IGUSA LOCAL ZETA FUNCTIONS AND THEIR POLES BY THE
NEWTON POLYGON METHOD

JOANNA MILES

ABSTRACT. In her thesis, Hoornaert conjectures that, for certain classes of
polynomials, the value ;—01 would always be a pole of the Igusa local zeta
function associated with the polynomial. We study the order of ;—01 as a
pole for specific examples, and conjecture that, if the reasons for the order
were understood, a proof or counterexample to Hoornaert’s conjecture could
be constructed. An introduction to p-adic analysis and the Igusa local zeta
function is included as background.

1. INTRODUCTION

Our research, conducted at the Mount Holyoke College Mathematics REU dur-
ing summer 2005, focused on the pole p of the Igusa local zeta function. We
investigated the actual order of this pole for a specific class of functions, in hopes of
better understanding and possibly proving or disproving a conjecture by Kathleen
Hoornaert, which states that p is always an actual pole of the zeta function for this
class of functions. This paper introduces the background to the zeta function, ex-
plains some key ideas of p-adic analysis, and goes on to detail our examples and our
conjectures about the actual order of the pole. This research was led by Professor
Margaret Robinson, and supported by the National Science Foundation.

2. BACKGROUND

2.1. The p-adic Numbers.

2.1.1. Structure of Z,. In order to understand the Igusa local zeta function, we
first need some understanding of the p-adic numbers, as the zeta function is an
integer over the p-adic integers. The p-adic number field Q, is a way of completing
the rational numbers. We express it thus: Let x be a positive integer, and take p
prime. We can write a unique p-adic expansion of x in the form

x:a0+a1p+a2p2+a3p3+...

with 0 < a; < p — 1. This series may be finite or infinite in length.

P-adic numbers can be multiplied, added, subtracted, and divided in their series
form, and we use these operations, along with negative powers of p, to build unique
p-adic representations of all integers and rational numbers. For example, one can
find additive inverses by expressing —1 by the series (p—1)+(p—1)p+(p—1)p*+. ..
(note that —1 +1 =0+ 0p + 0p? 4 ...=0). This is one way in which infinite series

Date: July 26, 2005.
RESEARCH SUPPORTED BY NSF GRANT #DMS-0353700

1



2 JOANNA MILES

act as p-adic expansions. As division is a closed operation, we build the rationals
by dividing integers.

We denote the p-adic integers by Z, and the p-adic rationals by Q,. We often
write pZj, to refer to all integers with leading term a = 0, and a + pZ,, for the set of
all integers with leading term a. We also write Z or Zj, \ pZ,, for the set of p-adic
units: that is, p-adic integers with leading term ag # 0. All units are invertible
with respect to multiplication: we can invert any unit v by taking %

2.1.2. P-adic Absolute Value.

Definition 2.1. Let x be an integer and p a prime. We can write x # 0 uniquely
as x = p¥2, where ged(p,#) = 1. Then we define the p-adic absolute value of z

to be
|$|p = pik
— ‘a‘p
[blp -

For a rational number y = £, |y,
Example 2.2. If p =5, then |7|5 = 1, |255 = 572, and | %[5 = 5% = 25.

To better understand how p-adic absolute value relates to the traditional absolute
value, which is denoted p-adically as ||, remember that the usual absolute value
is a measure of a number’s distance from 0 on the real line. In contrast, |z|,
measures how far x is from 0 in terms of its divisibility: note that the more times
p divides z, the smaller |z|, becomes. We see that 0 is infinitely divisible by any
prime, so 0|, = 0 for all primes. More detail on the construction of Z, can be
found in Gouvéa’s excellent book [3].

2.2. Integration and the Haar Measure on Q,,. Given an interval F, we would
like to define a measure M (E) on the interval, where M is a map from Q, to Q.
In order to give the measure some nice properties, we use a Haar measure, which
is defined by the following characteristics:

(1) M(E) € R+

(2) M(0) =
( ) IfElmEg—@ then M(ElUEQ) M(El)UM(EQ)
(4) M is invariant under translation. If b € Q,, then M(b+ E) = M(E)

We normalize the measure so that M(Z,) = 1. This measure allows us to
perform integration over Z,: we normalize the measure such that pr de = 1.
We can integrate a function |f(z)|, over some interval contained in Z, by using
a change of variables, so that if z = k2’ + a, then dz = |k|,dz’. This allows
us to compute a wide range of integrals. There are, however, a number of other
methods of integration that allow us to compute more complicated functions, in
particular the Igusa local zeta function. For your enjoyment, we will introduce
two of these methods, focusing on the Newton polygon method and some of the
challenges therein.

