ALGORITHMS FOR EVEN-SIDED SELFAGONS
FRANCES WOREK

ABSTRACT. Let P € R? be a lattice polytope. Then P is smooth
if for each vertex v € P, {w; — v} forms part of a Z-basis for Z?,
where w; is the first lattice vector along an edge incident at v. We
say P has lattice-free edges if the only lattice points on the edges
of P are the vertices of P. We present two new algorithms for
constructing smooth lattice polytopes with lattice-free edges and
an even number of edges. The equivalence of one of the algorithms
to a previous algorithm is also proved using the inner normal fans
of the polytopes.

1. INTRODUCTION

As part of an REU at Mount Holyoke College, a group of partici-
pants studied smooth lattice polytopes with lattice-free edges, called
selfatopes, and related them to toric varieties. This type of polytope
first appeared in a paper by Jessica Sidman and David Cox [1].

The research that we will present in this paper stems from two broad
questions about selfatopes in the plane, called selfagons. First, given
a particular n, can we construct a selfagon with n edges? How small,
in terms of the number of interior lattice points, can a selfagon with n
edges be? In trying to find an algorithm giving smaller selfagons than
ones already found, Algorithms 3.1 and 4.1 for larger selfagons were
constructed.

The work presented here also developed from the question of equiv-
alence of selfagons with the same number of sides. Attempts to find
an algorithm giving selfagons that were not equivalent to ones we had
previously found led to Algorithm 5.1 that produced equivalent self-
agons to those from Algorithms 6.1 and 6.3. This equivalence is shown
through the use of inner normal fans.

Preliminary definitions will be given in §2, followed by the presen-
tation of Algorithms 3.1 and 4.1 in §3 and §4. In §5, Algorithm 5.1
will be explained. After a review of Algorithms 6.1 and 6.3 in §6, the
equivalence of Algorithm 5.1 to Algorithms 6.1 and 6.3 is proved in §7.
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2. PRELIMINARIES

First we will review definitions needed for the study of selfagons. For
further study of polytopes, refer to [2], [7], [6], and [3].

Definition 2.1. A set A is convezif for every p,q € A, tp+(1—t)g € A
for0 <t <1.

Example 2.2. The set of points on the left is convex, while the set of
points on the right is not.

Definition 2.3. The convex hull of a set A € R" is the intersection of
all convex sets containing A.

Definition 2.4. A polytope is the convex hull of a finite set of points
in R™.

Example 2.5. The polytope on the right is the convex hull of the
finite set of points on the left.

Set of Points Polytope

Definition 2.6. A [attice polytope is a polytope whose vertices all have
integer coordinates.

Definition 2.7. Let P be a lattice polytope. P has lattice-free edges
if the only lattice points on the edges of P are the vertices of P.

Definition 2.8. Let P € R" be a lattice polytope. Then P is smooth

if for each vertex v € P, {w; — v} forms part of a Z-basis for Z" where

w; is the first lattice vector along an edge incident at v. If k, the

number of edges incident to v, equals n, then {w; — v} forms a basis
wp — v

and : = +1.

Wy — U

Example 2.9. The simplex below is a smooth polytope since
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Definition 2.10. A smooth, lattice-free lattice polytope is called a
selfatope. In R?, this polytope is called a selfagon. Example 2.9 is a
selfagon.

Throughout this paper, we will use the following convention:

Convention 2.11. Let P be a n-gon. Label its vertices by v; clockwise
with v, = vg and v, 1 = v;.

3. METHOD FOR CONSTRUCTING n-SIDED SELFAGONS, 2 | n, 4t n

Algorithm 3.1. Begin with vy = (0,0),v; = (0,1). Fori =2,..., 22
let v; = v;_1 + (1, "T_2 — i+ 2). We finish construction of the polytope
by reflections of this segment of the polytope: first reflect about the
line y = z and then about the line y = —(z — an—2) + ynt2, where

U; = (xwyz)

Example 3.2. The 14-gon We start with vy = (0,0) and v; = (0, 1).
Since ”T“ = 5, we need to compute vo, v3, and vs. From our recursive
formula we obtain vo = v1+(1,3) = (1,4),v3 = 12+ (1,2) = (2,6),v4 =

vs+ (1,1) = (3,7).

