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Our main interest: the poles of the Igusa local zeta function.

Pole: a value for which the denominator of a function
vanishes.

There are many candidate poles, with expected orders.
These are well understood.

Not all candidate poles are actual poles. One special actual
pole, called p, is well understood for certain classes of
functions.

For other classes of functions, very little is known about p
and its order.

We studied one of the latter classes.
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What Is a p-adic integer?

FiX p prime.
If m Is a p-adic Integer, 3 a unique p-adic
expansion

m:a0+a1p+a2p2+a3p3—|—...

WIthOSCLZ Sp—l.
Z,: the set of all p-adic integers.
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Let f(x) be a polynomial in n variables with integer
coefficients.

Zy(s) = | |f@);da

where s € C for Re(s) > 0.

Zr(s) is always a rational function of ¢ = p~* (Igusa,
1975).
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Newton polygon I'( f) for

flz,y) = 2°y* + 2° — ay®:
Support points: 32}, (5,0), (1,3)
Faces: Intersections of I'( f) with

supporting hyperplanes. We have 6.
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Newton polygon I'( f) for
flz,y) = 2°y* + 2° — ay®:
Support points: 32}, (5,0), (1,3)

Newton Polyg
121 flx.y)=3x"3y"2+x 3 ] ]
o] . Faces: Intersections of I'( f) with
s [ ~ supporting hyperplanes. We have 6.
- |
o [ Each face has associated
2_ / +SI;CE;.I:JJ=F.a-:.a4 Face 5 pOIynomiaI f’r'
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X
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Newton polygon I'( f) for

Newton Polygon

129 ¢ fxy)=3xA3yA2+xA5-xyn3 L 3 92 5 3.

1EI-; Face & f(aj7 y) o x y —I_ ZE - ajy .

B_ i ittt Support pOintS: %’ (57 0)7 (17 3)
¥ B3

4 lawasdaz Faces: Intersections of I'( f) with
V. O supporting hyperplanes. We have 6.

0 2 4 B 8 10 12
X

Each face has associated
- Associated cones po Iynom ial fT .

6] Cones: assoclated to the faces, form
a partition of the first quadrant.
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Newton Polygon

flx.¥]=3x"3y" 2+x5-xy "3

Face

1 to

Face &
Gamrmal f)
1

it t, ...t

1 |i1s = pheez

(2.2
+*
Face 3
[5,01=Face 4  Faia5
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Associated cones

Newton polygon I'( f) for
flz,y) = 2°y* + 2° — zy°:
Support points: 32}, (5,0), (1, 3)

Faces: Intersections of I'( f) with
supporting hyperplanes. e have 6.

Each face has associated
polynomial f..

Cones: assoclated to the faces, form
a partition of the first quadrant.

The cones give us regions of Z, for
Integration.
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Let f(x) be non-degenerate: it has no singular points mod p in
the p-adic units for any f.(z).

Zf(S) = Z LTSAT

r face of r(y)

) n ps_l
L=y (-1 sVl (L))

SAT _ Z p—a(k)—m(k)s

keEN"NA-

where

o(k) =2 i1 ki
m(a) = nfyer(s)ia-z}

N contains all = such that f-(x) = 0 mod p
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Pole: a value s for which the denominator of Z;(s) vanishes.
Candidate poles come from 2 places:

1. (p*t*t —1) term in denominator of L.

2. Denominators of Sx_ come from (p°(@) — pme)s) where a;
IS a spanning vector of A ...

The expected order of a candidate pole (other than —1) is the
maximal order of that pole from all S .

Of course, when we add terms, some of these poles
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(to,- .., tp): the unique point of
Intersection of the boundary of
192 Txylox sk g I'(f) and the line (¢,¢, ... ,t).
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Newton Polygon
flx,¥)=3x"3y"2+x"5-xy"3
Face &
Gammal f)
Face 1
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[1.2) = Face 2
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(to, ..., tp): the unique point of
Intersection of the boundary of
I'(f) and the line (t,¢,...,t).

