TORIC SURFACES
PCMI UNDERGRADUATE COURSE, JULY 2008

JESSICA SIDMAN WITH HELP FROM JOSE GONZALEZ

1. DAY 2

In today’s lecture you will learn how to
(1) realize several classical examples (P! x P!, the Veronese surface,
P2, a rational normal scroll) as toric varieties using polygons.
(2) work with the action of the torus on Xp and compute the orbits
of this action.
(3) visualize the limit points of our examples geometrically.
(4) determine if a toric surface is smooth by computing tangent

planes.

1.1. Examples. We give four examples of toric surfaces below.
The varieties can be described via lattice polygons:

Py = m P = I:I
or via the corresponding integer matrices:

111 111111

A;=10 1 0),4=10 101 20

001 00110 2

11111 1111

A3=10 1 0 1 2], A44=101 0 1
00110 0011
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1.2. The torus action. In this section we will study the action of the
torus (C*)% on a variety Xp and compute the orbits of the torus action.
Restricting to the case of surfaces for simplicity, we will see that this
action helps us to decompose the limit points of Xp into pieces that fit
together in a nice way.

Recall the following definitions from group theory.

Definition 1.1. A group G acts on a set S if we have defined g-s € S
for every g € G and s € S so that

(1) e-s=s, where e € G is the identity element.
(2) (gh)-s =g (h-9)).
Given an element s € S, the orbit of s is

{teS|3geGuwitht=g-s}.
If s and t are in the same orbit, we write s = t.

Given a lattice polytope P, we get an action of T' = (C*)¢ on the
image of ¢p. If g € T, define g - t™ by g™ - t™. Note that g- ¢p(t) =
op(git1, - .., gatq). This shows that T leaves the image of ¢p fixed.
Clearly, this action also extends to projective space: g-[zg: - : 2] =
[g™0xg @ - g™y,

Let’s look at examples 1 and 4.

Example 1.2 (The triangle P;). The set P,NZ?* = {(0,0), (1,0), (0,1)}.
These lattice vectors give the map ¢p, : (C*)? — P? given by t +— [1 :
{1 : ts]. The torus action is g - [1 : ¢y : to] = [1: g1ty : gota).

First we’ll check that the action is transitive on the image of ¢p,.
Indeed, suppose that [1 : ¢; : t5] and [1 : s1 : s5] are two points with
t,s € (C*)% If we set g; = 7, then g - [1 ¢y @ o] = [1: 51 1 89,
Therefore, all of the points in the image of ¢p, are in the same torus
orbit. This is exactly the set of points in P? with no coordinate equal
to zero.

Since we are just multiplying each coordinate by a nonzero element
of C*, no point with a zero for a coordinate can be in the orbit above.
Moreover, we see that the orbits of this action on P? must correspond
to sets of points with fixed coordinates set to 0.

We can give a list of representatives for each orbit: {[1:1: 1],[1 :
1:0,[1:0:1],/0:1:1],[1:0:0],]0:1:0],[0:0:1]}. The closure of
the first orbit is all of P2, the closures of the next three orbits are the
three coordinate axes. The last three points are torus-fixed points and
each is the unique element in its orbit.

Example 1.3 (The square P;). As above, it is easy to see that setting

gi = i— shows that the torus action is transitive on the image of ¢p,.
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The four points [1: 0:0:0[,[0:1:0:0],/0:0:1:0],]0:0:0:1]
are fixed because multiplying their coordinates by nonzero coordinates
leaves them unchanged.

We also have g-[1:1:0:0/=[1:¢;:0:0],g-[1:0:1:0] =
1:0:92:0,,g-[0:1:0:1]=1[0:01:0:0192) =[0:1:0: go] and
g-0:0:1:1]=[0:0:92:0192] =[0:0:1:¢4].

To generalize what we have seen in the examples above, notice that
there are as many torus-fixed points as vertices in each polygon, and
as many torus-invariant curves as edges. (Of course, for surfaces, the
number or edges is always equal to the number of vertices, but asso-
ciating points to vertices, etc is what is correct in higher dimensions.)
The decomposition of a polygon into its 2-dimensional face, edges, and
vertices corresponds to the orbit-closure decomposition of the corre-
sponding toric variety.

1.3. Limits. In this section, we answer the question: what do we get
when we take the closure of these embeddings in projective space?

