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Abstract. The purpose of this paper is to give the Igusa Local Zeta Function of the cubic polynomial
f(z) = x% 4+ + x% We solve this problem in general for primes congruent to 2 modulo 3 and in a special case
for primes congruent to 1 modulo 3. This work was completed as part of the Mount Holyoke Summer Mathematics
Institute, an NSF funded REU Program.’

1 Introduction

Throughout this paper, let p be a rational prime number, Q, denote the field of p-adic numbers, Z, be
the ring of p-adic integers, and Z; represent the units of Z,. Further, let x be a multiplicative character
from @, to the complex unit circle. For a polynomial f (x) = f (z1,...,2,), we define the integral

Zy (t) = / x (ac (f (@) | () [3da

n
P

to be the Igusa Local Zeta Function associated to f (x) and x. In this function, ¢t = p~* and dx = dz;...dx,
is a product Haar measure on Z;, normalized so that

de =1.

D

Further, ac(f (z)) denotes the angular component of f (). The purpose of this paper is to give the Igusa
Local Zeta Function associated to the cubic polynomial f (z) =23 + - + 3.
The method we use to compute Zx (t) has three steps. First, we define a function F* (i*) associated

to f () by
Pt = [ W s @)
Zy
where W is an additive character on Q) that is trivial on Z,. This is called the Generalized Exponential

Sum, first formulated by Weil in 1965 [3]. So we must first compute F* (i*) for f (z) = o3 + - -+ + 3.
Next, we take the inverse Fourier Transform of F* (i*) to obtain a new function,

F (i) :/ F* (i) U (—ii*) di*.

P

This function, F (i), is called the Local Singular Series, and it gives information about the density of
solutions of f (z). The final step is to take the Mellin Transform of F' (i) to obtain the Igusa Local Zeta
Function:

2, (t) = / x (ac (i) F (i) |if3di.

P
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Throughout this paper, we will let i* = p~®v, where v = ac(i), and i = p*u, where u = ac(i).

Also used in this paper are the orthogonality relations given by Igusa in [2]. Let x be a nontrivial
character with conductor equal to 1, the conductor being the smallest positive integer, ¢, such that x is
trivial on the ball 1 4 p°Z,. Then we have

1—p~t if m<O0
/ v (p_my) dy = —p~t if m=1
Zy 0 if m>1
and

—m _J gy if m=1
/prx(y)\l’(p y)dy—{ 0 i ml

In the second relation, g, is a Generalized Gaussian Sum:

gy = /X X (u) ¥ (p~'u) du.

P

2 Computation of F* (i*)
First we compute F* (i*) for f(x) = 23, If we break up the intregal into an infinite sum of integrals over
areas in which the absolute value is constant, we have:

/ v (z*x‘3) dx
ZP
Z () v (pfew: ) dx.

7=0 pJ

F* (i)

We will make the following change of variables:

z = ply
dr = p*jdy,

which leads us to -
F* (1) = Zpij/ v (p7(673j)vy3) dy.
i=0 Zp

Now we must break this up into two cases, based on whether p =2 (mod 3) orp=1 (mod 3).

2.1 p=2 (mod 3)

Since every y € Z, is a cube, y3 ranges through the same values as y; hence we can write

oo

Fr@®) = > p? / v (p*(e*?’”vys) dy
§=0 Ly
oo
= >

=0 z

Similarly, vy ranges through the same values as y, so we have

Fr (i)=Y p /Z ] (p—<e—3j>y) dy.
=0 v

LG (p*(efgj)vy) dy.