To. the face of lowest dimension
containing t,.
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(to, ..., tp): the unique point of
Intersection of the boundary of

2y, Ty aieys ['(f) and the line (¢,¢,. .., t).
e chansn 7o. the face of lowest dimension
B—_ Face 1 . .
. . containing t,.
¥y bl
] lasrs o is a candidate pole for all f,
1 oo -
2_: P Face 3 Where R€<,0) — t_ol.
[5,0)=Face 4 Face 5
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flx,¥)=3x"3y"2+x"5-xy"3
Face &
Garnrmal fi
Face 1
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Face 3
(5, 01=Face 4 EaEr
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(to, ..., tp): the unique point of
Intersection of the boundary of
I'(f) and the line (t,¢,...,t).

To. the face of lowest dimension
containing t,.

p IS a candidate pole for all f,
where Re(p) = ;—01
k = codim(Ty): The expected order
of p.
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Take f(x) such that:

f(x) non-degenerate wrt the faces of I'( f)
f(0) =0
Then:

-p.9/14



Take f(x) such that:

f(x) non-degenerate wrt the faces of I'( f)

f(0)=0
Then:

Ift, > 1 — p Is an actual pole of the expected order,
r, for p large enough. (PROVEN)
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Take f(x) such that:

f(x) non-degenerate wrt the faces of I'( f)

f(0)=0
Then:

If £, < 1 and no vertex of 7y € {0,1,2}" — pisan
actual pole for p large enough. (PROVEN)
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Take f(x) such that:

f(x) non-degenerate wrt the faces of I'( f)

f(0)=0
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Take f(x) such that:
f(x) non-degenerate wrt the faces of I'( f)

f(0)=0
Of/0x:(0) =0 Vi
Then:

If ty < 1 and 7y has a vertex in {0,1,2}" — pisan
actual pole for p large enough. (CONJECTURE:
Hoornaert)

This 1s the class of examples we studied. There are no

known counterexamples to the conjecture.
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Almost nothing is known about the order of p as
a pole for this class of functions.

Often, actual order < expected order. Sometimes
It Is much less.

Our Conjecture: If we understood what causes
low order, we could force more cancellation, and
eliminate all terms that give p as a pole. This
would provide a counterexample.

We studied examples in 3 and 4 variables and
examined the actual order of p as a pole.
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f(z,y,2) = zy+2°

tg = % <1

7o 1S a line between (1,1, 0) and
(0,0,2), with dimension 1.
Re(p) = = and expected order
IS 2.

_ —(=p’+t)(p—1)
Zrls) = (—p3it2)(—pp+t)

Actual order of pis 1.

Here we have order less than ex-
pected.
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f(z,y,2) = zy+2°

tg = % <1

7o 1S a line between (1,1, 0) and
(0,0,2), with dimension 1.
Re(p) = = and expected order
IS 2.

_ —(=p’+t)(p—1)
Zrls) = (—p3it2)(—pp+t)

Actual order of pis 1.

Here we have order less than
expected.

If we sum all SA_L., where p has
order 2 in Sa_, we get no cancel-
lation.
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f(z,y, 2) = zy+2°

tg = % <1

7o 1S a line between (1,1, 0) and
(0,0,2), with dimension 1.
Re(p) = = and expected order
IS 2.

_ —(=p’+t)(p—1)
Zrls) = (—p3it2)(—pp+t)

Actual order of pis 1.

Here we have order less than
expected.

When we sum Sa_forall A, C
A, we do have cancellation!
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We still know little about the orders of p as a pole
for our class of functions.

The cancellation is not “nice”: it does not come
just from the Sa_terms, nor does it usually have
an obvious algebraic source.

Studying dimensions 4 and higher will give
opportunities for more cancellation, and will
provide the most interesting examples.
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Is Hoornaert’s conjecture true?

If not, can we find a counterexample by studying
the sources of cancellation in Z(s)?

We expect that the actual order of p Is related to
the structure of I'( f), particularly to A, and the
surrounding cones.

If counterexamples exist, what Is the example of
lowest dimension?

We know p Is always a candidate pole. The
guestion: Can enough terms cancel that p Is not
an actual pole?
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