3. THE IGUSA LOCAL ZETA FUNCTION

Let f(x) be a polynomial in n variables with integer coefficients. Then the Igusa
local zeta function is defined as

2(s) = [ \fa)l; da

P
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where s € C for Re(s) > 0. It has been shown that Z(s) is always a rational
function of ¢ = p~* [7]. We are particularly interested in the poles; that is, the
values of s such that the denominator vanishes.

3.1. Calculation of Z;(s) by the Stationary Phase Formula. Though the
focus of our study was on the Newton polygon method, the Stationary Phase For-
mula, or SPF| is a useful tool: for many polynomials, especially ones with many
non-zero singular points modula p, SPF is an alternate way of computing Z¢(s).
Introduced by Igusa in [6], it breaks the integral for Z(s) into an integral over
three sets:

e the set of z € Z \ pZy, reduced mod p, where f(z) # 0 mod p
e N, the set of x € Zj \ pZj;, reduced mod p, such that f(z) =0 mod p but
not all partial derivatives of f(x) are congruent to 0 mod p

e S, the set of singular points, that is, = € Ly, \pZ;}, reduced mod p, such
that f(x) =0 mod p and each partial 9/9x; is congruent to 0 mod p at x.

The disjoint union of these three sets gives us all of Zj, the interval over which we

integrate when we compute Z(s). This leads to a way of writing the zeta function

in terms of related functions. By convention, we set t = p~*. Igusa showed that,

for a polynomial f(x1,...,2,),

1-p71 )
Z5(0) = " = IND™" + (N = S0ty =2 + [ IF(@lae

If f has singular points mod p, then we might need to make a change of variables
and perform SPF again on the singular integral. It has been conjectured that this
method will always, eventually, give a formula for Z(s), either by returning Z¢(s)
as the singular integral after several iterations of SPF, or will take the form of an
infinite series which can be summed, or will eventually terminate. This conjecture
is explained in more detail in [1]. For many polynomials, especially degenerate ones,
SPF is an effective way to compute the Igusa local zeta function, and it balances
the strengths of the Newton polygon method.

4. CALCULATION OF Z¢(s) BY THE NEWTON POLYGON METHOD

The Newton Polygon method is another effective way of computing Z;(s) for
certain classes of polynomials, specifically polynomials which are non-degenerate
with respect to the faces of their Newton polyhedra. For these polynomials, it
offers an explicit formula. In some cases, the zeta function is easier to compute by
this method than by others, because there is a smaller set of singular points that
affects the calculation.

4.1. Structure of the Newton Polygon. Consider a polynomial f(z) on n vari-
ables with integer coeflicents. We havethat

flzr, ... xn) = Z A

Definition 4.1. The support supp(f) is the set of points {m}.

Definition 4.2. The Newton polyhedron I'(f) is the convex hull in the non-
negative orthant (R*)" of Uy,cupp(ry{m + R }. We often talk about the faces
of a Newton polyhedron, by which we mean the intersections of any supporting
hyperplane with the boundary of T'(f), where a supporting hyperplane is defined as
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a hyperplane that does not intersect the interior of I'(f). In rough terms, this means
that any point, line segment, portion of a plane, and so forth on the boundary of
I'(f) is a face. We denote a the ith face as 7;. If 7; is an (n — 1)-dimensional face,
we call it a facet. We also consider the entire I'(f) to be an improper face.

We see that each face 7 contains one or more points from supp(f). However,
the points in m € supp(f) come directly from the exponents of the terms of f(x),
so we associate to 7 a part of f, called f(x), which we take to be the sum of the
terms of f(x) such that supp(f.) =7 N supp(f).

Definition 4.3. Not all faces of I'(f) are compact. Non-compact faces have one
or more directions of recession. A direction of recession is a vector d such that,
for any point x € 7, x + Ad € 7 for any A > 0. When we introduce the cones of T,
the cones may also have directions of recession.