S .
y (x )%n—z)/4) ¥n+2)/4




4 FRANCES WOREK

We then reflect this segment about y = z and y = —(z —2) + 7 to
obtain the 14-gon pictured below.

Proposition 3.3. The polygons constructed by Algorithm 3.1 are self-
agons.

Proof. By construction, these polygons are clearly lattice polygons with
lattice free edges. We shall prove that these polygons are also smooth.
We will prove the smoothness of these polygons by showing that

Vi1 — Vi| _ +1
Vi—1 — Y;
for each vertex v;.
First,
V1 — Vg . 01 -1
Up1 —vo| |1 O]
Similarly,
n—2
Vg — U1 _ 1 o -1
Vg — U1 0 -1
Next consider v; withi =2, ..., ”7_2. Note that v; = v;_1+(1, ”T_2—i+2)
and vy, = v; + (1,”7_2 — (i + 1) + 2), which gives us v;1; — v; =

(1, nT—2_(Z+1)+2) and Vi—1—V; = _(Ui_vi—1> = (—1, —(nT_l—l+2))
Thus
1 22— (i—1)+2
-1 —(22-i+2)
Now considering vnsz2, we see that va—z — vnr2 = (—1,—-1) and Unto —
Ung2 = (2,1). Thus

-1

-1 -1

2 1

All other v; with adjacent v;,1,v;_; will have the same determinant
as one of the cases above, up to a sign, since all other v;_1, v;, v; 11 seg-
ments of the polygon are reflections and/or rotations of the previously
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determined segments. Thus the polygon constructed is smooth and a
selfagon. O

4. NEW METHOD FOR CONSTRUCTING n-SIDED SELFAGONS, 4 | n,
n>12

Algorithm 4.1. Begin with vy = (0,0),v; = (0,1). Fori =2,..., %1,
let v; = v;_1+(1, 24+2—i). Fori= "2 222 let v; = v;_1+(i—%,1).
Let vn = Un2 + (1,0). To finish construction of the polygon, reflect

the segment already constructed about the lines y = %y% and x = %x

B

Example 4.2. We will construct the 12-gon as an example. Let vg =
(0,0) and v; = (0,1). Since 2 = 4, we first calculate v; for i =
2,...,4. Using our formula, we find that v, = v; + (1,3) = (1,4),
vy = vy + (1,2) = (2,6), and vy = v3 + (1,1) = (3,7). For vs, we have

vs =4+ (2,1) = (5,8). Lastly, v = v5 + (1,0) = (6, 8).

A

v

We then reflect this segment about the lines y = 4 and x = 3 to
complete the polytope.
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Proposition 4.3. The polgons constructed from Algorithm 4.1 are self-
agons.

Proof. As before, the polygon we have constructed is clearly a lattice
polytope with lattice free edges, with a simple calculation to prove
smoothness of the polytope.

First,
vp—v | |01 1
Up—1 — 0| |1 O]
For v, we have
vy —v1| _ 1 % _
Vg — V1 0 -1 '
For v;, with ¢ = 2,...,%, note that v;y —v; = (1,5 4+ 1 — i) and

Vi—1 — V; = —(Ui — Ui—l) = (1, % +2— 2) Thus

Viv1 — Y
Vi—1 — U

=1

oz
T2

Next, consider vaga. Note that va —vnps = (=1,—1) and Ungs —Unsa =
(2,1). Thus

The determinants for all other v;_1,v;,v;11 segments are the same as
one of the previously calculated vertices, up to a sign, since all other
Vi1, Vi, Vip1 segments of the polygon are a relfection and/or rotation
of the cases already considered. Thus the polygon is smooth and a
selfagon. O

5. METHOD FOR CONSTRUCTING EVEN n-SIDED SELFAGONS, WITH
n > 10

Algorithm 5.1. Begin with vy = (0,0). Fori =1,..., ”7_4, let v; =
v;—1 + (i — 1,4). Define Unziy = Unoa + (1,1) and Unziyy = Unci gy +
(1,0). Reflect this segment about the line y = %y% and x = %x%to

complete the polygon.

