COMPUTING IGUSA LOCAL ZETA FUNCTIONS USING A
NEWTON POLYHEDR ON METHOD FOR DEGENERA TE
POL YNOMIALS

ADRIENNE RAU

Abstra ct. This paper provides a method for computing the Igusa local zeta
function assaiated to a polynomial which is degeneratewith respect to someof
the facesof its Newton polyhedron. The paper includes seeral examplesof the
calculation of the Igusa local zeta functions for partially degeneratepolynomi-
als. It also provides an introduction to p-adic analysis and an intro duction to
methods usedto compute Igusa local zeta functions.

1. Intr oduction

This paper providesa method for computing the Igusalocal zeta function Z(s)
assaiated to a polynomial which is degeneratewith respect to somefacesof its
Newton polyhedron. Seweral examplesare computed explicitly in two and three
dimensions.We usedthe computer programsPolygusa[5] by Kathleen Hoornaert
and Davy Loots and Zeros [1( by JoannaMiles. In addition, the paper provides
badkground material relating to p-adic numbers and p-adic analysis,including an
introduction to the Stationary PhaseFormula [7], a formula for computing Z(s)
not involving the Newton polyhedron. This work wasdonein 2005at the Summer
Researb Institute in Mathematics at Mouth Holyoke Collegeunder the direction
of Margaret Robinson.

2. p-adic Numbers

2.1. p-adic valuation. The de nitions in this sectioncanalsobefoundin Gouvea
[3], and Koblitz. [9]

De nition 2.1. Givena number a 2 Q, the p-adic absolutevalue of a, denoted
jaip, is de ned as 1
. poh@ jfa6 0
= 0 if a= O

The quartit y ord,(a) isthe highestorder of p dividing a. Forexample,ords(%) =
i 2, 0rds(18) = 2, and ord;(23) = 0, sojjs = 5% = 25,185 = 32 = ¢, and
1237 = 70 = 1.

This work was supported by NSF grant #DMS-0353700.
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De nition  2.2. A sequencd x;g is Cauchyif 82> 0,9N 2 Ns.t. if m;n> N
then jX, i Xmj < 2.

Two Caudy sequences$a,g and fly,g areequivalert if ja; j bhj! Oasi! 1.

De nition  2.3. The eld of all p-adic numbers, Q,, is de ned asall equivalence
classeof p-adic Caudy sequences.

By adding the limits of all p-adic Caudy sequences$o Q, we form Q,, the com-
pletion of Q with respect to the p-adic absolutevalue, just asR is the completion
of Q with respect to the usual absolutevalue.

Every p-adic number hasthe form

Pimaym+ P " a me it agt pagt it P ey o+ plan + i
forsomem 2 Z, with 0- & - pj 1.[3]

De nition  2.4. The ring of p-adic integers,Z, ¥2 Q,, is composedof all p-adic
numbersa with jaj, - 1.

Every p-adic integer is of the form ag + pay + :::+ pMitay,, 1 + pTa, + ::: for
somem 2 Z. [3] The units in Z, are elemers in Z, with a; 6 0 and are denoted
ZpnpZ, or Zg.

2.2. Metric and Topology. The existenceof the p-adic absolute value induces
a metric and a topology, on the eld Q,. For more information on basic p-adic
integration, see[8].

De nition  2.5. The distanced betweentwo elemetts x;y 2 Q, is de ned as
dix;y) = jxi Yip:
Prop osition 2.6. Properties of the metric on Qy:
(1) For all x;y 2 Qp, d(x;y), 0, andd(x;y)=0, x=y
(2) For all x;y 2 Qp, d(x;y) = d(y;x)

(3) For all x;y;z 2 Qp, d(x;z) - d(x;y)+ d(y;z)
(4) For all x;y;z 2 Qp, d(x;y) - maxfd(x; z);d(z;y)g.

The rst three of theseproperties form the de niton of a metric, in any eld. A
metric with the fourth property, calledthe ultrametric property, sud asthe p-adic
absolutevalue, is called non-archimeadian.

Since Q, has a non-arcdimedian absolute value, its topology has se\eral inter-
esting properties.

(1) Every point cortained in an open (or closed)ball in Q, is a certer of that
ball.

(2) A ball in Q, is both open and closed.

(3) Any two openballsin Q, are either disjoint or oneis cortained in the other.
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The topology of Z,, a subring of Q,, for p= 5, is shavn below.