Example 4.4. Suppose f(x,y) = 323y?+2° —29>. Then the points in the support
come from the exponents in each term: we get {(3, 2), (5,0), (1,3)}. Observe that for
any general n-variable polynomial, the support points will always be in the orthant
(RT)™, because in each term, for each variable, the exponent must be greater than
or equal to 0.

Notice in figure (1) that only two of the support points are actually on the
boundary of I'(f). Thus, we have 6 faces: the two points on the boundary, three
one-dimensional faces, and one improper face.

4.2. The Cones. Based on the structure of I'(f), it is useful to be able to partition
the non-negative orthant. We do this by means of what we call the cones of I'(f).
To understand the cones, we first need two definitions:

Definition 4.5. Let a be a vector in (RT)™. We define the minimization of a

m(a) = inf {a-7)

where - denotes the standard dot product.

Definition 4.6. Let a be a vector in (RT)™. Then we associate a with the set that
gives its minimization; that is, we define the first meet locus

F(a) ={z €T(f)|a -z =m(a)}
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Definition 4.7. Finally, the cone A, of a face 7 is the set of all a € (RT)" such
that F'(a) = 7.

This set of definitions both allows us to partition the non-negative octant, and
also gives us a clear relation between the points in A, and the points in 7, namely
that we know the dot product of any vector ¢ with x € 7 = m(a), and that
this dot product is less than that of any point in another cone with a point in

a-yeT'(f)\7>m(a).

Example 4.8. Let us consider again our example polynomial, f(z,y) = 3z3y? +
x5 — 2y, Let a = (0,3). Noting that m(a) must be positive, and that a - (5,0) = 0,
we find that m(a) = 0 and that (0,3) € F(a). If we explore other points, and
remember our linear algebra, we see that, if a has the form a = (0,k) then F(a)
consists of all the lattice points on 75. We conclude that the cone A, is the line
A(0,1). Also, for all newton polyhedra, Aps) = (0,...,0). Some experimentation
will show that the rest of the cones are as shown in figure (2).

4.3. An Explicit Formula.

4.3.1. The Condition of Non-Degeneracy. Hoornaert’s formula for Z(s) relies on
the assumption that f(z) is non-degenerate with respect to all the faces of
its Newton polyhedron.

Definition 4.9. Let 7 be a face of I'(f). Note that 7 is not necessarily a proper
face. Then f is non-degenerate with respect to 7 if f, has no singular points mod
p in the p-adic units, or equivalently if the system

{ fr(xz) =0 (mod p)
df;/0x; =0 (mod p)

has no solutions in (Z,)" for all 7 € T'(f).

Note that this condition is slightly different than the conditions for the set S
when we perform SPF: in the Newton polygon case, a singular point is not counted
if any of its coordinates are congruent to 0 mod p. For example, (0,3) might be
included in S for some functions under SPF, but would not be included in the
Newton polygon method.
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4.3.2. The Formula . Hoornaert’s formula uses the idea of summing over all the
cones of I'(f) to obtain Z;(s). Like SPF, this method uses the idea of dividing
Z, into sets where f(z) = 0 mod p, and sets where it is not. This breakdown is
organized by the cones of the Newton polyhedron in a particular way, which we
explore more closely in (4.3.3). We use a somewhat different way of counting | V|
than we do for SPF.

Definition 4.10. Let 7 be a face (not necessarily proper) of T'(f). We denote by
N the set of all points z € (Z, )", reduced modulo p, such that f;(z) =0 mod p.
Observe that, as with the singular points mod p in our discussion of non-degeneracy,
only vectors that have units for all of their coordinates are considered: any point
with zero mod p as one of its coordinates is excluded. In our work, we frequently
used [8] to assist in finding a general formula for N, for all primes.