Fact 1.4. If P is a lattice polygon, then Xp is the union of the image
of ¢p together with a projective torus-invariant curve for each edge of
P. Two edges meet in a vertex in P if and only if the corresponding
curves in Xp meet in a point that is fixed by the torus action.

In general we can use the torus action to find the limit points of
Xp. We will do this by parameterizing curves in (C*)? and taking their
limits as the parameter goes to zero. The limit will be a point whose
coordinates are all zero or 1. The orbit of such a point will either be
the image of the torus, a dense subset of a torus-invariant curve, or
a torus-fixed point. The 1-dimensional torus-orbits together with the
torus-fixed points are the limit points that we add in when we take the
closure of the image of ¢p.

The curves in (C*)? that we will use to find limit points have a special
form.

Definition 1.5 (pg. 37 in [1]). An integer vector v € Z?* corresponds
to curve in (C*)? which sends z € C* to

Av(z) = (2%, 2"2).

This curve is also a subgroup of (C*)? and we call it a I-parameter
subgroup.
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Example 1.6 (The triangle P;). We have (¢,t,) € (C*)* mapping to
[]_ . tl . tg]

VMR [6n(A(2) [ Tim. o dp (Av(2))
(L1) |(z,2)| [1:2:7] [1:0:0]
(1,-1) [(z2) | [1:2:1] [0:0:1]
(=1,1) | ($,2) | [1:1:7] [0:1:0]
(L,0) | (z1)| [1:2:1] [1:0:1]
(0,1) | (L,2z)| [1:1:2] 1:1:0]

CL-)| @Y peliy | e

Notice that the first three limit points are fixed by the torus action.
The last three points have orbits equal to C*. We obtain the closures of
these orbits by adding in the appropriate fixed points to get projective
lines.

Example 1.7 (The big triangle P). The lattice points in P, give the
map ¢p, : (C*)? — P° sending

(t1,to) = [1 ity tty i tity 1] 1 5]

Again, we make a table

v [ AE)] ¢r,(Av(2)) | lim.—0 6p, (Av(2))
(1,1) | (z,2) | [1:2:2:22:22:2% |[1:0:0:0:0:0]
(1,=1) | (2| 1:2:2:1:22: 5] [[0:0:0:0:0:1]
(=1,1) | (3,2) | 1:2:2:1:%:2%] [[0:0:0:0:1:0]
(1,0) (z,1)| M:iz:1:z:2%2:1) [[1:0:1:0:0:1]
(0,1) (1,2) | M:1l:z:2:1:2% [[1:1:0:0:1:0]
(-L,-1)| (&) | [1:2:2:5:5:5][[0:0:0:1:1:1]

The first three points correspond to fixed points. What happens to the
last three under the torus action? We have

g-[1:0:1:0:0:1]=[1:0:92:0:0: 93],
g-[1:1:0:0:1:0]=[1:¢,:0:0:97:0],
g-[0:0:0:1:1:1]=[0:0:0:g192:9;: 93]

What we see then, is that the closure of the image of ¢p, contains
three plane conics. In fact, what we are seeing is an embedding of P?

in which the three coordinate lines that we found earlier are all mapped
to conics.
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Note that the three edges in P; all had length one measured along
the lattice, and in the limit we got three lines. The edges of P, all have
lattice length 2, and in the limit we got three degree 2 curves. We see
that P3 has 3 edges of length 1 and one edge of length 2, so we expect
to see limit points falling along three lines and one plane conic.

Example 1.8 (The trapezoid P3). For the trapezoid, we get the map
(t1,t2) ¥ [1:ty i to : tito : t2]. We find the torus invariant curves:

v Av(2) ‘ opy(A\v(2)) ‘ lim, .o ¢p,(Av(2)) =p ‘ g-p

(1,0) | (z1)| [1:2:1:2:2% [1:0:1:0:0] [1:0:92:0:0]
(0,1) | (1L,z)| [1:1:2z:2:1] 1:1:0:0:1] [1:91:0:0: g7
(—1,-1) (%,%) [1:1:2:5:%] 0:0:0:1:1] 0:0:0:92: g1
0,—1) | (1,3)] [1:1:1:1:1] 0:0:1:1:0] 0:0:1:g;:0]

We see that the orbit closures will be three projective lines and one
plane conic.

