TECHNIQUES FOR COMPUTING THE IGUSA LOCAL
ZET A FUNCTION

MATTHEW PRAGEL

Abstra ct. We have investigatedthe Igusalocal zeta function us-
ing two varieities of methods: Stationary PhaseFormula and the
Newton polygon method. We then looked at someexamplesasto
the relationship betweenthe order of a pole of the zeta function
and the contributing conesfrom the Newton Polygon.

1. Intr oduction

We are studying p-adic numberswith their application to the Igusa
local Zeta function. The lgusa Zeta function is of interest becauseit
connectsto Number thoery whereit can be usedfor determining the
Poincar§ series. We concetrated on two main techniques, Stationary
PhaseFormula and the Newton polyhedramethod, for determining the
Zetafunction. With the Newton polyhedramethod, we lookedinto the
roots of the Igusalocal Zeta function. They are of interestbecausdahey
represeh wherethe otherwiserational function becomesunde ned for
speci ¢ complexvaluesof s. Speci cally we looked at the times when
aroot of the Zeta function haslessmultiplicit y than expectedin hopes
that a counterexampleto Kathleen Hoornaert's conjecture would be
found. We were unable to devisesud an example,but desireto nd
the classef functions to which the expected order of the pole is less
than expected.

2. p-adic numbers

Before we can introduce the Zeta function, we needto start with
badground on p-adic numbers.

De nition  2.1. A p-adic number x, can be represeted in the form:
apf + aptt + agpt? + auptd +
whereg; 2 piz
Date: July 2005.

Researt supported by NSF grant #DMS-0353700.
1



2 MATTHEW PRAGEL

P-adic numberscanbe multiplied, subtractedand divided all similar
to the real numbers. They are derived from the rational numbers by
using the limit of all caudy sequencen the samemethod that the
real numbers are derived from the rational numbers. The set of p-adic
numbersformsa eld. [?]

De nition  2.2. The setof p-adic numkers is Q.

Eadh rational number can be repereseted by a p-adic number so
Q% Qp.

Similarly, we have the p-adic integers.

De nition 2.3. The setof p-adic integersis
Yo S7

.z
B+ 2P+ agp’ P+ a2

They are represtened by Z,,.

With the de nition of p-adic numbers also comesa new de nition
for absolutevalue.

De nition 2.4. The p-adic absolutevalue of a number
X = alpk + azpk+1 + a3pk+2 + a4pk+3 + o

denotedasjxj,, aswherea; 2 piz is de ned to be

Xjp=p' “
From de nition,
j0p,=0
For the easeof notation, from now on wheneer we refer to the p-

adic absolutevalue in this paper, we will usethe normal absolutevalue
symbol.

Xjp = jX]

From the de nition of absolute value, the p-adic numbers not only
exhibit the triangle inequality, but they also take on a ultra-metric
property.
Prop osition 2.5. The p-adic numters havethe ultra-metric property.
That is,

jx+yj- max (jxj;jyj)
From this, the triangle inequality is implied.

From these de nitions, we can now introduce the integration over
the p-adic numbers.
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3. p-adic Integra tion

The set of p-adic number and the set of p-adic integersare locally
compact. From this, the Haar measureis developed on Q.

Remark 3.1. The Haar hasthe following propertiesfor E = ®+ p°Z,
andm(E) 2 R* 0:

1 mE)., O

2 m(G) 3 0 [

3) If E; Ez2=;; thenm(E; Ez) = m(E;)+ m(Ey)
(4) m( + E) =Zm(E) for 2 Qp

(5) m(Z,) = 1, dx=1

Zp
The fourth property is called translation invariance of Q.

Theorem 3.2. The Haar measure is uniqueup to a positive real num-
ber

The proof of this is ilistrated in Tate's Thesis. In part of the remark,
m(Zp) =1

, Xing the positive real number in which the rest of the set can be
measuredfrom.

Lemma 3.3. From this information alout the Haar measure, we also
nd that

m(pZp) = p' *
Proof. From remark 3.1.5, we know that
Z X 1 Z N 1 Z Z
1= dx = = =p
Zp ——9 *tPZp g PZp PZp
This shovsthat m (pz,) = p'? a

Using a similar argumert, we can alsoshow that

m(p°Z,) = p' ¢
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4. Igusa Local Zeta Function

From the information about integration over Z, we can now under-
stand the Igusalocal zeta function.

De nition 4.1. The Igusalocal zetafunction, Z(s) is de ned by

Z(s) = jf(x)ji*dx
23

R — ..
Using the fact that , dx = 1 from the de nition of the Haar mea-
P . .
sure, we can now compute somesimple Zeta functions.