One final piece of notation is needed before presenting the formula:

Definition 4.11. Take k = (ki,...,k,) € R™. We say

o(k) = ki
i=1
At last, we have a formula, due to Hoornaert [4]:

(1) Ze(s)= > L;Sa,

r face of T(f)

where

—-n n ps -1
(2) L;=p ((pl) pNTW)
and
(3) SAT _ Z pfa(k)fm(k)s

keEN"NA,

In calculating Sa,, it is admittedly difficult to sum over an infinite number
of lattice points in the plane. Hoornaert explains exactly how this summation
works, and offers a direct formula for the sum Sa,. Take 7 € I'(f), and suppose
a1,...,Qp,...,0, are spanning vectors of the cone A,. First, if it is necessary, we
divide A, into simplicial cones; that is, subcones whose spanning vectors are
linearly independent and whose disjoint union is A.. We denote each subcone A,
with spanning vectors ag, ..., a,. We denote

Zh pa(h)+m(h)s
(pa(ak)-i-m(ak)s _ 1) . (pa'(ar)-i-m(ar)s _ 1)

(4) Sa,, =

where h runs through the set

Z" N Zx\ja]—|0§)\j<1
j=1
4.3.3. Motivation . The derivation of the Newton polygon formula for Z¢(s) is quite

involved, and is more completely presented in [4], but to demystify this complex and
seemingly unmotivated formula, we would like to give a sketch of Hoornaert’s proof.



IGUSA LOCAL ZETA FUNCTIONS AND THEIR POLES 7

Sketch of Proof. Recall that Z¢(s) = [, |f(Z)[5dz. We are taking an integral
P

over all n-dimensional p-adic integral vectors. Take x € Z); and remember that =

represents a vector of integers

zy = pF(ag +aip+ap? +...) =pFruy

Tn = pkn (ao +a1p+ a2p2 + .. ) = pknun

where u; is a p-adic unit. If we let k = (k1,...,k,) and w = (uq,...,uy), then we
can write z = p*u. Making this change of variables in Z;(s), we have

da; = p~Fiu; — de = p~Fattk) gy = p=o®) gy

Our new integral then becomes

> Pfa(k)/ [fP" s p )P du

keEN™ (Zp\pZp)™

Notice that the cones of I'(f) partition the non-negative orthant, and that k €

N}, so we can rewrite our integral over Z, as an integral over U, A; N N". When
we partition (R*)" into cones, however, we know that the dot product of k € 7
with any points in 7 is at least m(k), which allows us to factor out p”*) from our

integrand, because k is a power to which z is raised. We obtain

Zis) =) D pfo(k)/ ™ f (M, pP )P du

T kENTNA, (Zp\PZp)™
Zi() =% S w0 [ )4 pf )
T kKENTNA, (Zp\PZp)™

We recognize this coefficient: we previously denoted it by Sa, in (3). Because f
is non-degenerate, we can show that the remaining integral is equal to our formula
for L, in (2). Hopefully this explanation gives some justification to the formula for
Z¢(s). Hoornaert presents the proof in full detail in [4] if the reader would like a
more in-depth understanding.

5. EXAMINATION OF THE ACTUAL ORDER OF THE POLE p OF Z;(s)

5.1. Background. A pole is a value where the denominator of a rational func-
tion vanishes. Little is known about the actual orders of the poles of the ILZF
with respect to a general polynomial. However, we have a clear understanding of
what possible poles, or candidate poles, we could have, and for some classes of
polynomials we know the actual poles. Using the Newton polygon method, it is
straightforward to calculate the candidate poles: our candidates come from the
denominators of the Sa, in (4) and L, in (2) of the faces of our Newton polygon.
However, there can be, and often is, cancellation with the numerator when the
zeta function is calculated, and so the order of a candidate pole may be lower than
expected, or the candidate may be entirely cancelled out. We studied the actual
order of a particular pole, called /rho, for a specific class of functions.

Definition 5.1. Consider the unique intersection of the line (¢,¢,...,t) with the
boundary of I'(f). We call this point ¢y = (to,%0,...,%0). (See figure (1)). Denote
by 7o the face of I'(f) of lowest dimension that contains the point tg. As we will

show, the complex value p, with Re(p) = ;—01, is a candidate pole of Z;(s). The
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expected order of p as a pole is k = codim(7y). We investigated the order of p when
to < 1.

Theorem 5.2. For any polynomial f(z) meeting the conditions in (4.3.2), ;—01 isa
candidate pole of order k.

