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Abstra ct. This paper provides a method for computing the Igusa local zeta
function associated to a polynomial which is degeneratewith respect to someof
the facesof its Newton polyhedron. The paper includes several examplesof the
calculation of the Igusa local zeta functions for partially degeneratepolynomi-
als. It also provides an intro duction to p-adic analysis and an intro duction to
methods usedto compute Igusa local zeta functions.

1. Intr oduction

This paper providesa method for computing the Igusa local zeta function Z(s)
associated to a polynomial which is degeneratewith respect to somefacesof its
Newton polyhedron. Several examplesare computed explicitly in two and three
dimensions.We usedthe computer programsPolygusa[5] by Kathleen Hoornaert
and Davy Loots and Zeros [10] by JoannaMiles. In addition, the paper provides
background material relating to p-adic numbers and p-adic analysis,including an
introduction to the Stationary PhaseFormula [7], a formula for computing Z(s)
not involving the Newton polyhedron. This work wasdonein 2005at the Summer
Research Institute in Mathematics at Mouth Holyoke Collegeunder the direction
of Margaret Robinson.

2. p-adic Numbers

2.1. p-adic valuation. The de¯nitions in this sectioncanalsobefound in Gouvea
[3], and Koblitz. [9]

De¯nition 2.1. Given a number a 2 Q, the p-adic absolutevalue of a, denoted
jajp, is de¯ned as

jajp =
½

p¡ ordp (a) if a 6= 0
0 if a = 0:

The quantit y ordp(a) is the highestorderof p dividing a. For example,ord5( 1
25) =

¡ 2, ord3(18) = 2, and ord7(23) = 0, so j 1
25j5 = 52 = 25, j18j3 = 3¡ 2 = 1

9, and
j23j7 = 70 = 1.

This work was supported by NSF grant #DMS-0353700.
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De¯nition 2.2. A sequencef x i g is Cauchy if 8 ² > 0, 9 N 2 N s.t. if m; n > N
then jxn ¡ xm j < ².

Two Cauchy sequencesf ang and f bng are equivalent if jai ¡ bi j ! 0 as i ! 1 .

De¯nition 2.3. The ¯eld of all p-adic numbers, Qp, is de¯ned as all equivalence
classesof p-adic Cauchy sequences.

By adding the limits of all p-adic Cauchy sequencesto Q, we form Qp, the com-
pletion of Q with respect to the p-adic absolutevalue, just asR is the completion
of Q with respect to the usual absolutevalue.

Every p-adic number has the form

p¡ ma¡ m + p¡ m+1 a¡ m+1 + : : : + a0 + pa1 + : : : + pm¡ 1am¡ 1 + pmam + : : :

for somem 2 Z, with 0 · ai · p ¡ 1. [3]

De¯nition 2.4. The ring of p-adic integers,Zp ½ Qp, is composedof all p-adic
numbersa with jajp · 1.

Every p-adic integer is of the form a0 + pa1 + : : : + pm¡ 1am¡ 1 + pmam + : : : for
somem 2 Z. [3] The units in Zp are elements in Zp with a0 6= 0 and are denoted
ZpnpZp or Z¤

p.

2.2. Metric and Topology. The existenceof the p-adic absolutevalue induces
a metric and a topology, on the ¯eld Qp. For more information on basic p-adic
integration, see[8].

De¯nition 2.5. The distanced betweentwo elements x; y 2 Qp is de¯ned as

d(x; y) = jx ¡ yjp:

Prop osition 2.6. Properties of the metric on Qp:

(1) For all x; y 2 Qp, d(x; y) ¸ 0, and d(x; y) = 0 , x = y
(2) For all x; y 2 Qp, d(x; y) = d(y; x)
(3) For all x; y; z 2 Qp, d(x; z) · d(x; y) + d(y; z)
(4) For all x; y; z 2 Qp, d(x; y) · maxf d(x; z); d(z; y)g.

The ¯rst three of theseproperties form the de¯niton of a metric, in any ¯eld. A
metric with the fourth property, called the ultrametric property, such asthe p-adic
absolutevalue, is called non-archimedian.

SinceQp has a non-archimedian absolutevalue, its topology has several inter-
esting properties.

(1) Every point contained in an open (or closed)ball in Qp is a center of that
ball.

(2) A ball in Qp is both open and closed.
(3) Any two openballs in Qp areeither disjoint or oneis contained in the other.
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The topology of Zp, a subring of Qp, for p = 5, is shown below.
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2.3. Measure on Zp. Zp is a locally compact topologicalgroup, so there existsa
unique Haar measureon Zp up to a positive real number. For more information
on the Haar measure,see[1].