Example 5.2. Constructing the 12-gon
Using the above algorithm, we compute the first 6 vertices of a 12-
gon:
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The segment of the 12-gon constructed by the vertices is pictured

below on the left. Rotating the segment about the line y = 121x and
x =4 gives us a 12-gon, pictured on the right.

)

—
=2

CSDCT!H&C«O[\DHO‘N-

Proposition 5.3. The polygons constructed by Algorithm 5.1 are self-
agons.

Proof. By construction, the polygon is clearly lattice with lattice free
edges. A series of simple calculations shows that the polygon is also
smooth. We will show that for each vertex v;,

Vi41 — V4 — 41
Vi—-1 — Y
For vy,
vp—v | |0 1 _q
Up—1 — 09| |1 0O :
For vy,
vp—wv| |1 2 _
Vo — V1 - 0 —1 '
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Note that fori:2,...,”7_4—1, Vi1 = v+ (4,9 + 1) and v; = v;_1 +
(i —1,i). Thus

Vig1 — Vi ) 1+ 1 . 1
Vi—1 — U; —(’L — 1) —1 '
For vs-4a,
2
Un74_,’_l — Uan4 . 1 1 . 1
- n—4 n—4 - T+
Un-4_1 — ’UnT—AL _(T — 2) _(T — 1)
For Un_ty,
”"24+2—”"24+1:‘1 0‘__1
Un—4 — Un—4 -1 -1 '
TN ol

Because of the symmetry of the polygon, it is sufficient to only check
these determinants for i = 0, ..., %‘ + 1. Thus we conclude that the
polygon is smooth and also a selfagon. 0

6. REVIEW OF THE LYZINSKI ALGORITHM

The Lyzinski algorithm also constructs even selfagons using two cases:
even polygons divisible by 4, and even selfagons not divisible by 4. The
Lyzinski algorithm is presented here in a new manner which will aid in
later calculations.

Algorithm 6.1. The Lyzinski Algorithm for the n-gon, 4 | n

Set vo = (0,0). Let v; = v;_1+(i—1,1) for 1 <7 < 2. Define Ungs =
vn + (1, 0). To finish construction of the polygon, reﬂect this segment
about the line y = % and x = Tnts — 5. To aid in later computations,

we will need explicit formulas for vertices v;, "TJrs <4< 5. This formula
iSUi:Ui_1+(%+1—i,—1) for nT-l-8 SZS %

Example 6.2. The Lyzinski 12-gon
We calculate the first 5 vertices of the Lyzinski 12-gon.

0](0,0)
1](0,1)
21 (1, 2)
31(3,3)
4 (4, 3)

The segment of the selfagon formed from these vertices is pictured
below on the left along with the axes of rotation to form the Lyzinski
12-gon, pictured on the right.
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Algorithm 6.3. The Lyzinski Algorithm for the n-gon, 2 | n, 4t n

Set vg = (0,0). Let v; = v;_1 + (i — 1,1) for 1 < ¢ < 22 Let
Unss = vnt2 +(1,0). For 20 <G <2 let vy =vjo 4+ (24+1—4,-1).
Reflect this segment about the lines y = 1 and =z = %xg to complete
the selfagon, pictured on the right.