Example 1.9 (The square P;). We have the map ¢p, : (C*)? — P?
sending t — [1: ¢; : £y : t1ta).

v NG onW(z) [limodp(AW(z)]  g-p
(L,O) | (1) |[1:2:1:2] [1:0:1:0] [1:0:¢2:0]
(0,1) | (Lz) |[1:1:2:2] [1:1:0:0] [1:91:0:0]
(—1,0) (%,1) [1:%:1:1] 0:1:0:1] 0:1:0: go]
O, -1 | (LY [[1:1:L:0] [0:0:1:1] [[0:0:1:g)

We see that the orbit closures are 4 lines.

Right now the choices of v are a bit mysterious, but we will see later
how to make sense of them.

1.4. Smoothness 1.

Fact 1.10. If P is a lattice polygon, then the singular points of Xp
are isolated points. This implies that if p is a singular point its orbit
must be zero-dimensional and hence that p is a fixed point.

Suppose that P is a lattice polygon and v is a vertex which we may
assume is at the origin in R2.

Proposition 1.11. If we can find an element of GLo(Z) that brings
the edges incident at v to the positive coordinate azes of R?, then Xp
18 smooth at the fized point corresponding to v.
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Proof. As P lies in the first quadrant of R?, the fixed point correspond-
ing to v is the image of (0,0) in the natural extension of ¢p to C2.
Moreover, t; and ty appear as coordinates of ¢p. Therefore, %‘%’](070)

and %‘%\(0,0) are linearly independent. These two vector span a 2-plane
that is tangent to Xp at ¢p(0,0). Thus, the point is smooth. O

In the next lecture we will work on developing the local vocabulary
to discuss smoothness algebraically and we will eventually see that the
proposition above is an if and only if statement.

1.5. Exercises. The first few exercises will help you make the connec-
tion between our examples of toric varieties and classical examples.

(1) Substitute t; = 2L and ¢, = 2 into the map ¢p,. Homogenize
the map to show that this allows us to identify Xp, with the
image of a map vy : P2 — Xp,. The map 15 is the quadratic
Veronese emebdding of P? into P°. Show that v, is injective.

More generally, we have d-uple Veronese embeddings v, :
P" — PV whose coordinates may be given by a basis for the
monomials in the homogeneous coordinates on P of degree d.
What is N7 Can you show that all of these maps are injective?

(2) We can define maps 1; from P? to Xp, where i = 3,4 by delet-
ing the appropriate coordinates from 5. These maps are not
defined on all of P?. Determine the points where the each map
is undefined.

(3) Consider the closure of the maps 1); above. Can you identify
the points that we add when we take the closure? Are the maps
injective? If not, can you determine which points map to the
same image?

(4) Notice that the map ¢p, can be decomposed as

[Tty ity itite 5] =[1:t1:0:0: 8] +4[0:0:1:¢ :0].

Substitute to = z—é into each summand. Convince yourself that

Xp, has the following description: Map P! into P* simultane-
ously as a plane conic and a line where the line and plane do
not meet. Then construct a surface by taking the union of all
lines connecting the image of p € P! on the conic to its image
on the line.

(5) Substitute ¢; = 7L and t, = ¥ into the map ¢p, and deho-
mogenize the map. Show that this gives an injective map from
P! x Pt = {([zo : @], [yo s 1)) | [wo : m1] € P, [yo : 3n]) € P'}
to Xp,. This is the Segre embedding of P* x P! — P3. Can you
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give a natural description of the 1-dimensional orbit closures in
Xp, in terms of P! x P'?

In general, we have the Segre embeddings P™ x P* — PV
whose coordinates are all products of homgeneous coordinates
for P™ with homogeneous coordinates for P*. What is N7 Can
you show that the Segre embeddings are injective?

(6) Find the torus fixed points of Xp,, i = 3,4.

REFERENCES

[1] William Fulton, Introduction to Toric Varieties, Annals of Math. studies
no. 131, Princeton Univ. Press, Princeton, 1993.

[2] Israel M. Gelfand, Mikhail M. Kapranov, and Andrei V. Zelvinsky, Discrim-
inants, Resultants and Multidimensional Determinants, Birkhauser, Boston,
1994.

[3] Bernd Sturmfels, Grébner Bases and Convexr Polytopes, Univ. Lecture Series,
v. 8, Amer. Math. Soc. , Providence, 1996.

E-mail address: jsidman@mtholyoke.edu

DEPARTMENT OF MATHEMATICS AND STATISTICS, MOUNT HOLYOKE COL-
LEGE, SOUTH HADLEY, MA 01075