X
D



Recall the orthogonality relations given in the Introduction. They imply that

1-p ' i >

Z; 0 if j<(%
and so we have .
p~3 if e=0(mod3)ande>0
F* (i) = pF if e=2 (mod 3) and e > 0
0 if e=1(mod3)ande>0
1 if e<0

2.2 p=1 (mod 3)

Note that for any continuous function ¢ on Z;,

/

since if y is a cube, then (1+ x3(y) + x5 (y)) = 3, and if y is not a cube, then (1 4 x3(y) + x3 ' (y)) = 0.
Thus we have

N (e=87),,3
F* (i) Zp /Z’X‘I’(p vy)dy

¢ (y°) dy = / e () (1+xs(y) + x5 (¥))dy,

X
D P

=0 »
[e.e] oo

= Y p’ / v (p‘(e‘3j)vy) dy+> p~ / X3(y) ¥ (p‘(e‘3j)vy) dy
=0 Z; =0 Zy

X; ' () (p‘(e‘g‘j)vy) dy.

Now we make the following change of variables:

vy =y
dy = dy.

Noting that y = y'v~! leads to

F @) = Y p? /Z v (p Wy )y + Y p G ) /Z s ()W (0~ ) dy
j=0 D 7=0 P

+Zp_jX3(U) /ZX X?Tl(y/)‘ll (p—(e—Sj)y/> dy/.
J=0 P

Again, recall the orthogonality relations given in the Introduction. They imply that

_ 1—p b i j=>3
Zp 0 if j< (5

(
(
/ZX xa(y)¥ (0~ ) dy { 9o = (eglg

X 0 if j# (5

—1/,7 —(e—335), 7 ro_ 9X;1:§Xs if j:<cgl)
/ZXX:s (y)‘lf(p y)dy { 0 it ()




Utilizing these relations, we get

p~s if e=0(mod3)ande>0
B ) = p 5 if e=2(mod3)ande>0
- e—1 _ — .
P~ (x5 (V)gys + X3(v)Tys) if e=1 (mod 3) and e > 0
1 if e<0

2.3 Computation of F* (:*) for f(z) =23+ -+ 3

n

Because of the additive nature of the function ¥, we see that

/

Thus, to obtain the formula for F* (i*) for our polynomial f(z) = 2} + - - - + x3, we simply raise the
formula for F* (i*) for the polynomial f(z) = x® to the n*" power. Therefore, for f(z) = 23 +--- + 23
we have the following:

(i (g1 + o) dysdys — / W (i) dys - / W (i) dy,

P ZP ZP

_ne

3 if e=0(mod3)ande>0
P (%) = P~ e if e=2 (mod3)ande>0
- n(e—1) _ _ n . _
p~ 5 (X3 1(1})gX3 + x3(v)gy,)" if e=1(mod3)ande>0
1 if e<0

3 Computation of the Zeta Function for p =2 (mod 3)
3.1 Zeta Function for x # X0, X3, X3

Hosokawa gives the following lemma in [1]:

Lemma 1 Let f(z) = f(21,...,2n) be a polynomial with coefficients in Q, and Z,(t) the Igusa Local Zeta
Function for the multiplicative character x associated to f(x). If the group Z, acts on Zy and this action
gives a measure-preserving analytic homeomorphism from Z; onto itself, satisfying

flu-z) =u™f(z) (u€Zy)
for some positive integer m, then for any x satisfying x™ # xo, we have
Zy(t) =0.
Consider the usual action of Z; on Zy :

w- (21, ey Ty) = (U, ..., uTy) (ueZys(x1,..;mp) €Ly) .

This action is a measure-preserving homeomorphism. Furthermore, if f(x) = 23 + -+ + a3, we see that

Flu-a) = uf ().

Therefore, it follows from the above lemma that the Igqusa Local Zeta Function for x # Xo, X3, Xgl
associated to the cubic diagonal x3 + - - - + x3 is equal to 0.



3.2 Zeta Function for y = yg

Beginning this computation, we start with the fact that

/ F* (") U (—di™) di*

P

1+Z/ (i) U (—ii*) di*

F (i)

e=1"P )
= 1+ Z / p s W (—i* )di* + Z / _W(FH) U (—i™) di™.
e= 0(3 e= 2(3)

We next make the following change of variables:

when e =0 (mod 3), when e = 2 (mod 3),
it = p—3av it = p—(3a+2)v
di* = p*°dv di* = p3¢t2du

which leads us to
F (Z) =14 Zpiia/ p—na\II (_pk’up—?)av) dv + Zp3a+2/ p—n(a+1)\l, (_pkup—(3a+2)v> dv.
a=1 Z;’( a=0 Z;f
We then make another change of variables,
—uv = u

dv = du,

to get

F(Z) =1+ Zp(?)—n)a /ZX , (p—(3a—k)u/) du + Zp(S—n)a+2—n/Z
a=1 P a=1

We then use the orthogonality relations to get the following:

S

<p—(3a+2—k)ul> du.