Example 6.4. The Lyzinski 14-gon
We compute the first 8 vertices of the Lyzinski 14-gon:

(%

AN N SN S N
o wroo
=k N = O
— —

(9, 3)
(10, 2)
The segment of the selfagon constructed with these points is pictured

on the left in the figure below. Reflect this segment about the lines
y =1 and z = 5 to complete the 14-gon.

\IOB@»-BOJ[\DHO‘@.

)

™

7. SHOWING THAT ALGORITHM 5.1 AND THE LYZINSKI
ALGORITHM CONSTRUCT EQUIVALENT SELFAGONS

Our goal is to find a linear transformation between selfagons of the
same number of sides constructed with the Lyzinski algorithm (Algo-
rithms 6.1 and 6.3) and Algorithm 5.1. We begin by defining notation
for transformations of polytopes and equivalent selfatopes.
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Definition 7.1. Let P be a polytope and A be a linear transformation.
We define AP = {Ap:p € P}.

Definition 7.2. Let P, () € R" be selfatopes. We say that P and @)
are equivalent selfatopes if there exists A € GL,(Z) and a translation
r € Z" such that AP +r = Q.

Definition 7.3. A polyhedral cone is defined as
cone(uy, ..., ux) = {tju; + - - - + tpuy : t; > 0}.

Definition 7.4. A polyhedral fan A is a finite union of cones satisfying
e If 0 € A and 7 is a face of o, then 7 € A.
o If 0,7 € Delta, then o N7 is a face of each.

Definition 7.5. An affine hyperplane in R™ is the set of all solutions
to a linear equation ajwy + ...+ a,w, = a where not all a; = 0.

Definition 7.6. Let A be a subset of R". The affine hull of A, aff(A),
is the intersection of all affine hyperplanes containing A.

Definition 7.7. The dimension of a polytope P is the dimension of
its affine hull. A polytope is full dimensional in R™ if the dimension of
P isn.

Definition 7.8. Let P € R" be a full-dimensional polytope. The inner
normal fan Ap is the union over all faces F' C P of cones

op={veR" 1 u-v<u v,Vue FVu € P}.

Lemma 7.9. Let P be a full-dimensional selfagon in R? with inner
normal fan Ap. If B € GLy(Z) then the selfagon (B~Y)T'P has inner
normal fan BAp.

Proof. Note that (B~1)7 P is a selfagon since (B™1)T € GLy(Z).
We are left to show that the inner normal fan of (B™')T P is BAp.
For r;j,v; € R?,
(rj,vi) = (B~ Brj,v)
== <B’f’j, (B_l)T’UZ'>.
Let v; be a vertex of P, with v;41 —v; an edge of P. If we let r; be the
inner normal to v;+1 — vj;, the linear function f(z) = (Brj,z) equals 0
at x = (B™1)"(vj+1 — vj). Therefore Br; is normal to (B~')TP. Since
r;j is an inner normal to v — v, for k # j,
(rj, vj41 — v;) <({rj, V1 — k)
= (Bry, (B™)" (vjs1 = vj)) < (Bry, (B™)" (k1 — vp))-
Thus Br; is inner normal to (B~)TP. O
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Corollary 7.10. Let P, Q be full-dimensional selfagons in R? with in-
ner normal fans Ap and Ag, respectively. If B € GLy(Z) such that
BAp = Ag, then (B~ P is equal to Q up to translation.

Proof. From Theorem 7.9, (B~")” P has inner normal fan BAp. From
a proof by Aaron Wolbach, there is at most once selfagon up to trans-
lation with a given inner normal fan. Thus we conclude that (B~1)TP
is equal to Q. O

Lemma 7.11. (Fulton [3]) Let P be a polytope with inner normal fan
Ag. For each generating ray r; € Ap there exists a constant a; such
that a;r; =711+ Tit1-

Lemma 7.12. Let a; be the constant such that a;r; = r;_1 + rix1 for
rays ri_1,7i, and r;y1 of Ap. The constant a; is invariant under a
linear transformation of the rays of the inner normal fan.