Prop osition 2.7. Properties of the Haar measure m(E), E = ®+ peZp:
(1) m(E) ¸ 0, m(; ) = 0
(2) Given E1; E2; E1 \ E2 = ; , m(E1 + E2) = m(E1) + m(E2)
(3) m(¯ + E) = m(E) (tr anslation invariance)
(4) m(Zp) = 1.

Example 2.8. Given that we normalize the measureof Zp to be equal to 1, i.e.

m(Zp) =
Z

Zp

dx = 1;

we can show that

m(pZp) =
Z

pZp

dx = p¡ 1

as follows:
Since

Zp =
p¡ 1[

a=0

a + pZp;

we know that

1 =
Z

Zp

dx =
p¡ 1X

a=0

Z

a+ pZp

dx = p
Z

pZp

dx;
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so we see Z

pZp

dx = p¡ 1:

Example 2.9.

SinceZ¤
p =

p¡ 1[

a=1

a + pZp;

m(ZpnpZp) = m(Z¤
p) =

p¡ 1X

a=1

Z

a+ pZp

dx

= (p ¡ 1)
Z

pZp

dx = (p ¡ 1)p¡ 1 = 1 ¡ p¡ 1:

3. Igusa Local Zet a Function

De¯nition 3.1. The Igusa local zeta function associated to a polynomial
f (x1; : : : ; xn ) 2 Z[x1; : : : ; xn ] is de¯ned as

Z(s) =
Z

Zn
p

j f (x1; : : : ; xn ) jsp dx1 : : : dxn ;

with s 2 C, Re(s) > 0.

Remark 3.2. We usethe convention t = p¡ s throughout this paper.

3.1. Stationary Phase Form ula. J.-I. Igusa in 1975proved that all Igusa local
zeta functions are rational functions of t [6] using the fact proved by H. Hironaka
that a resolutionof singularitiesexistsfor all polynomialsover a ¯eld of character-
istic zero. [4] One method for computing the Igusa local zeta function associated
to a polynomial, the Stationary PhaseFormula, was introducedby Igusa in 1994.
[7]

Theorem 3.3. Stationary PhaseFormula:

Z (s) = (pn ¡ jN0j)p¡ n + (jN0j ¡ jSj)p¡ n t
µ

1 ¡ p¡ 1

1 ¡ p¡ 1t

¶

+
X

®2 S

Z

®+ pZn
p

j f (x1; : : : ; xn ) js dx1 : : : dxn

where N0 = f (x1; : : : ; xn ) 2 Fn
p j f (x1; : : : ; xn ) ´ 0 (mod p)g

and S = f ¹x = (x1; : : : ; xn ) 2 N0 j @f
@x i

( ¹x) ´ 0 (mod p); 1 · i · ng.
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Example 3.4. We will compute Z(s) for the polynomial f (x) = x using SPF.
The ¯rst step is to compute jN0j and jSj for f (x).

N0 = f x 2 Fp j x ´ 0 (mod p)g = f 0g

and

S = f x 2 N0 j
@f
@x

(x) ´ 0 (mod p)g = ; ;

so jN0j = 1 and jSj = 0. SincejSj = 0, i.e. @f
@x (x) 6= 0 (mod p), the third term of

SPF will equal0, so we get

Z (s) = (p ¡ 1)p¡ 1 + (1 ¡ 0)p¡ 1t
µ

1 ¡ p¡ 1

1 ¡ p¡ 1t

¶

=
(1 ¡ p¡ 1)(1 ¡ p¡ 1t) + p¡ 1t(1 ¡ p¡ 1)

1 ¡ p¡ 1t

=
(1 ¡ p¡ 1)(1 ¡ p¡ 1t + p¡ 1t)

1 ¡ p¡ 1t

=
1 ¡ p¡ 1

1 ¡ p¡ 1t
:

Prop osition 3.5. Let f be a polynomial of the form

(1) f (x1; : : : ; xn ) = l(x1; : : : ; x i ) + g(x i +1 ; : : : ; xn ) or

(2) f (x1; : : : ; xn ) = l(x1; : : : ; x i ) + peg(x1; : : : ; xn )

where l(x1; : : : ; x i ) = a1x1 + : : : ai x i ; aj 2 Z, with at least one aj 6= 0 such that
p - aj , and e 2 N. Then the Igusa local zeta function associated to f is

Z (s) =
1 ¡ p¡ 1

1 ¡ p¡ 1t
:

Proof. We will prove the proposition using SPF.
(1): Let f (x1; : : : ; xn ) = l(x1; : : : ; x i ) + g(x i +1 ; : : : ; xn ), with conditions as above.

