. O

An immediate consequence of Theorems 5.4, 5.5, 5.6, 5.7, and 5.9 is the follow-

ing:

5.10 Theorem. Let (S,*) be an adequate partial semigroup and let A and B be
subsets of S.

(a) If A and B are IP* sets, then AN B is an IP* set,

(b) If A and B are ¢-IP* sets, then AN B is a ¢-IP* set,

(c) If A and B are PS* sets, then AN B is a PS* set,
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(d) If A and B are ¢-PS* sets, then AN B is a ¢-PS* set,

(e) If A and B are central* sets, then AN B is a central* set,

(f) If A is an IP* set and B is a ¢-IP* set, then AN B is an IP* set.
(9) If A is a PS* set and B is a ¢-PS* set, then AN B is a PS* set.

Proof. (a) Let C be an IP set in S. Then by Theorem 5.4 BN C is an IP set. So
AN(BNC)#0. That is, (ANB)NC #0. So AN B is IP*.

(b) Let C' be a ¢IP set in S. Then by Theorem 5.5, BN C is a ¢IP set. So
AN(BNC)#0. That is, (ANB)NC # (. So AN B is ¢-1P*.

(c) Let C be a piecewise syndetic set in S. Then by Theorem 5.6 BN C is a
piecewise syndetic set. So AN (BNC) #(. That is, ( ANB)NC #0. So AN B is
PS*.

(d) Let C be a ¢-piecewise syndetic set in S. Then by Theorem 5.7, BNC'is a
¢-piecewise syndetic set. So AN (BNC) # 0. That is, ( ANB)NC #0. So ANB
is ¢-PS*.

(e) Let C be a central set in S. Then by Theorem 5.9, BN C' is a central set.
So, again by Theorem 5.9 AN (BN C) # (. That is, (ANB)NC # 0. So AN B is
central*.

(f) By Theorems 4.6 and 5.2, this reduces to part (a) above.

(g) By Theorems 3.10 and 5.2, this reduces to part (c) above. O

We will now consider the pattern of implications that exist for the notions of size
we have presented, in an adequate partial semigroup. We conclude by showing that
none of the missing implications are valid. The examples in the semigroup (N, +)
are taken from [2], where they were presented without proof. These examples use

the fact that every semigroup is a partial semigroup.
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¢-1P* ¢-PS*
l '
IP* PS*  ¢-thick=c-syndetic*
NN
central* thick=syndetic*
Lol
syndetic central
SN SN
¢-syndetic piecewise syndetic IP
L l
¢-piecewise syndetic c-1P

5.11 Theorem. Let (S, %) be an adequate partial semigroup and A C S. Then all

of the implications indicated in the above diagram hold.

Proof. Starting from the top left corner of the diagram, we have that ¢-IP* implies
IP* by Theorems 4.6 and 5.2.

Given that A is ¢-PS*, by Theorems 3.10 and 5.2, A is PS*.

If A is ¢-PS*, then by Corollary 3.9 and Theorem 5.2, A is ¢-thick.

Given that A is IP*, we have by Theorem 5.3 that A is an element of every
idempotent of §5. In particular A is an element of every minimal idempotent and
therefore A is central® by Theorem 5.9.

If A is PS*, then by Theorem 5.6, K(65) C A so E(K(6S)) C A. Thus A is
central® by Theorem 5.9. Also A is syndetic* by Lemma 3.4 and Theorem 5.2.

If A is ¢é-thick, then by Theorem 2.17 A is thick.

To see that central® implies syndetic, let A be central® and let p € §5. By
Theorem 1.20, pick a minimal left ideal M C 6.5 * p and pick a minimal idempotent
e € M C 65 xp. We have that e € A by Theorem 5.9, so AN S *p # (. That is,
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A is syndetic.

Given a central* set A of S, by Theorem 5.9, A is contained in every minimal
idempotent of 9S. Therefore A is contained in some minimal idempotent, and
therefore A is central.

If A is a thick set then 65 * p C A for some p € §5. Pick by Theorem 1.20 a
minimal left ideal L C S * p and an idempotent e € 6.5 such that e € L. That is,
ec L C8S*pC A So A€ e. Therefore A is central.

Syndetic implies ¢-syndetic by Theorem 2.27.