Proof 5.3. Take a € (RT)"™. The definition of m(a) implies that
(th' "7t0> ca > m(a)

too(a) > m(a)

o(a) — mf(a) (;—1) >0

0

with equality if and only if 79 € F(a). Let aq,...,ar be the spanning vectors of
A.,. Observe that k = k = codim(7y), because for any face 7, dim(7)+dim(A,) =
n, where n is the full dimension of I'(f). Now, when we compute Z;(s) by the
Newton polygon method, for each a;, we get a factor (p7(ai)Tm(as _1) or (po(@:) —
p~™@)3) "in the denominator of Sa.. However, 7o € F(a), by definition, and so
by our previous relation, o(a;) — m(ai)(;—ol = 0. When we let s = p, all & factors
of the denominator of Sa, vanish. We conclude that p is a candidate pole of Z;(s)
of order .

Conjecture 5.4. (Hoornaert[4]) Let f(z1,...,z,) be a polynomial with integer
coefficients, such that f is non-degenerate over C with respect to the faces of its
Newton polyhedron, such that f(0) = 0, the origin is a singular point. Suppose
to < 1. Hoornaert conjectures that p is a pole of Z;(s) for p large enough.

Remark 5.5. For our study, we took “p large enough” to mean that the conjecture
should hold true for any prime large enough that neither the coefficients of f or its
partial derivatives would cause unwanted vanishing mod p.

Remark 5.6. This conjecture has been proven [4] for the case that no vertex of
has all its coordinates in the set {0, 1,2}". We investigated polynomials where one
or more vertices of 7¢ fail this condition.

5.1.1. The Necessity of Having a Singular Point at the Origin . Consider the fol-
lowing example.
o f(z,y,2) =2y +a8%%+2
to = % <1
7o has support points (2,1,0),(0,0,1) with direction of recession (0,1,0)
and is of dimension 2.
Re(p) = 5> with expected order of 1.
Note that the origin is not a singular point because 0f/Jz # 0 at the
point (0,...,0).
For all values of p, we compute Z¢(s) to be
p—1
p—t
The value p is not the real part of any pole given by the denominator. This
example illustrates that the condition of having the origin as a singular
point is necessary to the conjecture.
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5.2. Proof that No Examples Exist in Two Variables.

Theorem 5.7. If f is a polynomial of two variables, and the line (¢, ..., t) intersects
the boundary of T'(f) at to < 1, then (0,0) is not a singular point of f, and f does
not satisfy the conditions of Hoornaert’s conjecture.

Lemma 5.8. If neither (0,1) nor (1,0) is in supp(7o), then ty > 1.

Proof 5.9. (Joanna Miles and Matthew Praegel) Let f(xz,y) be a polynomial in 2
variables with integer coefficients. Notice that, if ¢y < 1, then 7y is one-dimensional,
because there are no points (¢,¢) € (NT)? with ¢ < 1. Consider the supporting
hyperplane for 79, which we denote by the line [. Let a, b be the x- and y-intercepts
of [, respectively, so that [ is represented by

—b

y—b=—zx
a

Suppose @ > 1 and b > 1; we will show that ty, > 1. Our supporting hyperplane
intersects the line (¢,¢) when y = x. At this intersection, we have

—b
r—b=—x
a

ab
xr =
b+a

(5)

It would be nice to show that both a and b must be at least 2, and not some
rational between 1 and 2. This is not difficult, as we must remember that [ is
the supporting hyperplane of a face of T'(f). We know [ must contain at least 2
lattice points: the support points for 79. Suppose without loss of generality that
1 < a < 2. Then, since a < 2, [ must contain two lattice points: (0,b) and (1, k).
But then, by plugging values into equation (5), we have k = —b(a + 1). Because a
is not an integer, b and k cannot both be integers. Finally, whenever a,b > 2, we
have to = z > 1, and this proves our lemma.