N0 = f (x1; : : : ; xn ) 2 Fn
p j f (x1; : : : ; xn ) ´ 0 (mod p)g:

We may chooseany value for xk , k 6= j , which then ¯xes x j , so jN0j = pn¡ 1. Since
l(x1; : : : ; x i ) is linear,

@f
@x j

( ¹x) = aj ;
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which is nonzeroby assumption,so SPF givesthat

Z (s) = (pn ¡ pn¡ 1)p¡ n + (pn¡ 1 ¡ 0)p¡ n t
µ

1 ¡ p¡ 1

1 ¡ p¡ 1t

¶

=
(1 ¡ p¡ 1)(1 ¡ p¡ 1t) + p¡ 1t(1 ¡ p¡ 1)

1 ¡ p¡ 1t

=
(1 ¡ p¡ 1)(1 ¡ p¡ 1t + p¡ 1t)

1 ¡ p¡ 1t

=
1 ¡ p¡ 1

1 ¡ p¡ 1t

(2): Now let f (x1; : : : ; xn ) = l(x1; : : : ; x i ) + peg(x1; : : : ; xn ), with conditions as
above. Since g is multiplied by a power of p, g ´ 0 (mod p) for all values of
x1; : : : ; xn , sowe may chooseany valuesfor x i +1 ; : : : ; xn and only considerN0 and
S for l . Thus,

N0 = f (x1; : : : ; xn ) 2 Fn
p j l (x1; : : : ; x i ) ´ 0 (mod p)g:

We may chooseany valuesfor xk , 1 · k · i , k 6= j , which then ¯xes x j , so again
jN0j = pn¡ 1. The set of singular points S will be the empty set sincethe partial
derivativesof l with respect to x j will be aj , which is nonzero,so jSj = 0. Thus
SPF givesthe exact sameformula for Z (s) as for polynomialsof the ¯rst form, so
again

Z(s) =
1 ¡ p¡ 1

1 ¡ p¡ 1t
:

¤

Example 3.6. Considerthe polynomial f (x; y) = x3 + x + y3 and let p = 2.

N0 = f (x; y) 2 Fn
p j x3 + x + y3 ´ 0 (mod p)g = f (0; 0); (1; 0)g

and

S = f (x; y) 2 N0 j
@f
@x

(x; y) ´
@f
@y

´ 0 (mod p)g

= f (x; y) 2 N0 j 3x2 + 1 ´ 3y2 ´ 0 (mod p)g = f (1; 0)g;

so jN0j = 2 = p and jSj = 1. Thus,

Z (s) = (p2 ¡ p)p¡ 2 + (p ¡ 1)p¡ 2t
µ

1 ¡ p¡ 1

1 ¡ p¡ 1t

¶
+

Z

(1+ pZp )£ pZp

j x3 + x + y3 js dxdy

We may use the changeof variables x = 1 + px0 and y = py0, which inducesa
changein measuredxdy = p¡ 2dx0dy0, so
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Z(s) = 1¡ p¡ 1+ p¡ 2t
µ

1 ¡ p¡ 1

1 ¡ p¡ 1t

¶
+ p¡ 2

Z

Z2
p

j (1 + px0)3 + (1 + px0) + p3y03 js dx0dy0:

Recall that p = 2, so 1 ¡ p¡ 1 = p¡ 1, which gives

Z(s) = p¡ 1 +
p¡ 3t

1 ¡ p¡ 1t
+ p¡ 2

Z

Z2
p

j 1 + 3px0+ 3p2x02 + p3x03 + 1 + px0+ p3y03 js dx0dy0

=
p¡ 1 ¡ p¡ 2t + p¡ 3t

1 ¡ p¡ 1t
+ p¡ 2

Z

Z2
p

j p + p3x0+ 3p2x02 + p3x03 + p3y03 js dx0dy0:

We may pull a p out of the entire absolutevalue,giving a valueof jpjs
p = p¡ s = t

in front of the integral, so

Z(s) =
p¡ 1 ¡ p¡ 2t + p¡ 3t

1 ¡ p¡ 1t
+ p¡ 2t

Z

Z2
p

j 1 + p2x0+ 3px02 + p2x03 + p2y03 js dx0dy0:

Now the number inside the absolute value is a unit, which we know from above
hasabsolutevalue 1, so

Z(s) =
p¡ 1 ¡ p¡ 2t + p¡ 3t

1 ¡ p¡ 1t
+ p¡ 2t

=
p¡ 1 ¡ p¡ 2t + p¡ 3t + p¡ 2t ¡ p¡ 3t2

1 ¡ p¡ 1t

=
p¡ 1 + p¡ 3t ¡ p¡ 3t2

1 ¡ p¡ 1t

=
p¡ 1(1 + p¡ 2t ¡ p¡ 2t2)

1 ¡ p¡ 1t
:

3.2. Newton polyhedron. The de¯nitions in this section can also be found in
[1].

De¯nition 3.7. Let

f (x1; : : : ; xn ) =
X

! 2 Nn

a! x ! 1
1 : : : x ! n

n

be a polynomial with f (0) = 0. The support of f, denotedsupp(f ), is de¯ned as

supp(f ) = f ! 2 Nn j a! 6= 0g:

Example 3.8. Let f (x; y) = xy ¡ x5 + x2y3. f can be rewritten as f (x; y) =
x1y1 ¡ x5y0 + x2y3, so

supp(f ) = f (1; 1); (5; 0); (2; 3)g:
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Note that the coe±cients of each term do not a®ectthe point in the support, so
the support point of xy, 3xy, ¡ xy is (1; 1) in each of thesecases.