Proof. Let B be a linear transformation.
B(am) = B(Ti_l + TZ'+1) < CLZ'B(’FZ') = B’f’i_l + BTZ'_H.
O

Proposition 7.13. Algorithm 5.1 and the Lyzinski algorithm produce
equivalent selfagons.

Proof. Let P be a selfagon generated by the Lyzinski algorithm and
@ be a selfagon generated by Algorithm 5.1. Using Corollary 7.10, we
wish to find a linear transformation B € GLo(Z) between the inner
normal fans of the selfagons produced by the Lyzinski algorithm and
Algorithm 5.1 to show that (B™1)TP is Q up to translation. Then we
can conclude by the definition of equivalence of polytopes that P is
equivalent to Q).

To find B € GLyZ such that BAp = Ag, we calculate the the
generating rays s; of Ag and r; of Ap and also the corresponding
coefficients from Lemma 7.11. Since Lemma 7.12 tells us that these
coefficients are invariants, we will use these coefficients in determining
the ray r; that s; maps to under B.

Claim 1: Let s; € Ag be the inner normal to the edge w;y1 — w; of
Q. For1<i<™* s;=(i+1,—1).

Proof. Since s; - (w41 —w;) = 0 and w;; = w; + (i,4+ 1), then either
si=(i+1,—i) or s; = (—i — 1,i). Let w; = (x;,;). For 1 <14 < %4,
so x; < x;41 and y; < y;11. Therefore, for s; to be inner normal to
the edge w;11 — w;, s; must have a positive xz-coordinate and negative
y-coordinate.
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We will need s with0<i< Zandi=mn—1to Calculate the b; for
0 <i < 2=, We have not yet calculated s; with ¢ = 0, 5=, 52,§ or
n—1. Through further, more direct computations, we ﬁnd that sp =
(1,0), Sn_a = = (1, —1),3%2 = (0,-1),s2 = (=1,0), and s, = (0,1).

Now We wish to find b; for 0 <i < "T_2 such that b;s; = s;_1 + ;41
(Lemma 7.11). We calculate that by = 2,b; = 2,b; = 2 for 2 < i <
n n_8 bnG—lbn4—ﬂ, andbnz—l

Clazm 2: Let P be an n- gon genemted by the Lyzinski Algorithm with
4 | n. Let r; € Ap be the inner normal to the edge vy 1 — v; of P. For
1<i< 22 r=(1,—-14), and for 22 <i <22 r; = (=1, -2 +1).

Proof. Since r; - (v;11 —v;) = 13- (i, 1) = 0, r; must equal (1, —i) or r; =
(—1,4). For 1 < i < ”24, note that »; < x;4; and y; < y;4q for
v; = (T4, Yi), Viz1 = (Tix1, Yiy1) since v; = v;_1 + (i — 1,1). Therefore,
for r; to be inner normal to the edge between v; and v; 1, we see that r;
must have a positive x coordinate and a negative y coordinate. Hence
we take r; = (1, —i) when 1 <7 < 2

We then compute r; for 22 < i < ” . We want r;- (UZ_H—UZ) ri-(5—
i, —1) = 0, which implies that T = (1, 5 —i)orr; = (—1,—5+41). The
fact that z; < x;11 and y; < ;41 requires us to choose r; = (—1, —%+i).

Through the same method, we find o = (1,0),72 = (0, —1), and Tngs =

(-1, _n_—4),71% = (—1,0) and Tng2 = (=1,1).