However, it is still possible that (0,1) or (1,0) is on the hyperplane. (We do not
allow (0,0) to be in supp(f).) Assume without loss of generality that (1,0) € 7.
We also then have (0,b) € 19, because there are no other positive lattice points on
this line. Our function f;, taken from these vertices looks like

f‘ro = O‘m+ﬂyb

Herein lies a problem. The partial derivative df;/0x = «, which by assumption is
non-zero. However, Hoornaert’s conjecture relies on having (0, 0) as a singular point
(see (5.1.1) for an example of a function where eliminating this requirement results
;—01 not being a pole). Thus, no functions in two variables fit the conditions of
the conjecture.

in

5.3. Examples. There follow a number of computed examples, containing cases
where the actual order of p is the expected order, and examples where it is less
than expected. These examples were computed by the programs Polygusa[5] and
cdd [2], with assistance from Zeros [8]. Some were also computed by hand by SPF
for general p. Unfortunately, we had trouble computing examples in 4 variables for
p of any reasonable size, due to the speed and memory constraints of Polygusa. We
expect that studying higher dimensions is necessary to grasp the full complexity
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of the order of the poles. A further study in this area should include a thorough
exploration of Z(s) of these functions for large primes and dimensions 4 and higher.

Remark 5.10. In [4], Hoornaert proves that p # —1 is a pole of the expected
order of Z¢(s) if and only if it is a pole of the expected order of Z,, f(s). This
reduction of f(x) to fr,(x) allows us to compare the cone structure of related
examples, as well as allowing us to work with simplified functions with fewer terms,
for which Z;(s) is frequently easier to compute. Our examples include several
families of functions with the same f,, (z).

5.3.1. Computed examples where ord(p) is less than expected. Recall that, if ¢ is
the smallest face of I'(f) that contains tg, then the expected order of p as a pole of
Zg(s) is k = codim(7).
o f(x,y,2,u) =2y +y322 + 22

tg = % <1

7o has support points (1,1,0), (0,0, 2) with no direction of recession and is

of dimension 1.

Re(p) = 5> with expected order of 2.

For p = 37 we compute the denominator of Z;(s) to be

(—p° + ) (—p+1)

The pole p comes from the term (—p® + t2) and has actual order 1.
For “many” primes p, we compute

(- 1(=p’+1)
(=p* + ) (=p + 1)
and so the order of p is 1 for these p. However, there is no regular formula
for |N.| for all p. Even for some varying |N;|, however, the zeta function
remains unchanged, and may be the same for all primes. This is a question
for further investigation.

Zy(s) =

b f(x,y,z) :$y+22
to = % <1
7o has support points (1, 1,0), (0,0, 2) with no direction of recession and is
of dimension 1.
Re(p) = 5> with expected order of 2.
For all p we compute Z¢(s) to be

—(=r’+t)p-1)
(=p® +1?)(=p +1)
The pole p comes from the term (—p3 +2?) and has actual order 1 for all p.

o f(z,y,2) =ay — 22y +y?z + 22 + 22
to = % <1
7o has support points (1, 1,0), (0,0, 2) and is of dimension 1.
Re(p) = 5> with expected order of 2.
For p = 37, 43,47 we compute the denominator of Z;(s) to be

p(—p* + ) (—p+1)

The pole p comes from the term (—p?® + ¢?) and has actual order 1.
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o flz,y,2) = 2% +yz+ 2 xy
tog = % <1
7o has support points (2,0,0), (0,1,1) and is of dimension 1.
Re(p) = 5 with expected order of 2.
For p = 37, 43,47 we compute the denominator of Z;(s) to be

P (=p" + ) (=p +1)
The pole p comes from the term (—p® + t?) and has actual order 1.
In general, we compute
(p=1)@° +p° —p’t —p*t +° — %)
Zf(S) = ) 3 D)
p*(=p® +12)(=p+1)
and so the order of p is 1 for all p.

Note that the previous several examples form a family under the reduc-
tion in (5.10).

o f(z,y,2) =a® +yz+ 2%zy
to = % <1
7o has support points (0,1,1), (3,0,0) with no direction of recession and is
of dimension 1.
Re(p) = 5 with expected order of 2.
For p = 37,47 we compute the denominator of Z;(s) to be

pP(—p' + %) (—p+1)
The pole p comes from the term (—p* + t3) and has actual order 1.
In general, we compute
(p—D)(P° +p* — p't+ p*t* — p°t — p°1* + 1" — %)
p*(=p* + ) (=p+1)
and so the order of p is 1 for all p.
In fact, this works also for the first term equal to z2, 2, 2* and so on.