X
P

1—p ' if a<¥
—(3a—k), r_ -1 ET1 .
/X\I1<p( )u>du— —p if a—T ;
Zp 0 if a>%
1—p ! if a<%

—(3a+2-k),/ !’ _ —1 . k—1
/X\I/(p(a )u)du— —p if a="5-
Zp 0 if a> 5t

“ ‘

First we find F (i) in the case that k =0(3) and k > 0. We have

k
k1

E

3
F(Z) =1+ Zp(?)fn)a (1 7p71) + Z p(37n)ap27n (1 7p71) )
a=1 a=0

Next, recall that
L+1 -1

- (a—1)
Zam:ai and Za ,where ¢ < 0.

a—1 Ta—1

We use these formulas to find that
B-n)(%) _

(B-n)§ _
R e R T e ]



We next find F (i) for k = 2 (mod 3) and k > 0. Again, we use the orthogonality relations and finite
geometric sum formulas to find that

k—2
< 5
F (z) = 1+ Zp(3—7b)a (1 _ p— ) (3 n)(i _p—l) + Zp(3—7z)ap2—n (1 _ p—l)
a=1 —
B-n(*32) _q @B-m) (5L _q -
= 1+(1-p ) (") (ppg_n_1> +(1=p ) (P*) <pps_n_1> —p

Finally, we find F (i) for k = 1 (mod 3) and k > 0 by using the orthogonality relations and geometric
sum formulas:

k—1
51 ko1
; —-n a nay, n - —n)(E=L) 20— p -
F(i) = 14> p@m1- Z (B=map=n(q —p=1) 4 pE-m ) g2 (p1)
a=1
B-n)(5) —1 pB-m5h) (3-n)(k—1)
— 1 1— —1 3—n p 1— —1 2—n _ .7+1—n.
+(1=p )(p )(pgnl )+( p )" =Tl I
By letting A,, = (1_;’:# and B,, = %, we have for £ > 0:
1+An( (3-n)(g >—1)+B (p<3 n)(5) — 1) if k=0 (mod 3)
Fi)=1{ 1+ A,(pB 05 1) 4 B, (pB=mC5H) —1) = p® 51 if k=2 (mod 3)

1+ A, (pB® 05 — 1) 4 B, (pB-m5) —1) — pi(d SR -n i k=1 (mod 3)

We now move on to computing the Igusa Local Zeta Function from the function F'(¢). As before, we
write the integral as an intinite sum of integrals over areas in which the absolute value is constant:

Zo (1) = / xo(u)F (i) il di

Zp
_ kz_o/pk(z;)F(i) if2 di
- k%g)/pk(zi) (1+An( @B-n)(%) _ 1) 4B, ( GB-n)(%) _ ))tkdz‘

+ i /k( | (1 T A, (p(s—n)(%) _ 1) +B, (p(3—n)(%) _ 1) _p%+l—n) i
p*(Zy

We then make the following change of variables:

when k£ =0 (mod 3) when k£ =2 (mod 3) when k=1 (mod 3)
i = p3au i = p3a+2 i = p3a+1
di = p~3%du di = p~Gat gy di = p~Bathgy



ZXO (t) — Zp—3at3a (1 + A, (p(3—n)a _ 1) B, (p(3 n)a _ )) /ZX du
a=0 P

0
+Zp—(3a+2)t3a+2 (1 + ArL ( (83—n)a __ 1)+ B, ( (B8—=n)(a+1) _ 1) _p(3—n)a+2—n) du
a=0