1
Continuing the case for the n-gon with 4 | n, we compute the a; such
that a;r; = r;_1 + r;p1. We find that ag = 1,a; = 2,a; = 2 for 2
i < n28,anT—4 =1l,an = ”T_‘l,anTH =1 ans = 2,a; =2 for ntlz <
n—4
2 )
We see that az and bnT—él are the only two coefficients that equal

<
<

an—2 = 2, and an =2
2

%4. By Lemma 7.12, these coefficients are invariants. Hence we look

for a linear transformation from Ap to Ag that maps rz to s ns and
in general, maps 7; to s, n_s. Solving for a linear transformation B

n—4
. = -1
such that Bry = Sn-s and Br; = Sn-a gives us B = <_@ 1 ) . By
1
i »1,4 | is a matrix such that (B~")TP is
1
Q@ up to translation. Thus we have shown that for P is equivalent to
@, when P is an n-gon with 4 | n.
Claim 3: Let P be an n-gon generated by the Lyzinski Algorithm with
4+tn. Let r; € Ap be the inner normal to the edge vy — v; of P. For

1<i< ™2 r;=(1,-i), and for 0 <i <2 r;=(—1,-2 +1).

Corollary 7.10, (B~ =
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Proof. For1 <i < ”*2 , the same calculation as used for the n-gon with
4 | n gives us r; = (1, —z). For 28 < i < 2, we want 7; - (vi41 — v;) =
ri- (5§ —i,—1)=0. Thus r; = (1,5 — 1) or 7’2 = (—1,—% +1i). Using a
similar argument as before, since xl < Zi+1 and y; > Y11, r; must have
both a negative 2 and y coordinate. Hence r; must equal (—1, =5 +1).

Through similar computations we also find that rq = (1,0), a2 =
(0,=1),r2 = (=1,0), and 7,1 = (1, 1).

Calculating the as for the n-gon with 4 { n gives us the following:
ag = 2,a; = 2,a; = 2for 2 < i < ”T_G,anT—z = 1,anT+2 = 24,an+6 =
1,a; =2 for 210 < j <A and aze = 2.

We wish to find a transformation matrix for the transformation be-
tween Ap and Ag. From the computed inner normals for both fans,
since the invariants g2 and bn s are the only constants that equal "5~ 1
we look for a transformation which maps 7n+2 0 sn_s, and in general

maps 7; to s, P To form the transformation matrix B, solve for B

n—10
such that Bro = su-s and Bry = s.-2. We find that B = (_H 11)
1
n—10
and (B~ HT = G ﬁ) . Thus P is equivalent to (), when P is an
1
n-gon with 4 1 n O

Example 7.14. We shall show that the 12-gons generated by these
two algorithms are equivalent. The 12-gon on the left, P is generated
by the Lyzinski algorithm (Algorithm 6.1), and the 12-gon on the right,
@, is generated by 5.1.

)

The generating rays and corresponding constant coefficients from
Lemma 7.11 of Ap and A are listed below, followed by Ap and Ag
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1 T a; 1 S; bz
0 (1, 0) 2 0 (1, 0) 2
1 (1, -1) 2 1 (2, —1) 2
2 (1, -2) 1 2 (3, —2) 2
3 (0, —1) 4 3 (4, —3) 1
4 (—1, —2) 1 4 (1, —1) 4
5 (—1, —1) 2 5 (0, —1) 1
6 (—1, 0) 2 6 (—1, 0) 2
7 (-1, 1) 2 7 (—2, 1) 2
8 (-1, 2) 1 8 (—3, 2) 2
9 (0, 1) 4 9 (—4, 3) 1
10 (1, 2) 1 10 (—1, 1) 4
11 (1, 1) 2 11 (0, 1) 1
r7 r8 r9 r10 r11 S10 %1

%

3

s,

's o % %
3
>

. 5,
! oo ) ! %
Inner Normal Fan for P Inner Normal Fan for O

Let B be the matrix of transformation from Ap to Ag. Since ag =
4 and by = 4, we will calculate a transformation which maps r; to
sit1. We calculate B by choosing a 7; and 7; and solving for B such
that Br; = s;11 and Br; = s;;1. We find that B = (_21 _11) and

11

~I\T _
= (1 )

We find that (B~1)T P applied to the selfagon generated by the Lyzin-
ski algorithm gives us a translation of (), the selfagon generated by
Algorithm 5.1.
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