Syndetic implies piecewise syndetic by Lemma 3.4.

Given a central set A, A contains a minimal idempotent of §S. Therefore
ANK(6S) # 0. Thus A is piecewise syndetic. Also since A is a member of a
minimal idempotent, A is a member of some idempotent of 5 so A is IP.

We have that ¢-syndetic implies ¢-piecewise syndetic by Corollary 3.9.

Piecewise syndetic implies ¢é-piecewise syndetic by Theorem 3.10.

We have that IP implies ¢-IP by Theorem 4.6. U

We conclude this dissertation by showing that none of the missing implications
is valid in general. In fact we establish a stronger result. We show in the following
theorems that for each of the listed properties there exist an adequate partial semi-
group and a subset A of S which has that property and only those other properties

that are forced by the listed implications.

5.12 Theorem. There exist an adequate partial semigroup (S,*) and a subset A

of S such that A is ¢-IP but is neither IP nor ¢-piecewise syndetic.

Proof. Let S and A be as in the proof of Theorem 4.5. So S = {A C N: A #
) and |A\2N| < w} and A = P;(2N). Define & on S such that

AUB ifANB=1

A¥B = { undefined if ANB #0
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We saw in Theorem 4.5 that A is ¢-IP and not IP. We claim that A is not ¢-piecewise
syndetic. Let H € P;(S). Then |JH has only finitely many odd members. Pick
y € (2N+1)\ (UH). Then {y} € o(H). Let T = {{y}}. Pick X € o(T). Then
{y} € TNo(H). We claim that {y} * X & Uy T 1 A. To see this, let T' € H and
suppose that T'x {y} * X € A. But y € T'x {y} * X, so T x {y} x X ¢ A. Therefore

A is not ¢-piecewise syndetic. U

5.13 Theorem. There exist a partial semigroup S and a subset A of S which is

¢-piecewise syndetic but none of ¢-syndetic, piecewise syndetic, or ¢-1P.

Proof. Let S = F'P((y:)i2,) as in Theorem 3.7, where [ ], » y:*[[,c ¥t is defined

exactly when max F' < minG. Let
A={]l,cpy:: 1€ F,|F| >2, and max F' > max(F'\{max F'}) + 2} .

To see that A is ¢-piecewise syndetic, let H = {y;1}. Let T" € P¢(S) be given. If
TNo(H) =0 we are done. Assume that T No(H) # (). For each z € TNo(H),
pick F, € Py(N\{1}) such that z = [[,cp . Pick m > max (UzeTﬁU(H) F.) +2.
then y1 *x (T'No(H)) * y,m € A. So A is é-piecewise syndetic.

Since each member of A begins with y; their products in S are not defined.
Thus A is not ¢-IP.

Notice that A is a subset of the example in the proof of Theorem 3.7, so A is
not piecewise syndetic.

To see that A is not ¢-syndetic, let H € P¢(S) be given. For each z € H pick
F. € P¢(N) such that z = Hter y;. Pick m € N such that m > max (UzeH FZ).
Let £ = Y * Ymy1. Then x € o(H) and for all z € H, zxx ¢ A. Therefore A is

not ¢-syndetic. O

5.14 Theorem. There exist an adequate partial semigroup (S,*) and a subset A

of S such that A is an IP set but A is not ¢-piecewise syndetic.
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Proof. Let (S,%) = (N,+) and let A = FS((2")° ;) Then A is an IP-set. To see
that A is not é-piecewise syndetic, let H € P¢(S) and pick n € N such that max H <
22n. Let F = {1,2,...,22""2} Let x be given and find s € {1,2,...,2?""2} such
that  + s = 227" (mod 227%2), then x + s = a - 22"+2 4+ 227+ for some a € w. For

te{1,2,...,2?"}, x + s+t ¢ A. Therefore A is not é-piecewise syndetic. U

5.15 Theorem. There exist an adequate partial semigroup (S,%) and a subset A

of S such that A is piecewise syndetic but is neither ¢-syndetic nor ¢-IP.

Proof. Let (S,%) = (N,+) and A ={2"+2m —1:n, m € N and m < n}. To see
that A is piecewise syndetic, which is the same as ¢-piecewise syndetic in (N, +),
let H = {1,2}, let F' € P¢(N), and let n = max F. Then F' + 2" C | J,c4(—t + A).
Therefore A is piecewise syndetic.