De¯nition 3.9. The Newtonpolyhedron ¡( f ) of a polynomial f (x1; : : : ; xn ), f (0; : : : ; 0) =
0 is the convex hull in (R+ )n of the set

[

! 2 supp(f )

! + (R+ )n :

Example 3.10. The Newton polygon for the polynomial above, f (x; y) = xy ¡
x5 + x2y3, is shown below.

x

y

De¯nition 3.11. A proper face ¿ of a Newton polyhedron¡( f ) is the intersection
of ¡( f ) with a supporting hyperplanethat doesnot intersect the interior of ¡( f ).
The improper faceof ¡( f ) is itself ¡( f ). A facet of ¡( f ) is a facewith dimension
equal to n ¡ 1, wheren is the dimensionof ¡( f ).

Example 3.12. The ¯gure below givesthe sameNewton polygon as above, with
the faceslabelled. In this example,the facetsof ¡( f ) are ¿1, ¿3, and ¿5.

t

t

x

y

543
2

1

t tt

¿1 = f (1; y) j y > 1g
¿2 = f (1; 1)g
¿3 = f t(1; 1) + (1 ¡ t)(5; 0) j 0 · t · 1g
¿4 = f (5; 0)g
¿5 = f (x; 0) j x > 5g

De¯nition 3.13. For a 2 (R+ )n , de¯ne

m(a) := min
x2 supp(f )

f a ¢xg

and de¯ne the ¯rst meet locus of a as

F (a) := f x 2 ¡( f ) j a ¢x = m(a)g:
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De¯nition 3.14. The cone associated to a face ¿ of ¡( f ), ¢ ¿, is de¯ned as

¢ ¿ = f a 2 (R+ )n j F (a) = ¿g:

Example 3.15. The table and ¯gure below give the supporting hyperplanesof
the facets¿ and the spanningvectorsof the cones¢ ¿ associated to each face¿ of
the Newton polygon shown above.

i ¿i (or supporting hy-
perplanefor ¿i a facet)

spanningvectorsfor ¢ ¿i

1 y > 0 f (1; 0)g
2 (1; 1) f (1; 0); (1; 4)g
3 x + 4y = 5 f (1; 4)g
4 (5; 0) f (1; 4); (0; 1)g
5 x > 0 f (0; 1)g

y

x
D

D

D
D

D

t

t

t

t

t

1

2

3

5

4

De¯nition 3.16. The polynomial f ¿(x1; : : : ; xn ) is de¯ned as

f ¿ =
X

! 2 supp(f )\ ¿

a! x ! 1
1 : : : x ! n

n :

De¯nition 3.17. A polynomial f (x1; : : : ; xn ) is nondegenerate with respect to all
faces of its Newton polyhedron if the systemof equations

½
f ¿(x1; : : : ; xn ) = f ¿( ¹x) ´ 0 (mod p)
@f ¿
@x i

( ¹x) ´ 0 (mod p)

hasno solutions in (F¤
p)n for all faces¿ of the Newton polyhedron.

Kathleen Hoornaert introduceda formula for the Igusalocal zeta function asso-
ciated with a polynomial in n variables that is nondegeneratewith respect to all
facesof its Newton polyhedron ¡( f ). [1]

Theorem 3.18. Let f (x1; : : : ; xn ) 2 Z[x1; : : : ; xn ] be a polynomial with f (0; : : : ; 0) =
0 and let f be non-degenerate with respect to all faces of its Newton polyhedron.
Then

Z(s) =
X

faces¿2 ¡( f )

L¿S¢ ¿ ;
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where the sum is over the faces ¿ of the Newton polyhedron, with

L¿ = p¡ n

µ
(p ¡ 1)n ¡ pjN¿j

µ
ps ¡ 1

ps+1 ¡ 1

¶¶
;

N¿ = f (x1; : : : ; xn ) 2 (F¤
p)n j f ¿(x1; : : : ; xn ) ´ 0 (mod p)g;

S¢ ¿ =
X

k

p¡ (¾(k )+ m(k )s) ; k 2 ¢ ¿ \ Nn ;

¾(k) =
nX

i =1

ki ;

and
m(k) = min

b2 supp(f )
f k ¢bg:

Example 3.19. Considerthe polynomial in two variables

f (x; y) = x2 + y3:

For this polynomial, we have that

supp(f ) = f (2; 0); (0; 3)g:

The Newton polygon is given by the ¯gure below.

t
5

t
1

t
2

t
3

t
4

The table below lists the supporting hyperplane to each ¿ for this polynomial,
giving the spanningvectorsof the cone¢ ¿ associated with it, f ¿, L¿, and S¿.