We conjecture that the order is 1 for all f(z,y,2) = 2% + yz + 222y and
that to = ;%5. We claim that [Np(s)| = (p — 1) = (p — 1) for all p.

Zs(s) =

o f(z,y,2,u) =2y + %22+ 2u
tog = % <1
7o has support points (2, 1,0, 0), (0,0, 1, 1) with direction of recession (0, 1, 0, 0)
and is of dimension 2.
Re(p) = 5 with expected order of 2.
For p =7,11,17 we compute the denominator of Z¢(s) to be

(—p* + %) (=p+ 1)
The pole p comes from the term (—p® +t?) and has actual order 1.
o f(z,y,2,u) = 2%y%2 + 232%u3 + 2y + yzu + 220 + 20
to = % <1
7o has support points (1,1,0,0),(0,0,1,1) with no direction of recession
and is of dimension 1.

Re(p) = —2 with expected order of 3.
For p = 17,23 we compute the denominator of Z;(s) to be

p*(—p° +t)(—p+1)
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The pole p comes from the term (—p? +¢) and has actual order 1.

fz,y,z,u) = 2y + zu
tg = % <1
7o has support points (1,1,0,0),(0,0,1,1) with no direction of recession
and is of dimension 1.
Re(p) = —2 with expected order of 3.
For all p we compute Z¢(s) to be

(1+p)(p—1)%)
(=p* +t)(=p +1)
The pole p comes from the term (—p? + t) and has actual order 1. This
polynomial is equal to f;, of the previous function.

[y, 2,u) = 2%u® + 2y + 332 + yzu + o
to = % <1
7o has support points (1,1,0,0),(0,0,2,2) with no direction of recession
and is of dimension 1.
_ =3

Re(p) = 5 with expected order of 3.

For p = 17,23 we compute the denominator of Z;(s) to be
(' + Pt + p°) (—p° + )} (—p + 1)
The pole p comes from the term (—p?® + ¢?)? and has actual order 2.

flx,y, z,u) = 2%u + 2y + y32 + yzu + u?
to = % <1
7o has support points (1,1,0,0), (0,0,2,1),(0,0,0,2) with no direction of
recession and is of dimension 2.
Re(p) = 5 with expected order of 2.
For p = 23 we compute the denominator of Z;(s) to be

(=p" +t)(~p+1)
The pole p comes from the term (—p” + t*) and has actual order 1.
fl@y,z,u) = 2y + y?22® + u?
to = % <1
7o has support points (1,0, 3,0), (2,1,0,0),(0,2,0,0), (0,0,0, 3) with no di-
rection of recession and is of dimension 3.
Re(p) = 5> with expected order of 2.

For p = 23 we compute the denominator of Z;(s) to be
(t% 4 23%)(t° — 23%)(—p + t)

The pole p comes from the term (¢t — 23%) and has actual order 1. We
should investigate the unusual form of this denominator.

5.4. Computed examples where ord(p) is the same as expected.

o f(z,y,2,u) = 2%y%2 + 232%u3 + 2y + yzu + 220 + 20

to = % <1

7o has support points (1,1,0,0),(0,0,1,1) with no direction of recession
and is of dimension 1.

Re(p) = —2 with expected order of 3.; an
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For p = 17,23 we compute the denominator of Z;(s) to be
P (=p* +1)(-p+1)
The pole p comes from the term (—p? +t) and has actual order 1.

f(@,y, Z) = _ny - y2z + 2% 4 2°
tg = % <1
7o has support points (2,0, 0), (0,0, 2), (0,2, 1) with no direction of recession
and is of dimension 2.
Re(p) = 5 with expected order of 1.
For p = 47,53 we compute the denominator of Z;(s) to be

(—p° +t")(=p +1)
The pole p comes from the term (—p® + t*) and has actual order 1.

f@yy, 2) = 2y + 2%2% +yz
tg = % <1
7o has support points (2,1, 0), (8,0,2), (0, 1, 1) with no direction of recession
and is of dimension 2.
13

Re(p) = =3~ with expected order of 1.