Zy
+Zp7(3a+1)t3a+1 (1+A ( (B-nma _
=0

+B ( (83=n)a _ 1) - p(37n)a+1fn> / du
2

_ (1 o p—l) Z <p—3at3a + p—3at3aAnp(3—n)a o p—3at3aAn + p—3at3aBnp(3—n)a o p—SatSaBn)
a=0
+ (1 _ p—l) Z (p—(3a+2)t3a+2 +p—(3u+2)t3a+2Anp(3—n)a _ p—(3a+2)t3a+2An
a=0
+p—(3a+2)t3a+2Bnp(3—n)(a+1) _ p—(3a+2)t3a+2Bn _ p—(3a+2)t3a+2p(3—n)a+2—n)

)
)

oo
+ (1 _ p—l) Z (p—(3a+1)t3a+l +p—(3a+l)t3a+1Anp(3—n)a _ p—(3a+1)t3a+1An

a=0
+p—(3a+1)t3a+1Bnp(3—n)a _ p—(3a+1)t3a+1Bn _ p—(3a+1)t3a+1p(3—n)a+1—n).

We will then make the following substitution to simplify matters:

1
Cn — p—3at3a _
azo —p~ 3t3
S 1
_ —3a43a, (3—n)a __
Dy = Zp tp _1_p7nt3'
We then get
Zy @) = (1-p " (Ch+A,D, — A,Cp + B,D,, — B,Cp, + p*t*Cp, + p*t* A, D,, — p~*t*A,,C,,

+p'~™?B,,D,, — p %t*B,,C,, — p "t*D,, + p C, + p~1tA,D,, — p 'tA,C,
+p~*B,D, —p 'tB,C, —p "tD,).

Amazingly enough, this rather ugly expression can be simplified to the following;:

_ (-pH)A-p)
ZXo (t) - (1 —p_lt) (1 _ p—ntS)'

3.3 Zeta Function for x = x3, x5 "

The first step in the computation of the Igusa Local Zeta Function for yx3 and Xgl is to find F(7); this
was done in 3.2. The Zeta Function for xjs is

24 0= [ aF (@)l di

and the Zeta Function for 3 Lis

Zgr (0= [ G @ (@)} di.

Zp

However, since p = 2 (mod 3), every element of Z,, is a cube. Thus, x3 and x3 Lact exactly the same as
the trivial character. Therefore, the formula for the Igusa Local Zeta Function for both x3 and x5 b will
be identical to the Zeta Function for the trivial character, found in 3.2.



4 Computation of the Zeta Function for p =1 (mod 3), n = 2

4.1 Zeta Function for x # xo, X3, X§1

By the exact same reasoning given in 3.1, the Zeta Function for x # xo, X3, Xgl is equal to 0.

4.2 Zeta Function for y = xq, X3, Xgl

Although we apply the same method used to calculate the Zeta Function for primes congruent to 2 modulo
3, the computation becomes much more difficult in the case that p =1 (mod 3). The computation would
begin with the following;:

F (i)

F* (i) U (i) di*
Q

I

—
_|_

—

k!
S

|
=

o0 o0
e S s 5 [ e
P p(Zp

e=3 e=2
e=0(3) e=2(3)
9
_n(e—1) _ _ n -k <k
+ D / @’ (x5 (V)9xs + x3(0)Gxs)" W (—id*) di”™.
P~ Zp

The difficulty in evaluating this expression lies in the difficulty in evaluating

(X3 (0)gxs + X3(0)Fxs)"
In fact, this turns out to be such a difficult problem that we do not solve it in general here. We do,
however, give a solution in the case where n = 2. That is, we find the Igusa Local Zeta Function assocaited
to the polynomial x5 + x3.
4.3 Zeta Function for y = o Associated to the Polynomial 3 + 3
We begin by noting that, in this case, we have

pF if e=0 (mod3)ande>0
F* ) = p 55 if e=2 (mod 3)ande>0
P (xs(v)gZ, + Xgl(v)g>2<3 +2p71) if e=1(mod3)ande>0