Information for f (x; y) = x2 + y3

¿i ¿ (hyper-
plane)

¢ ¿ (span-
ning vectors)

f ¿ L ¿ S¢ ¿

¿1 y ¸ 3 f (1; 0)g f ¿1 = y3 p¡ 2(p ¡ 1)2 1
p¡ 1

¿2 (0; 3) f (1; 0); (3; 2)g f ¿2 = y3 p¡ 2(p ¡ 1)2 (p3+ t3 )t3

(p¡ 1)(p5 ¡ t6 )

¿3 3x+ 2y = 3 f (3; 2)g f ¿3 = x2 + y3 p¡ 2((p¡ 1)2¡
(p¡ 1)(1¡ t )

p¡ t )

t6

p5 ¡ t6

¿4 (2; 0) f (3; 2); (0; 1)g f ¿4 = x2 p¡ 2(p ¡ 1)2 (p4+ p2 t2+ t4 )t2

(p¡ 1)(p5 ¡ t6 )

¿5 x ¸ 2 f (0; 1)g f ¿5 = x2 p¡ 2(p ¡ 1)2 1
p¡ 1

¿6 ¡( f ) f (0; 0)g f ¿6 = x2 + y3 p¡ 2(p ¡ 1)2 1
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Given this information, to computethe zeta function for this polynomial, using
the convention t = p¡ s, we get

Z (s) =
(p ¡ 1)(p5 ¡ p3t + p3t2 ¡ t5)

(p ¡ t)(p5 ¡ t6)
:

4. Degenera te Pol ynomials

The formula outlined above is only correct for polynomials that are nondegen-
erate with respect to all facesof their Newton polyhedra. The formula fails when
computing L¿ for facesfor which f ¿ is degenerate. The formula stated above,
L¿ = p¡ n

³
(p ¡ 1)n ¡ pjN¿j

³
ps ¡ 1

ps+1 ¡ 1

´´
assumesthat there are no singular points

in (F¤
p)n , i.e. no solutions for which any coordinate is zero (seethe de¯nition of

`nondegeneracy'stated above). If f is degenerateand there ARE singular points
in (F¤

p)n , the formula must be modi¯ed to take these points into consideration.
Thus, for f ¿ degenerate,let

L¿ = p¡ n ((p ¡ 1)n ¡ jN¿j) + (jN¿j ¡ jSj)p¡ n t
µ

1 ¡ p¡ 1

1 ¡ p¡ 1t

¶
:

Then the formula for the zeta function is

Z (s) =
X

¿nondeg.

L¿S¢ ¿

+
X

¿deg.

Ã

L¿S¢ ¿ +
X

k 2 N\ ¢ ¿

p¡ (¾(k )+ m(k )s)
X

®2 S

Z

®+ pZn
p

j f ¿ + p ~f js du1 : : : dun

!

;

wherep¡ m(k ) f = f ¿ + p ~f .

Proof. Proof of formula:
From [1],

Z (s) =
X

¿

X

k 2 ¢ ¿ \ Nn

Z

pk 1 u1£ pk 2 u2£ :::£ pk n un

j f (x1; : : : ; xn ) js dx1; : : : ; dxn :

Wealreadyknow the formula holdsfor the nondegeneratefaces.For the degenerate
faces,we want to compute

I ¿ =
X

k 2 ¢ ¿ \ Nn

Z

pk 1 u1£ pk 2 u2£ :::£ pk n un

j f (x1; : : : ; xn ) js dx1 : : : dxn :

First we will changethe variables,using x i = pk i ui , dx = p¡ k i dui , so we get

I ¿ =
X

k 2 ¢ ¿ \ Nn

p¡ ¾(k )
Z

(Z¤
p )n

j f (pk1 u1; : : : ; pkn un ) js du1 : : : dun :
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By de¯nition, the maximum number of p's that we will be able to pull out from f
will be m(k), so we get

I ¿ =
X

k

p¡ (¾(k )+ m(k )s)
Z

(Z¤
p )n

j f ¿ + p ~f js du1 : : : dun :

We can now apply SPF to the integral, which givesus

I ¿ =
X

k

p¡ (¾(k )+ m(k )s)

µ
p¡ n ((p ¡ 1)n ¡ jN¿j) + (jN¿j ¡ jS¿j)p¡ n t

µ
1 ¡ p¡ 1

1 ¡ p¡ 1t

¶ ¶

+
X

k

p¡ (¾(k )+ m(k )s)

Ã
X

®2 S

Z

®+( pZ¤
p )n

j f ¿ + ~f js du

!