For p = 37,43 we compute the denominator of Z;(s) to be
(—p'3+t'2)(—p+1)
The pole p comes from the term (—p'3 + ¢'2) and has actual order 1.
flz,y, 2z, u) = m2y2z +zud? + Y + Yyzu
to = % <1
7o has support points (1,0,2,3),(1,1,0,0),(0,0,1,1) with direction of re-
cession (0,0, 1,0) and is of dimension 3.

Re(p) = =& with expected order of 1.

For p = 17 we compute the denominator of Z;(s) to be
P+ ) (=p° + ) (=p + 1)

The pole p comes from the term (—p® + t*) and has actual order 1.

fla,y, z,u) = 2%y + 23u + u?
to = % <1
7o has support points (0,0,3,1),(2,1,0,0),(0,0,0,2) with direction of re-
cession (0,1,0,0) and is of dimension 3.
Re(p) = =& with expected order of 1.
For p = 23 we compute the denominator of Z;(s) to be

(=p" + 1) (=p +1)
The pole p comes from the term (—p” + t°) and has actual order 1.
f(@,y,2) =2y +yz+az
to = % <1
7o has support points (1,0,1), (0,1,1), (1,1, 0) with no direction of recession
and is of dimension 2.

Re(p) = 5> with expected order of 1.
For p = 37,47 we compute the denominator of Z;(s) to be

(—p° + ) (—p+1)
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The pole p comes from the term (—p® + ¢2) and has actual order 1.

5.5. Further Conjectures Regarding the Poles. We have been investigating
cases where tg < 1, partly in search of counterexamples to Hoornaert’s conjecture,
but primarily in an effort to understand when the order of p as a pole of Z¢(s) is
less than expected. The above examples show that the order is less than expected
for many functions. We have noted the actual and expected orders.

Observation. For several examples, specifically f(z,y, z) = xy+22 and g(z, y, z,u) =
zy + zu, we explored the cones of their Newton polygons, and found a direct cor-
relation between the cones and the orders of p in Sa.. For the first example, we
found that the order of p as a pole of Sa . was exactly equal to the to the number
of spanning vectors that A, shares with A,,. In the second case, this held true
except when S, contained the full expected order of p, in which case it shared
all 4 spanning vectors, but only contained 3 copies of p as a pole. However, these
cones were still 3-dimensional, non-simplicial cones, and 3 is the maximum possible
order of any pole for a 3-variable function. We expect that this pattern holds in
some general form for all functions. It is interesting to note that the actual order in
the second example was 1, instead of 3, so there may be a corellation between the
highest number of shared spanning vectors and the difference between the actual
order and the expected order. More likely, however, this property follows directly
from our definition of 7g. In this case, it should be straightforward to prove a gen-
eral case giving the order of p as a pole of each Sa_ .

Conjecture on Cancellation. One focus has been an effort to understand what
leads to the cancellation that causes the order to be less than expected. We expected
that all necessary cancellation might come from

Z SAU‘ LTJ'

where 7; is a face such that S A has the order of p as a pole greater than the actual
order in Z;(s). However, this method did not work for all examples: for instance,
when f(z,y, z) = xy + 22, there was no cancellation from adding the terms of high
order. A more subtle form of cancellation is taking place. We also investigated the

sum
> S, Ln,
Tk

where A,, € A,,. In some cases, this provided some of the necessary cancellation,
but this process failed for g(z,y, z,u) = xy + zu. It is not clear that any particular
sum will provide the needed cancellation, but we expect that the cone structure of
A,, and the surrounding cones is closely related to the actual order of p as a pole
of Zy(s).

Observation on Proving or Disproving the Conjecture. We were unable to
find a counterexample to Hoornaert’s conjecture. However, part of our motivation
in studying the actual order of p as a pole was to better understand the possibil-
ities for finding a counterexample. We believe that, if the conjecture is false, a
deeper understanding of what causes the order to be less than expected may allow
one to create an example where all p poles cancel in the final zeta function, thus



IGUSA LOCAL ZETA FUNCTIONS AND THEIR POLES 15

constructing a counterexample. We also suspect that, if a counterexample exists,
there may be a minimum dimension in which counterexamples can be found. This
minimum dimension may be higher than the dimensions we studied, and investi-
gating functions with 5 or more variables may be necessary to better understand
the actual order of the pole.
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