2+pZ,

I+pz,

4+pZ,

2.3. Measure on Z,. Z, is alocally compacttopologicalgroup, sothere existsa
unique Haar measureon Z, up to a positive real number. For more information
on the Haar measure see[1].

Prop osition 2.7. Properties of the Haar measure m(E), E = ®+ p®Z:
(1) m(E), 0,m(;)=0
(2) GivenEy;Ez; E1\ Ex=;, m(EL+ E2) = m(E1) + m(E»)
(3) m( + E) = m(E) (translation invariance)
(4) m(Zp) = 1.

Example 2.8. Giventhat we normaliz%the measureof Z, to be equalto 1, i.e.

m(Zp) = dx = 1;
Zp
we can shawv that 7
m(pZ,) = dx=p' !
pPZp
asfollows:
Since
il
Zy= a+ pZp;
a=0
we know that 7 - 7 7
1= dx = dx=1p dx;
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sowe see 7
dx = p' &
pZp
Example 2.9.
il
SinceZ; = a+ pZy;
a=1
X 1 Z
m(ZpnpZ,) = m(Z;) = dx
a=1 @t %ZP
=(pi 1) dx=(pi P t=1ipn
PZp

3. lgusa Local Zeta Function

De nition 3.1. The Igusalocal zetafunction assaiated to a polynomial

Zp

with s 2 C, Re(s) > 0.
Remark 3.2. We usethe cornvertion t = pi ® throughout this paper.

3.1. Stationary Phase Formula. J.-l. Igusain 1975proved that all Igusalocal
zetafunctions are rational functions of t [6] using the fact proved by H. Hironaka
that aresolution of singularities existsfor all polynomialsover a eld of character-
istic zero. [4] One method for computing the Igusalocal zeta function assaiated
to a polynomial, the Stationary PhaseFormula, wasintroducedby Igusain 1994.

[7]

Theorem 3.3. Stationary PhaseFormula:

: : Ll1i pilﬂ
Z(s)= (P"i iNol)p" "+ (iNoj i jSPP' "t =2
i prt
X Z
+ J (X xn) )% dxg sodx,
@2s ®pZp

andS = fX = (x3;::5;%a) 2 Noj &-(%X)© 0 (mod p); 1- i- ng.
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Example 3.4. We will compute Z(s) for the polynomial f (x) = x using SPF.
The rst stepis to computejNoj and jSj for f (x).

No=fx2F,jx" 0 (modp)g= fOg
and

S=1fx2 Noj%(X)' 0 (mod p)g=;;

s0jNgj = 1 and jSj = 0. SincejSj = 0, i.e. %(x) 6 0 (mod p), the third term of
SPF will equal0, sowe get

M1 pr?
— . il . il
Z(s)=(pi Dp' "+ (1 O)p 't 1 pit

_ @i phHai piy+p i prY

1j piit
_ @i phHAi pitt+pt)
1l pilt
_1lipt,
1 pit

Prop osition 3.5. Letf be a polynomial of the form

p-a, ande2 N. Then the Igusalocal zetafunction asseiated to f is

1i pit,

Z(s) = 1 pit

Proof. We will prove the proposition using SPF.

@ .
@J(*)— a,
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which is nonzeroby assumption,so SPF givesthat q
H .
e . . 1i pit
Z = n . ni 1 in + ni 1. i nt |
(9= @1 PP+ (0Pt

_ @i phHAi pi+piitdi pth

1l pilt
_ @i phHai pit+pty
1i pilt
_1ipt
C1j p it

X1, Xn, SOWe may chooseany valuesfor Xi.1;:::;X, and only considerNg and
S for |. Thus,

No = f(Xg;:::;Xpn) 2 FBj [(Xq;:::;%) " 0 (mod p)g:
We may chooseany valuesfor xx, 1- k- i, k 6 j, which then xes x;, soagain

jNoj = p"i 1. The set of singular points S will be the empty set sincethe partial

derivativesof | with respect to x; will be a;, which is nonzero,sojSj = 0. Thus

SPF givesthe exact sameformula for Z(s) asfor polynomials of the rst form, so

again

1i pt

Z(S) = ———:
(s) 1i pilt

Example 3.6. Considerthe polynomial f (x;y) = x3+ x+ y® andlet p= 2.
No=f(x;y) 2 Fpjx*+x+y®" 0 (modp)g= f(0;0);(1;0)g

and

s=f(x;y)2Noj%(x;y)' % 0 (mod p)g

=f(x;y) 2 Nogj3x?+ 1" 3y?>" 0 (mod p)g= f(1;0)g;