To see that A is not ¢-syndetic let H € Py(N) be given. Pick m € N such
that 2™ > max H. Let z = 2™t! + 2m. Then for t € H, 2"t +2m <z +t <
2mHtl 4 2m 4 9m < 2m%2 + 1. So x +t ¢ A. Therefore A is not é-syndetic.

To see that A is not ¢-IP notice that the sum of any two members of A is not

in A. O

5.16 Theorem. There exist an adequate partial semigroup (S,*) and a subset A

of S such that A is ¢-syndetic is neither piecewise syndetic nor ¢-1P.

Proof. Let S and A be as in the proof of Theorem 2.21. So let (z,)22; be a
sequence in a semigroup (S,-) which satisfies uniqueness of finite products. Let

S=FP({xn)ply) = {Il,cr ®n : F € Ps(N)} and define

Ilner ©n) * (Ineq #n)

And let A ={[],cp 7n : I € P¢(N) and 1 € F'}. We have already seen that A is

HneFUG z, if maxF < minG
undefined if maxF > minG.

¢-syndetic.
We also saw in Theorem 2.21 that for every p € 65, AN (6S * p) = . Suppose

that there exists ¢ € 65 such that ¢ € K(6S) N A. Pick a minimal left ideal L of S
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such that ¢ € L. Also pick an idempotent e € L. Then g = g*e so ¢ € (65 xe) N A.
This is a contradiction. Therefore A is not piecewise syndetic.

Since y * z is undefined for all y, z € A, A is not ¢-IP. U

5.17 Theorem. There exist an adequate partial semigroup (S,%) and a subset A

of S such that A is central but is neither ¢-syndetic nor thick.

Proof. Let (S,%) = (N,+) and A = {2" +2m :n, m € N and m < n}. To see that
A is central notice that A = BN C, where B ={2"+m :n, m € Nand m < 2n},
and C = {2m : m € N}. Note that B is thick and C is IP*. So pick a minimal left
ideal L of 5 such that L C B. Pick p=p+p € L. Since C is IP*, C € p. Then
p € BNC = A. Therefore A is central.

Since A C 2N, A is not thick.

To see that A is not é-syndetic let H € P;(N) be given. Pick n € N such
that 27 > max H. Let z = 2""' +2n. Then for t € H, 22" 4+ 2n < x +t <

2ntl 4 9n 4 9p < 272 + 1. So x +t ¢ A. Therefore A is not é-syndetic. U

5.18 Theorem. There exist an adequate partial semigroup (S,*) and a subset A

of S such that A is syndetic but not ¢-IP.

Proof. Let (5,%) = (N,+) and A = 2N + 1. It is clear that A is syndetic since
there are no gaps of length longer than 1.

To see that A is not ¢-IP notice that the sum of any two members of A is a

member of 2N. U

5.19 Theorem. There exist a partial semigroup S and a subset A of S such that

A is thick but neither ¢-syndetic nor ¢-thick.

Proof. Let S = FP({y:){2) with the products defined as in Theorem 2.14. Let A =

Ulicpye: |F|>2, 1 ¢ F, max F is even and max F' > max(F'\{max F'}) + 2}.
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To see that A is thick, let p € 05N cl{ya, : n € N}. We claim that 65 «p C A.
For this it suffices to show that ¢(y;) € {z € S : z7'A € p}. To see this, let
v € ¢(y1). Then o =[], .y yn for some H € Pr(N\{1}). Let | = max H. Then
{yon : n>1+2} € p, and {ya2,, : n > 1+ 2} C LA Therefore A is thick.

For no z € S'is {y1} *x € A. Thus A is not é-thick.

To see A is not ¢-syndetic, let H € Pf(S). Pick m € N such that
H C FP((yn)p=1). Let 2 = Ypi1 * Ymi2. Then z € o(H) and z ¢ U,y t A

Therefore A is not é-syndetic. O

5.20 Theorem. There exist an adequate partial semigroup S and a subset A of S

such that A 1s central® but neither IP* nor thick.