:

Using our notation above, I ¿ can be rewritten as

I ¿ = L¿S¢ ¿ +
X

k

p¡ (¾(k )+ m(k )s)
X

®2 S

Z

®+( pZ¤
p )n

j f ¿ + p ~f js du1 : : : dun

for ¿ a degeneratefaceof the Newton polyhedron. ¤

Example 4.1. Considerthe polynomial f (x; y) = x3 + x + y3. Its Newton polygon
is shown below.

t

t

t t

1

2

3

5

t

4

The polynomial is degeneratewith respect to ¡( f ) only for p = 2, so I will
compute it in that case. For the nondegeneratefaces,we can simply apply the
original formula, which givesthe following table.
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Information for f (x; y) = x3 + x + y3

i ¿ (hyper-
plane)

¢ ¿i (span-
ning vectors)

f ¿i L ¿ S¢ ¿

1 y > 0 f (1; 0)g y3 p¡ 2(p ¡ 1)2 1
p¡ 1

2 (0; 3) f (1; 0); (3; 1)g y3 p¡ 2(p ¡ 1)2 1
p¡ 1

3 3x + y = 3 f (3; 1)g x + y3 p¡ 2(p ¡ 1)2 ¡
(p¡ 1 (p¡ 1)(ps ¡ 1)

ps+1 ¡ 1

1
p¡ 1

4 (1; 0) f (3; 1); (0; 1)g x p¡ 2(p ¡ 1)2 1+ p2 t ¡ 1+ p3 t ¡ 2

(p4 t ¡ 3 ¡ 1)(p¡ 1)

5 x > 0 f (0; 1)g x + x3 degenerate 1
6 ¡( f ) f (0; 0)g x3 + x + y3 p¡ 2(p ¡ 1)2 1

The only I ¿ which we have not computed is the oneassociated with ¿5, for which
f ¿5 = x + x3 is degenerate.(Note that the point (1; 1) satis¯es both this equation
and its derivativesmodulo 2.) We will calculate I ¿5 both from the de¯niton and
from the formula above.

From the de¯nition:
We want to calculate

I ¿5 =
X

k

Z

pk 1 u1£ pk 2 u2

j x3 + x + y3 js dxdy;

where¢ ¿5 = f ¸ (0; 1) j ¸ > 0g, so k = (0; ¸ ) for ¸ > 0, ¸ 2 N.

I ¿5 =
1X

¸ =1

Z

u1£ p¸ u2

j x3 + x + y3 js dxdy

=
1X

¸ =1

p¡ ¸
Z

(Zp npZp )2
j u3

1 + u1 + p3¸ u3
2 js du1du2

=
1X

¸ =1

p¡ ¸ p¡ 2
Z

Z2
p

j (1 + px0)3 + (1 + px0) + p3¸ (1 + py0)3 js dx0dy0

=
1X

¸ =1

p¡ ¸ p¡ 2
Z

Z2
p

j 1 + 3px0+ 3p2x02 + p3x03 + 1 + px0+ p3¸ (1 + py0)3 js dx0dy0

=
1X

¸ =1

p¡ ¸ p¡ 2
Z

Z2
p

j p + p3x0+ 3p2x02 + p3x03 + p3¸ (1 + py0)3 js dx0dy0

=
1X

¸ =1

p¡ ¸ p¡ 2t
Z

Z2
p

j 1 + p2(px0+ 3x02 + px03 + p3¸ ¡ 2(1 + py0)3) js dx0dy0
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I ¿5 =
1X

¸ =1

p¡ ¸ p¡ 2t

= p¡ 2t
µ

p¡ 1

1 ¡ p¡ 1

¶

= p¡ 2t:

From the formula above:

I ¿5 = L¿5 S¢ ¿5
+

X

k

p¡ (¾(k )+ m(k )s)
Z

s+( pZ¤
p )2

j f ¿ + p ~f js du1du2:

We know that k = (0; ¸ ), so ¾(k) = ¸ and

m(k) = min
b2 supp(f )

f k ¢bg = (0; ¸ ) ¢(1; 0) = 0:

To ¯nd L¿5 , we must ¯rst ¯nd

jN¿5 j = jf (x; y) 2 (F¤
p)n j x3 + x + y3 ´ 0 (mod 2)gj = jf (0; 0); (1; 0)gj

= 2 = p

and

jS¿5 j = jf (x; y) 2 N¿5 j f x ´ f y ´ 0 (mod 2)gj = jf (1; 0)gj = 1:

Thus,

L¿5 = (p2 ¡ p)p¡ 2 + (p ¡ 1)p¡ 2t
µ

1 ¡ p¡ 1

1 ¡ p¡ 1t

¶

= 1 ¡ p¡ 1 + p¡ 2t
µ

p¡ 1

1 ¡ p¡ 1t

¶

=
p¡ 1(1 ¡ p¡ 1t) + p¡ 3t

1 ¡ p¡ 1t

=
p¡ 1 ¡ p¡ 2t + p¡ 3t

1 ¡ p¡ 1t
:

Finally, we needto calculate
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I =
X

k

p¡ (¾(k )+ m(k )s)
X

®2 S

Z

®+( pZ¤
p )2

j f ¿ + p ~f js du1du2

=
1X

¸ =1

p¡ ¸
Z

(1+ pZp )£ pZp

j u3
1 + u1 + p3¸ u2 js du1du2

=
1X

¸ =1

p¡ ¸ p¡ 2
Z

Z2
p

j 1 + 3px + 3p2x2 + p3x3 + 1 + px + p3¸ p3y3 js dxdy

=
1X

¸ =1

p¡ ¸ p¡ 2
Z

Z2
p

j p + p3x + 3p2x2 + p3x3 + p3¸ p3y3 js dxdy

=
1X

¸ =1

p¡ ¸ p¡ 2t
Z

Z2
p

j 1 + p2(px + 3x2 + px3 + p3¸ +1 y3 js dxdy

=
1X

¸ =1

p¡ ¸ p¡ 2t

= p¡ 2t
µ

p¡ 1

1 ¡ p¡ 1

¶

= p¡ 2t:

By summing the components from all the faces,we get that

Z (s) =
p¡ 1 + p¡ 3t ¡ p¡ 3t2

1 ¡ p¡ 1t

wherewe are assuminghere that p = 2.

Example 4.2. The polynomial f (x; y; z) = (x ¡ y)2 + z is degeneratewith respect
to two facesof its Newton polyhedron. Becausef can be written as f (x; y; z) =
g(x; y) + z, where g(x; y) = (x ¡ y)2, from Prop osition 3.5 we know that the
Igusa local zeta function associated to f is

Z (s) =
1 ¡ p¡ 1

1 ¡ p¡ 1t
:

Two di®erent viewsof its Newton polyhedronareshown below. Theseimageswere
createdusing the computer program Polygusa[5] and cdd. [2]
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The polyhedron has 4 facetsand 14 faces. The supporting hyperplanes,along
with the spanningvectorsof the conesassociated to each face,f ¿, L¿, and S¿ are
listed in the table below.
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i ¿i (hyperplane) ¢ ¿i (spanningvectors) f ¿i L ¿i S¢ ¿i

1 y > 0; z > 0 (1; 0; 0) y2 + z p¡ 3(p ¡ 1)3 ¡
p¡ 3 (1¡ t )
1¡ p¡ 1 t

p¡ 1

1¡ p¡ 1

2 x > 0; z > 0 (0; 1; 0) x2 + z p¡ 3(p ¡ 1)3 ¡
p¡ 3 (1¡ t )
1¡ p¡ 1 t

p¡ 1

1¡ p¡ 1

3 x > 0; y > 0 (0; 0; 1) (x ¡ y)2 degenerate p¡ 1

1¡ p¡ 1

4 x + y + 2z ¸ 2 (1; 1; 2) (x ¡ y)2 + z p¡ 3(p ¡ 1)3 ¡
p¡ 3 (p¡ 1)2 (1¡ t )

1¡ p¡ 1 t

p¡ 4 t2

1¡ p¡ 4 t2

5 y > 0 (1; 0; 0); (0; 0; 1) y2 p¡ 3(p ¡ 1)3 2p¡ 1

1¡ p¡ 1

6 z > 0 (1; 0; 0); (0; 1; 0) z p¡ 3(p ¡ 1)3 2p¡ 1

1¡ p¡ 1

7 x > 0 (0; 1; 0); (0; 0; 1) x2 p¡ 3(p ¡ 1)3 2p¡ 1

1¡ p¡ 1

8 x + y = 1 (0; 0; 1); (1; 1; 2) (x ¡ y)2 degenerate p¡ 1 (1+ p¡ 3 t2 ¡ 2p¡ 4 t2 )
(1¡ p¡ 1 )(1 ¡ p¡ 4 t2 )

9 y + 2z = 2 (1; 0; 0); (1; 1; 2) y2 + z p¡ 3(p ¡ 1)3 ¡
p¡ 3 (p¡ 1)2 (1¡ t )

1¡ p¡ 1 t

p¡ 1 (1+ p¡ 3 t2 ¡ 2p¡ 4 t2 )
(1¡ p¡ 1 )(1 ¡ p¡ 4 t2 )

10 x + 2z = 2 (0; 1; 0); (1; 1; 2) x2 + z p¡ 3(p ¡ 1)3 ¡
p¡ 3 (p¡ 1)2 (1¡ t )

1¡ p¡ 1 t

p¡ 1 (1+ p¡ 3 t2 ¡ 2p¡ 4 t2 )
(1¡ p¡ 1 )(1 ¡ p¡ 4 t2 )