SOjNgj = 2= pandjSj = 1. Thus,

. K 1j pit
Z(s)= (Pi PP+ (pi WPt o
i P A+ pZp)E pZp

T z

i x3+ x+ y3j° dxdy

We may usethe changeof variablesx = 1+ px°andy = py® which inducesa
changein measuredxdy = p' 2dxdy®, so
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Z(s)=1i pt+p % %#g%; +p 2 @+ px)PH (L pxX) + py® J° dxUy”
i P 3
Recallthat p= 2,s01j p''= p !, which gives
i 3t 4
Z(s)=p L+ : .p ok +p 2 1+ 3px°+ 3pX%+ pxB+ 1+ pxO+ ply® j° dxy°
i P 72
Pl PP, L
= 1 p m + pi 2 J p+ p3X0+ 3p2x('2 + p3XCB + pSy(B js dXOdyO.
| I 72

p

We may pull a p out of the ertire absolutevalue, giving a value of jpjg = p' ® =t
in front of the integral, so

il. i 2 i3
: |ﬂ)$;p Lep 1 g0+ 3p@ e X+ Y dxty?
Z

Z(s) =

Now the number inside the absolute value is a unit, which we know from above
has absolutevalue 1, so

pPli pit+ pct

1 pilt
Plioplit+pitt+ pllty pitt?

1 pilt

pit+ptti pit?

1 pilt
P+ p it ptd),

1i plt '

3.2. Newton polyhedron. The de nitions in this sectioncan also be found in
[1].
De nition 3.7. Let

Z(s)

+p %t

12N
be a polynomial with f (0) = 0. The supprt of f, denotedsupp(f ), is de ned as
supp(f)=f! 2N"ja 6 0Og:
Example 3.8. Let f(x;y) = xy i x®+ x?y%. f can be rewritten asf (x;y) =
xyl | x5y0 + x2y3, so
supp(f) = £(1;1); (5;0); (2; 3)g:
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Note that the coexcients of ead term do not a®ectthe point in the support, so
the support point of xy, 3xy, i xy is (1;1) in ead of thesecases.

De nition  3.9. The Newtonpolyhedron j( f) of apolynomial f (x1;:::;Xn), f(0;:::;0) =
0 is the corvex hull in (R™)" of the set
I+ (R)™:
I 2supp(f)

Example 3.10. The Newton polygon for the polynomial above, f (X;y) = Xy i
x% + x2y3, is shawvn below.

'\-

De nition  3.11. A proper face ¢, of a Newton polyhedroni( f) is the intersection
of j( f) with a supporting hyperplanethat doesnot intersectthe interior of j( f ).
The improper faceof j( f) isitself j( f). A facet of j( ) is a facewith dimension
equalto nj 1, wheren is the dimensionof j( f).

X

Example 3.12. The gure belowv givesthe sameNewton polygon as above, with
the faceslabelled. In this example,the facetsof j( f) are ¢, ¢z, and ¢s.

y

t a=fLyjy>1g

: & =1(1,1)g
a=ft@;D)+ @ t)5;0j0- t- 1g
&= 1(5,0)g

. = T(x;0)jx> 5g

t

2t3

'\ﬁ“ t, )

De nition 3.13. Fora2 (R*)", de ne

m(a) := min fadxg
x2supp(f)

and de ne the rst meet locus of a as

F(@:=fx2ij(f)jatx=m(a)g
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De nition  3.14. The cone asseiated to a face ¢, of j(f), ¢ ,, isde ned as
¢,=fa2 (R")"jF(a) = ¢
Example 3.15. The table and gure below give the supporting hyperplanesof

the facets¢, and the spanningvectorsof the conest ;, assaiated to eat face, of
the Newton polygon shovn above.

I | ¢i (or supporting hy- | spanningvectorsfor ¢
perplanefor ¢; afacet)

1[y>0 f(1,0)g

2 (1;1) f(1;0); (1;4)9
3[x+4y=5 f(1;4)9

4] (5;0) f(1;4);(0;1)g

5/x>0 f(0; 1)g

y D

|
fe¢= a Xytiiixg
1 2supp(f)\ ¢

gc(x)” 0 (mod p)
has no solutionsin (Fp)" for all facesg, of the Newton polyhedron.