Proof. Let (S,*) = (N,+) and A = 2N\ FS((22")2 ). To see that A is central*,

recall that we saw in Theorem 5.14 that FS((22")°2 ;) is not piecewise syndetic, and

thus K(6S) C N\FS((227)°° ;). Since also 2N is IP*, A contains all the minimal
idempotents of §.5.
The set A is not IP* since FS((227)%° ;) is an IP set that misses A.

n=

Since A C 2N, A is not thick. O
5.21 Theorem. There exist an adequate partial semigroup S and a subset A of S
such that A is ¢-thick but not ¢-syndetic.

Proof. Let (S,%) = (N,4+) and A = {2"+m :n, m € Nand m < n}. Clearly A is
thick. One shows that A is not ¢-syndetic as in the proof of Theorem 5.17. O
5.22 Theorem. There exist an adequate partial semigroup S and a subset A of S

such that A is PS* but not ¢é-thick nor IP*.

Proof. Let S = FP((y;);2,) with the products defined as in Theorem 2.14. Let

A = FP({yn)52o)\FP({y2r)521). By Lemma 4.7, (°_, FP({y2,)5%,,) NS is a

n=m
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subsemigroup of 45. So pick p € (N °_, FP({y2n)22

n:m)'

Then FP((y2n)21) € p.
So A is not IP*.

To see A is not ¢-thick, we show that S\ A is é-syndetic. Let H = {y1}. Then
for all z € o(H), y1 *x € S\A. Therefore o(H) C U,cpyt '(S\A). So S\A is
¢-syndetic. Then by Theorem 2.24 A is not ¢-thick.

Now let p € K(0.5). We show that A € p. Notice that FP((y2,)525) = ¢(y1).
So FP((y2n)225) € p. To show FP((y2,)52 1) ¢ p we show that FP({y2,)52 ;) is
not piecewise syndetic; for which it suffices to show that B = FP((y2,)52 ;) is not
¢-piecewise syndetic, by Theorem 3.10. Suppose there exists H € Py(S) such that
for all T € Py(S) there exists x € o(T) such that (IT'No(H)) *x C U,cpyt A
Pick m € N such that H C FP((y;)7~,). Let T = {yam+1}. Then T' C o(H). So

for all z € o(T) and for all t € H, t * ya,41 * x ¢ B. This is a contradiction. So

A € p and therefore A is PS*. O

5.23 Theorem. There exist an adequate partial semigroup S and a subset A of S

such that A is IP* but not thick nor ¢-1P*.

Proof. Let S = {B CN: B # () and |B\2N| < w}, as in Theorem 4.5. Further,
let A=S\(P;(2N)U{B CN: |B\2N| € 2N —1}). Notice that FP({({2n})s>,) =
P¢(2N). So A is not ¢-IP*.

Let p € §S such that pwp = p. We show that A4 € p. We have that ¢(2N) € p
and ©(2N) N P¢(2N) = (. So P¢(2N) ¢ p. Suppose that D = {B C N: |B\2N| €
2N — 1} € p. Pick B € D such that B~'D € p. Pick C € Dn B~'D. Then
B,C, and Bw(C each have an odd number of odd integers. This is a contradiction.
So A is IP*.

To see that A is not thick, suppose that for some p € 6S, 6S *p C A. Let
D={BCN: |B\2N| € 2N — 1}.

Case 1: D € p. It is easy to see that we can pick ¢ € §S such that S\D € ¢q. Then
D e q*p. Thus, A& qx*p.
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Case 2: D ¢ p. Pick ¢ € 5 such that D € q. Then D € g * p. U

5.24 Theorem. There exist an adequate partial semigroup S and a subset A of S

such that A is ¢-PS* but not IP*.

Proof. Let (9,%) = (N,+) and A = N\FS((22")° ;). The set A is é&PS* since,
as we saw in Theorem 5.14, F'S((22")°2 ;) is not é-piecewise syndetic. Therefore A
misses no ¢-piecewise syndetic set in S.

Since A misses the IP set F/S((227)%2_,), A is not IP*. O

5.25 Theorem. There exist an adequate partial semigroup S and a subset A of S

such that A is ¢-1P* but not thick.

Proof. Let (S,*%) = (N,+) and A = 2N. 0
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