1 if e<0

The expression for e =1 (mod 3) and e > 0 comes about in the following way:

(X??l(v)gxz’, + X3(U)gX3)2 = (X?Tl(v)gXS)Q + (X3(U)§X3)2 + 2X??1(v)gX3X3(U)§X3
= x3(0)g5, + x5 (0)Fr, + 207,



since (x5 )2 = x3, (x3)2 = X3, and gy, Gys = p~ " [2]. We now compute F(3) :

F (i)

I
B
*
<
*
s

<

-~
N~—
U

-~
*

[

—
+
—
k!
S
[
=

> / P (i) i+ / P~ (i) dit
e=3 Jp7e(Z) e—2 Jpc(Z)
e=0(3) S20)
+ )] / (ZX)P_ T (x3(v)gZ, + x5 (0)F2, + 27 W (=) di”.
e=1 P\ Zp
e=1(3)

We next make the follwoing change of variables:

when e =0 (mod 3) when e = 2 (mod 3) when e = 2 (mod 3)
i = p—Sav it = p—(3a+2)v it = p_(3a+1)v
di* = p**dv di* = p3+2dv di* = p3etidy
and we get
F@) = 1 +Zp3ap72a/ N (_pkupf?)av) dv+zp3a+2p72a72/ N (_pkup7(3a+2)v) dv
Z;’( a=0 Z;

+Zp3a+1 _2a9>2<3/ X3 (,U)\Ij<_pkup—(3a+1)v> dv
ZX

P

+ Zp?’a“p_%gig / X3 ' (v) ¥ (—pkup_(?’““)v) dv
ZX

P

(o]
+ Zp3a+1p72a (2p71) /X

v (—pkup7(3a+1)v) dv.
a=0 Zp

We now make another change of variables:

—wv = u
dv = du
v = —uu?

to get

Fl) = 1+Zpa/ \I/(pf(i%afk)ul) du’—l—Zp“/ \I,(pf(gmrzfzc)u/) du
a=1 a=0 P
—&—pgisxg, Zp / X3 ( \I}(p—(3a+1—k)u/) du
4252, xa (u zp [ 0w (o)

(oo}
+22pa/ ( —(3a+1-k) )du
a=0 Z;;



We next get the follwoing orthogonality relations:

/ Y (p*(?’“*k)u’) du' = —p~' if a=51L
Zy 0 if a> %
1—p ! if a< %
[ (o ouwyar =3 "t i a= i
Zy 0 if a> %1
% (ul) \I/ <p7(3a+17k)ul> du/ _ ng lf a = % .
i 0 if a#%
U u u = )
o P 0 if a#k
1—p ' if a<kiL
/ o (p_(?’““‘k)u’) du' =< —p7' if a= %
Zy 0 if a>%
Hence, when k& = 0 (mod 3),
k k_q
. > a — \ a — — k _2 E_
F(i) = 14> p*(1=p )+ > p"(1—p") +p9s,x5 " () ¥ gy, + DT, X3 (W) P3Gy
a=1 a=0
k1
k
+2 Z p® (1 — pil) + 2p3 (—pil)
a=0
Bk _ _ _ K _ E
= pi+ps t=p =27 4+ g2 xg (W) psT 43 xs (u) ps T
Furthermore, when k& = 2 (mod 3),
a2 b2 B2
; ~ . -1 ~ . -1 Lo -1 ~ . -1
F(i) = 14> p"(1=p )+ > p"(1=p ) 4+p s (-pH)+2) p*(1-p")
a=1 a=0 a=0

1 —1

k-2

Lastly, when £ =1 (mod 3),

i 1 52
F (i) LY pt (1—p )+ Y p(L—p ) 4p T (—pH+2D pt (1-p)
a=1 a=0 a=0

1 —1

k=1
= 3T —p =2

Now we can compute the Igusa Local Zeta Function. We have

Zeo () = / xo(w)F (3) |1 di

P
= > F (i) |il} di
)
o k k k k
= > / (s +p5 =p T =2p7 + gl x5 (W) ST + 2 xs (w) ps Tt di
p
(3p¥ —p =2~ Htkdi + Z / (Sp% —p~ L —2p~Htkdi.
vh(Z5)