11 (0; 2; 0) (1; 0; 0); (0; 0; 1); (1; 1; 2) y2 p¡ 3(p ¡ 1)3 p¡ 1 (2+ p¡ 3 t2 ¡ 3p¡ 4 t2 )
(1¡ p¡ 1 )(1 ¡ p¡ 4 t2 )

12 (0; 0; 1) (1; 0; 0); (0; 1; 0); (1; 1; 2) z p¡ 3(p ¡ 1)3 p¡ 1 (2+ p¡ 3 t2 ¡ 3p¡ 4 t2 )
(1¡ p¡ 1 )(1 ¡ p¡ 4 t2 )

13 (2; 0; 0) (0; 1; 0); (0; 0; 1); (1; 1; 2) x2 p¡ 3(p ¡ 1)3 p¡ 1 (2+ p¡ 3 t2 ¡ 3p¡ 4 t2 )
(1¡ p¡ 1 )(1 ¡ p¡ 4 t2 )

14 ¡( f ) (0; 0; 0) (x ¡ y)2 + z p¡ 3(p ¡ 1)3 ¡
p¡ 3 (p¡ 1)2 (1¡ t )

1¡ p¡ 1 t

1

Using the formula given earlier, we can compute I ¿ for the two degeneratefaces
of f .
¿8:
The cone ¢ ¿8 = f ¸ 1(0; 0; 1) + ¸ 2(1; 1; 2) j ¸ > 0g, so k = (¸ 2; ¸ 2; ¸ 1 + 2¸ 2),
¾(k) = ¸ 1 + 4¸ 2, and m(k) = 2¸ 2. Thus,

f ¿(u1; u2; u3) + p ~f (u1; u2; u3)

= (u1 ¡ u2)2 + p¸ 1 u3:

jN¿j = jS¿j = (p ¡ 1)2, sincewe may chooseany value for u1 and u3 between1
and p ¡ 1, while u2 must equalu1. Note that S¿ = f (u1; u1; u3)g.

L¿8 = ((p ¡ 1)3 ¡ (p ¡ 1)2)p¡ 3:
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The last thing to compute is the sum over the coneof the integral of the singular
points:

I =
X

¸ 1

X

¸ 2

p¡ ¸ 1 ¡ 4¸ 2
X

(u1 ;u1 ;u3 )

Z

(u1 ;u1 ;u3 )+( pZ¤
p )n

j (u1 ¡ u2)s + p¸ 1 u3 js du1du2du3

=
X

¸ 1

X

¸ 2

p¡ ¸ 1 ¡ 4¸ 2 (p ¡ 1)
X

(u1 ;u2 ;u3 )

Z

(u1 ;u1 ;u3 )+( pZ¤
p )n

j p¸ 1 u3 js du1du2du3

=
X

¸ 1

X

¸ 2

p¡ ¸ 1 ¡ 4¸ 2 t ¸ 1 (p ¡ 1)(1 ¡ p¡ 1)
µ

1 ¡ p¡ 1

1 ¡ p¡ 1t

¶
:

So

I ¿8 = ((p ¡ 1)3 ¡ (p ¡ 1)2)p¡ 3

µ
p¡ 5t2

(1 ¡ p¡ 1)(1 ¡ p¡ 4t2)

¶

+( p ¡ 1)
µ

(1 ¡ p¡ 1)3

1 ¡ p¡ 1t

¶ µ
p¡ 5t2

(1 ¡ p¡ 1)(1 ¡ p¡ 4t2)

¶
:

We may follow the sameprocedurefor ¿3, the other degenerateface,which gives

I ¿3 = ((p ¡ 1)3 ¡ (p ¡ 1)2)p¡ 3

µ
p¡ 1

1 ¡ p¡ 1

¶
+ (p ¡ 1)

µ
(1 ¡ p¡ 1)3

1 ¡ p¡ 1t

¶ µ
p¡ 1t

1 ¡ p¡ 1t

¶
:

By summing I ¿ for all ¿, we get

Z (s) =
1 ¡ p¡ 1

1 ¡ p¡ 1t
:

5. conclusion

For further research, it would be interesting to study classesof polynomials for
which wecandeterminemoreabout the singular integral in the Newtonpolyhedron
method for the facesfor which the polynomial is degenerate.Becausethe integral
may depend on the cone, we have not been able to generalizeit further, but it
may be possiblefor certain classesof polynomials. It would also be interesting
to considerclassesof polynomials,both degenerateand non-degenerate,that have
the same associated Igusa local zeta function and to study what makes some
polynomials degenerateas opposed to others. An example of a class of these
polynomials would be the polynomials with linear terms described in this paper,
which all have the samezeta function, regardlessof whether or not the polynomial
is degeneratewith respect to its Newton polyhedron.
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