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| ntroduction

An introduction to p-adic valuation...
Given a number a € Q, the p-adic absolute value of a,
denoted |a|,, is defined as

al, = p“”“dp(a) ifa#£0
4 0 If a = 0.
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| ntroduction
An introduction to p-adic valuation...

Given a number a € Q, the p-adic absolute value of a,

denoted |a|,, is defined as

—ord,(a) if
p Ifa#0
’a’p — {

0 If a = 0.

o ords(z) = =2 = |5|5 =52 =25

* ords(18) =2 =|18]3=3"? =
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p-adic numbers

» The field of all p-adic numbers, Q,, Is defined as
all equivalence classes of p-adic Cauchy
sequences. A sequence {x;} is Cauchy if for all €
there exists N € N such that if m,n > N, then
T, — x| < e
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p-adic numbers

» The field of all p-adic numbers, Q,, Is defined as
all equivalence classes of p-adic Cauchy
sequences. A sequence {x;} is Cauchy if for all €
there exists N € N such that if m,n > N, then
T, — x| < e

» The ring of p-adic integers, Z,, Is composed of all
p-adic numbers a € Q, with |a|, < 1.

Every p-adic integer a has the form
a = ag+ pay + pas+ ...+ p"ay, + ...

for some m € Z.
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p-adic numbers

The unitsin Z, are all p-adic Integers a with
al, = 1.
l.e. p-adic integers of the form

a=ay+par+...+p"a,+ ...

with ag # 0.
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Topology
The topology of Z,, for p = 5:

2+pZ,

1+pZ,

4+pZ,

Note that every point in an open ball is a center of that
ball.
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|gusa local zeta function

The Igusa local zeta function associated to a
polynomial f(xy,...,2,) € Z|z1, ..., x,] is defined
as

AC | fz1,. .., 20) |, doy - . . dp,
AL

s € C, Re(s) > 0.
We use the convention ¢ = p—%.
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Stationary Phase Formula

Z(s) = (9"~ Nol)p"+(INo| —| S )p "t (11—_ §t)




Ex.1- f(x) =

={x|x=0 (modp)} =[Nyl =1

of

S = {ZE’ = N() Ir

—(z) =0 (modp)}=10=1[5]=0,
so using SPF...
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EX. 2- f(7,y,2) = (v —y)* + 2

No = {(z,y, —(z —y)")} = |No| = p’
S=0=|5=0

Zeta function:

Z(s)=(p° = p)p° + (p* — 0)p~°t (11__ §1t>

_1-p!

1 —plt
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Support of f

Given a polynomial

f(x1,...,2,) = Z ATyt ... T

B\

the support of f Is defined as
supp(f) = {w € N" | a,, # 0}.

=4
f(z,y) = 2y — 2° + 2y’
5”Ump(f):: {(171)7(570)7(273)}
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Newton polyhedron

The Newton polyhedron I'( f) of a polynomial
f(x1,...,x,), f(0)=0, is the convex hull in (R™)" of

the set
) w+@®)"

wesupp(f)

f(z,y) = zy—x’+z7y
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Faces and associated cones

« Afacer of I'(f) is the intersection of I'( ) with a
supporting hyperplane that does not intersect the

interior of I'(f). A facet is a face of dimension
n — 1.
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Faces and associated cones

* Afacer of I'(f) istheintersection of I'(f) with a
supporting hyperplane that does not intersect the interior of
I'(f). A facet isaface of dimensionn — 1.

* The cone associated to afacet 7 isthe normal vector to 7.
The cone for aface that is not afacet is the span of the
cones for all facets containing the face.
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Degener acy

Given a polynomial f(xq,...,x,), the polynomial f,
IS composed of the terms of f whose support is equal

to supp(f) N .
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Degener acy

Given a polynomial f(xq,...,x,), the polynomial f,
IS composed of the terms of f whose support is equal

to supp(f) N .
A polynomial f(x4,...,x,) is non-degenerate with

respect to all faces of its Newton polyhedron if the
system

{fT(xl,...,xn)EO (mod p)

gi: (x) =0 (mod p)

has no non-zero solutions.
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o(k) and m(k)

For an n-vector Kk,

and
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Non-degener ate polynomials

For a polynomial f(xq,...,z,) that is nondegenerate
with respect to all faces of its Newton polyhedron, the
Igusa local zeta function associated to f IS

Z(S) — Z LTSAT,

where

Ny ={(z1,...,2,) € (F)" | fr(21,...,2,) =0 (mod p)},
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Degener ate polynomials

For a polynomial which is denegerate with respect to
some faces of its Newton polyhedron, Sa_doesn’t
change, but L, does.

L, = p " ((p—=1)"—| N, )+ (N, =[S e (f:zflt) -

Note that for all faces for which f. Is non-degenerate,
L. remains as in the original formula.
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Degener ate polynomials 2

+ > (LTSAT +>° (p<°<k>+m<k>8> > / | fr +f |° dul...dun))
k

Tdeg acsS a—l—ng

where fr +pf = pm™ ) f.
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=Helells
Recall the polynomials from earlier:
1. f(x) =2
2. f(@,y,2) = (x—y)*+2
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=Helells

Recall the polynomials from earlier:
1. f(x) =2
2. f(w,y,2) = (x—y)° +2

1 —p!
1 p1t
for both polynomials, but (1) is non-degenerate while
(2) Is degenerate!

Z(s)
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Futureresearch

« Compare polynomials, both non-degenerate and
degenerate, which have the same ILZF.
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Futureresearch

« Compare polynomials, both non-degenerate and
degenerate, which have the same ILZF.

 Find classes of polynomials for which more can
be said about the integral over the singular points
In the Newton polyhedron method.
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