=2 JP*(25) k=1
k=2(3) k=1(3)

10



Next we make the following change of variables:

when k£ =0 (mod 3) when k£ =2 (mod 3) when k£ =1 (mod 3)
;= p3au i = p3a+2u ;= p3a+1u
di = p~3%du di = p~Bat2 gy di = p~Bath gy
This gives
Zy, (t) = Y p @ +p* —pt - 2p’1)/ du + Zp’?’“t?’“(p““gig)/ X3 (u)du
a=0 Zy a=0 Zy

+ Zp—?)at?)a (pa-&-lg;’)“) / X3 (u)du + Zp—(3a+2)t(3a+2) (3pa _ p—l _ 2p—1) / du
a=0 Zy a=0 Zy

+ Zp—(3a+1)t(3a+1)(3pa _p—l _ 2p—1) />< du.
a=0 Ly

We note that [« X3 H(u)du = Jox x3(u)du = 0 and that [,x du=1—p~*. If we put

= 1 = 1
_ —2a43a __ _ —3a43a __
Afzp t =T and B—Zp ¢ T
a=0 a=0
then we have
Zy,(t) = (1- p NA+p tA—p 'B-2p'B+3p %2 A —p3*B - 2p 3B

+3p~'tA —p 3B — 2p ?tB)
(I—p Ha=2p" +2p "t —p~*t)
(1—p~ 1)1 —p~2t3) '

4.4 Zeta Function for y = x3 Associated to the Polynomial % + 3

The calculation of F (i) was done in the previous section, so we begin with

Zo® = [ (P @]

k
3 1

_ _ — k _ k .
Pep = 2p 7 gl X (w) ps T 4 g3 xs (u) ps TR di

+ Z / . X3(U)(3p¥ —p b —2p Htkdi

+ > / Xs(uw)(3p T —p~t =2 )ikdi.

As before, we make the change of variables

when £ =0 (mod 3) when k£ =2 (mod 3) when k=1 (mod 3)
;= p3au i = p3a+2u i = p3a+1u
di = p~3%du di = p~Bat2 gy di = p~Bath gy

11



to get

ZXS (t) -

o o0
S pt 4t —pt = 2p7 ) / Xa(u)du+ Y p 23 (ptg? ) / Xs(u)xs ' (u)du
a=0 ZX Z;f

P a=0

+Y p(pt gy / Xa(w)xs(u)du + Y p~CeF2 Bt 3pr — p=t —9p1) / X3 (u)du
a=0 Z; a=0 Z;

n Zp—(3a+1)t(3a+1)(3pa _ p_l _ 2p_1) /X X3 (u)du.
a=0 E

We now note that [« ys(u)du = 0, that [« x3(u)xs(u)du = [,« x5 ' (u)du =0, and that [, xs(u)x; " (uw)du =
Jyx du=1—p~t. Therefore, we have

Zy, (t) = D p (gl )1 —p7h)
a=0

3 p—1
ngl_p—Qt?)'

4.5 Zeta Function for y = y;' Associated to the Polynomial 3 + z3

The computation for y = Xgl is similar to the computation in the previous section, substituting x5 L for
x3. Noting further that [, x5 " (u)x3 ' (v)du = [,x x3(u)du = 0, we have
P P

Zoit) = [ G @F @il

Zp

= > p et pt —pt - 2p‘1)/ X5 (u)du
ZX

a=0 P

+> prieapetigd) / X (u)xs  (u)du
a=0 ZP
o0

#op g [ G wade
a=0 ZP

+ Zp7(3a+2)t(3a+2)(3pa _ pfl - 2p71) / X;l(u)du

X
a=0 Ly

n Zp—(3a+1)t(3a+1)(3pa —p - 2p_1)/ X5 (u)du
a=0 “

oo
= Y pup g Y1 -ph)
a=0

3 p—1
ngl —p*2t3.
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