Kathleen Hoornaert introduceda formula for the Igusalocal zeta function asso-
ciated with a polynomial in n variablesthat is nondegeneratewith respect to all
facesof its Newton polyhedroni( f). [1]

0 and let f be non-degeneante with respect to all faces of its Newton polyhedron.
Then X
Z(s) = L:Se,;
faces¢2i(f)
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where the sumis over the fao&s ¢, of the Newton polyhedro

and

L, =
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c= P (pi

S¢.:

<

D" i piN,J

pi (¥k)+ m(k)S); k2¢ ¢\ N";

k
X
k)= ki
i=1
m(k) = bzgmg(f)fk ¢hg:

Example 3.19. Considerthe polynomial in two variables

Fxy) = x*+y%

For this polynomial, we have that
supp(f ) = f(2;0); (0; 3)g:

The Newton polygonis given by the gure below.

The table below lists the supporting hyperplaneto ead ¢ for this polynomial,

t

t
4 5

n, with
pPi 1 ‘ﬂ‘ﬂ .
ptti 1
;Xn) ~ 0 (mod p)g;

giving the spanningvectorsof the cone¢ , asseiated with it, f,, L,, and S,.

Information for f (x;y) = x? + y3
¢ | ¢ (hyper-| ¢, (span-|f, L. Se
plane) ning vectors)

aly. 3 f(1;0)g fu=V° pPepi 17 |51

é | (0;3) f(1;0);(3;2)g] f, = 2 p2pi 1)? | s
éa | 3x+2y=3[1(3;2)g foo = X2+ Y3 | p 2(pi 1P |5

(pi ;?(%i t))

u | (2:0) (32,019 fu=x2  |pZpi 17 |EELtr
&%, 2 f(0;1)g = X P epi 17 |53

& |i(f) f(0;0)g fo =X+ Yy [P %(pi 1)* |1
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Given this information, to computethe zetafunction for this polynomial, using
the corvertion t = pi S, we get
(pi D(P°i pt+ p’t?i t°),
(Pi t)(p°i t°) '

Z(s) =

4. Degenera te Pol ynomials

The formula outlined above is only correct for polynomials that are nondegen-
erate with respect to all facesof their Newton polyhedra. The formula fails when
computing L, for facesfor avhich f-, is degenerate. The formula stated above,

L,=p " (pi 1)"i piN,] p§+|11 assumeghat there are no singular points
in (Fp)", i.e. no solutions for which any coordinate is zero (seethe de nition of
"nondegeneracystated above). If f is degenerateand there ARE singular points
in (F7)", the formula must be modi ed to take these points into consideration.

Thus, for f, degenerate]et

_ H 1i p't f
L,=p "((Pi D" i iN.)+ (N;ji jSjp'"t 1 ol -
i pitt
Then the formula for the zeta function |)%
Z(s) = L¢S¢¢
¢ nondeg.
A !
X X x £
+ L,Se, + pi A+ ml)s) jfo+pfmj®dug:iidu,
¢ deg. K2N\ ¢ , @2s ®rpZp
wherep "Wf = f, + pf
Proof. Proof of formula:
From [1],
X x £
Z(s) = JE (e xn) Jdxy; o dxg:

¢ k26 ,\ N pkLui£ pk2usf £ pknuy

We alreadyknow the formula holdsfor the nondegeneratdaces.For the degenerate
faces,we want to compute
X - .
|, = JE(Xe; i xn) J2 dxy o dXxp:
k2¢ ,\ N pKLui£ pX2usf £ pknuy

First we will changethe variat%es,using Xi = pfiu;, dx = p' Xidu;, sowe get

|, = pl k) i f(E%ug i pun) S dug s dun:
k2¢ ,\ N ("
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By de nition, the maximum number of p's that we will be ableto pull out from f
will be m(k), sowe get

X Z
|d — pl (¥{k)+ m(k)s)

K (Zp)"

jf.+ pfTj°dug:::dup:

We can now apply SPF to the integral, which givesus

X H H 1j pl 19
I = pt CATmI99 pin((pi 1) jNL) + (N i jS.)p "t 1] p &t
k
A !
X x £
+ p; (¥k)+ m(k)s) J fg, + f~js du
k @s ®(pzZp)"
Using our notation above, | ; can be rewritten as
_ X x £
l,=L,Se, +  p (M9 jf,+ pfj°duy:::du,
k ezs ©+(pZp)"
for ¢ a degenerateface of the Newton polyhedron. o

Example 4.1. Considerthe polynomial f (x;y) = x3+ x+ y3. Its Newton polygon
is shovn below.

The polynomial is degeneratewith respect to j(f) only for p = 2, sol will
compute it in that case. For the nondegeneratefaces,we can simply apply the
original formula, which givesthe following table.
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Information for f (x;y) = x3+ x + y°

i | ¢ (hyper-| ¢, (span-|f, L, Se,
plane) ning vectors)
1ly>0 f(1,0)g y® p i(pi 1) 51
2[(0;3) f(1,0);(3; 1)g|y° p2(pi 1) e
3[3x+y=3f(31)g X+ y° P2 i 170 |53
(P 1(p|21+11?(251 1)

4] (1;0) f(3;1);(0; )g| x P A(pi 1) e
5/x>0 f(0; 1)g X+ x3 degenerate 1
6]i(f) f(0; 0)g x*+ x+y°[p3(pi 1) 1

The only I, which we have not computedis the one asseiated with ¢s, for which
f, = x+ x3 is degenerate.(Note that the point (1;1) satis esboth this equation
and its derivativesmodulo 2.) We will calculate |, both from the de niton and
from the formula above.

From the de nition:
We want to calculate

x Z
I, = i x3+ x + y3j° dxdy;
Kk PLuifpkeu;

where¢ ., = f, (0;1)j, > Og, sok = (0;,) for, > 0,, 2 N.

¥ Z
|, = jx3+ x+ y3j dxdy

=1 uif£ P U2
X Z

= p jui+ ur+ p>u3j° dudu
=1 (ZpnpZp)?
x oo

= pep? @+ O+ L+ px)+ Pt L+ py)® i dxy’
v oz

= pop? 1+ 3px%+ 3p°x®+ pX®+ 1+ pxO+ p> (1+ py)* ° dxy’
oz

= pop? jp+ pxO+ 3%+ px®+ p> (L + py?)® j° dxy’
v 7

= PPt L pP(ex%+ X px® % AL py)?) J° Xy

=1 Zp
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x o
|<_5 - pi - pl 2t

.=l H o ﬂ

- pi Zt p
1i pit
= p 4
From the formula alove:
X Z
s = LsSe s T pi (k) mek)s) j fo+ pfTj° duyduy:
K s+( pZg)?

We know that k = (0;, ), so¥%k) =, and

m(k) = min fk ¢bg= (0;,) ¢(1;0) = O:
b2 supp(f)

Tond L,,, we must st nd

iNgj = f(y) 2 (F)" i x*+ x+y*” 0 (mod 2)gj = jf (0;0); (L; 0)gj

:2:p
and
jSii = if(xY) 2Ny jfx” fy” 0 (mod 2)gj = jf (1;0)gj = 1:
Thus,
M T
— . . 1; p't
L= (P*i pp 2+ (pi 1)p't 1i' glt
Hoga T
—_ . il i 2
slipeept 1i plt
P ML pit)+ pitt
B 1i plt
_ptiopitt+ptt
o Lliplt

Finally, we needto calculate
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4
i (K)+ m(k)s) j .+ pfTj° dugdu,
K @es ®H(PZp)?
X Z
-1 (1+ pZp)E pZp

= pp? j1+ 3px+ 3pA2+ pix3+ 1+ px+ p> pdy? j° dxdy
x .z
P2 jp+ P+ 3D+ P+ P p%y? o dxdy
=1 ZZF%
= pepft jl+pi(px+ P+ pxd4 pt
2

=1 z

y? j° dxdy

|
a.

p' 2t:

By summingthe componerts from all the faces,we get that

P+ ptti pit?

Z(S): 1i pi 1t

wherewe are assumingherethat p = 2.

Example 4.2. The polynomial f (x;y;z) = (xj y)?+ z is degeneratewith respect
to two facesof its Newton polyhedron. Becausef can be written asf (x;y;z) =
g(x;y) + z, whereg(x;y) = (x i y)? from Prop osition 3.5 we know that the
Igusalocal zeta function assaiated to f is

1i pit,

20 = i

Two di®eren viewsof its Newton polyhedronare shavn below. Theseimageswere
createdusing the computer program Polygusa[5] and cdd. [2]
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The polyhedron has 4 facetsand 14 faces. The supporting hyperplanes,along
with the spanningvectorsof the conesasseiated to ead face,f,, L,, and S, are
listed in the table below.
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i | ¢i (hyperplane)| ¢ ., (spanningvectors) | f L., ¢,
1|y>0z>0 |(100) Y2+ 2 P3pi 1% | e
P 3(Li 1) '
2 [x>0z>0 [(0;10) x2+z P3pi %0 | e
P 3(1i t) '
1j pi 't .
3 [x>0y>0 (0;0;1) (xi y)? degenerate TS
4 | x+y+2z, 2 |(LL2) i Y2+z pP3pi 1% | 5w
P 3(pi 1)?(Li 1) '
1j pi 1t .
ey . . - i . 2pi T
S y > 0 (110’ O)’ (01 O! 1) y2 p 3(pl 1)3 1ippi11
6 2> 0 (1,0;0);(0;1,0) z i 1F | 2%
7 x>0 (0; 1; 0); (0; 0; 1) X2 p3(pi 1) ﬁp;ill
8 |x+y=1 (0;0;1); (1 1, 2) (Xi y)° | degenerate | LTE T2
9 |ly+2z=2 (1,0,0); (1, 1,2) y’+z p S(E,P 1i)2(11)t3) i | e
ll pi 1t i I i 312 i 4¢2
10[x+2z=2 (0;1,0);(1;1;2) X2+ z Pepi 170 | P
P 3(pi (i 1) PR
W i I i 312 i 4¢2
11| (0;2;0) (1;0;0);(0;0; 1); (1, 1;,2) | y2 PRI 1 | Pt o
121 (0;0;1) (1;0;0);(0;1;0);(1;1;2) | z p 3pi 1)° pé(izgiplf);?p?ﬂé;:)
13](2:0,0) (0:1,0):(0;0,1); (1,1,2) | X2 PP D P
14]i(f) (0;0;0) (xi y?+z[p3pi 17
p 3(fi 1)21(1i t)
i pi -t

Using the formula given earlier, we can compute | , for the two degeneratefaces

of f.
és.

The cone¢ ,, = f,1(0;0;1)+ ,2(1;1,2) j, > 09, sok = (,2;.2;,1+% 2, 2),
¥K)=,1+ 4 ,, andm(k) = 2, ,. Thus,

f.(u1;uz; ug) + pfug; uz; Us)

=(uzj u)?+ plus:

jN;j = jS:;j = (pi 1)? sincewe may chooseany value for u; and us betweenl
andpj 1, while u, must equalu;. Note that S, = f(uy;us; us)g.

L= ((pi i (pi DIHP'*
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The last thing to computeis the sum over the coneof the integral of the singular
points:

X X x £
| = pi-ai % j(Uri U2)®+ ptugj® duyduydug
L1 L2 (uugug)  (UBUTUR)H(PZE)"
X X X
- pi L1 4, 2(pi 1) | prtus js du;du,dus
L2 (usuziug) (UBULUa*(pZp)"

T

u .
. : 1j pit
- i1 4 2t.1(pn; .ol I
p ti(pi DAi p'o) 1 p it

So
o

Il = ((Pi i (pi 1)H)p'®

pi 5t2 ﬂ

Li pHAi pAt?)

“ai p ¥ p ot "
i ptt (1 pH(Li pt?)

We may follow the sameprocedurefor ¢3, the other degeneratdace,which gives
TR | T | LT |

_ . 1\3 . . 1\2\mi 3 p' ) 1 p) p' -t )

I&_((pl 1) | (pl 1))p 1] pil +(p| ) 1| pilt 1| pilt

By summingl, for all ¢, we get

+(pi 1)

1i pit,

Z(s) = 1 pit

5. conclusion

For further researd, it would be interesting to study classesf polynomials for
which we candeterminemoreabout the singularintegral in the Newton polyhedron
method for the facesfor which the polynomial is degenerate.Becausethe integral
may depend on the cone, we have not beenable to generalizeit further, but it
may be possiblefor certain classesof polynomials. It would also be interesting
to considerclasse®f polynomials, both degenerateand non-degeneratethat have
the same asseiated Igusa local zeta function and to study what makes some
polynomials degenerateas opposedto others. An example of a classof these
polynomials would be the polynomials with linear terms descriked in this paper,
which all have the samezetafunction, regardlessof whether or not the polynomial
is degeneratewith respect to its Newton polyhedron.
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