Example 4.2. For f (x) = x, we can compute the zeta function using
a substitution method.
Z Z X 1 Z Z m 1 Z
jxjsdx = jxjSdx+ jxjsdx = jxjSdx+ 1dx
Zp PZp @=1 ®pZp PZp @1 ®pZp
This occursbecausgxj® = 1 whenx 2 ®+ pZ,. Thereforesince
m(®+ pZp) = m(pZp) = p'*
and thereare (pj 1) of thesesets,the zeta function reducesto
Z
Z(s)=  jxj%dx+ (pi 1)p'’
pZp
In order to determine IC)ijxjsdx, we can use a changeof variables
technique. LeZt X = pu sothereforedx = pi 1du.ZTh us we can consider
. o . 1 . i ¢
Z(9=p'  jpusdu+ (pi Dpit=p S judu+ '1j pil
Zp Zp

R
Here we obtain a recursionsince 2, juj*du = Z(s), sowe can deduce
that

1i pt
1i pipis

Another important seriesrelated to number theory is the Poincar§
series.

Z(s) =

De nition 4.3. The Poincar$ seriesis de ned by
)'(1f
P()= jNejp "t°
e=0
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This is very usefulfor nding the number of solutionscongruen to 0
mod pé. It is alsovery strongly related to the Igusalocal Zeta function
by

Z(t)=P(@®)i t"(PM)i 1)
It is know that the zeta function (and thereforethe Poincar series)is
rational function with respectto t where

t=p*®
This was show by resolution of singularities by Igusain 1975.

5. Stationar y Phase Formula

Earlier we de ned the Igusa L(Z)cal Zeta function of f (x) to be

Z(s)=  jf(x)j*dx

Zp
One of the ways to ewaluate this integral is to determine in which
anuali the function will return the sameabsolute value, and then use
the measureof thesesetsto nd the integral. Thesevalueswere all
basedupon setting 7

=1
Zp

The stationary phasemethod is very similar processto suming over
the anuali. It splits the integral up into three di®eren parts so

........1ipi1XZ..

Z(s)= (P"i iNgj)p "+(iNdji jS)p "t jf ()j° dx

1| p' t a+ pZ"n

a2s p

In this formula, the setN; is de ned as
© a
Ny = x2 Fpjf (x)~ 0modp
whereasS is de ned by

S=xf2 ng
f(x)” Omod p

@(x)' 0 mod p
i

The rst part of SPF, (p" i jN4j) p' " represets all of the placesin
(Zpi pZp)" which jf (x)j hasvalue of one. Sinceeat one of thesesets
have measurep' ", and there arep" j jN,j of them, they cortribute to
the Zeta function

(p"i iNgj)p' "
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The next part of SPFcomesfrom all of the points in jN4j, but the rst
derivative does not vanish modulo p for all of the partial derivatives.
Thesepoints are very similiar to nding the Zeta function for f (x) = x
becauseboth parts have a derivate that can not equal zero. There are
atotal of (jN4j | jSj) cosetsthat ead cortribute

1i pt
1l pi it

The last part of the formula cortains all of the remaining points that
were not integrated over. Howeer this is often much easierthan the
original integral to compute. Using a substitution method, this new

intggral canusually be solved though SPF in aiterative method similar
to xcog(x)dx.

Pt

6. Igusa Local Zeta function for a particular f(X;y)
class using SPF

For polynomials of the classf (x;y) = x*+ ax?y? + y* in which
a’i 460 mod p, the zetafunction is de ned as:
Z
Z(s)=  jf(x)j°dx
Zp

From the Stationary PhaseFormula, we have [?]
Z

2= Jf00iPdx= (01 Na) P (NG | ISPt
zp i P t

+  jf (x)j°dx
S

wheret = pi 5. The setN; is de ned as
Ni=f(xy)jf (x;y) " 0mod pg

N, is dizcult to compute becauseat dependson the prime number p,
and alsothe possiblevaluesof a in f (x;y). A much easiercalculation
is that for jSj. The setS consistsof all fx;yg2 N1 % Z; sud that:

f(x;y) = x*+ ax®y?+ y*” Omod p
= 4x3+ 2ay’x = Omod p

= 4y®+ 2ax?’y~ Omod p

Sllelofle

One of the singular points is f 0; Og sinceit satisi esall three equations.
Sincex © 0mod p if and only if y~ 0 mod p, we can supposefor all
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other possiblesingular points, x;y 6° 0 mod p. From this, the partial
di®eretial equationsbecome

%' 2x>+ ay?” Omod p
%' 2y’ + ax?” Omod p
Or simply
X2’ %yz mod p
y?’ %xz mod p
Solvingwe nd that
ia a*
2. 1ad ias . a5
y 5 > y 4y mod p

Cancellingout y?, sincey 6”0, we have
, a? 5 .
1 Zmodp) ai 4 0Omodp

which contradicts our earlier assumption. Thereforethe only singular
point is f0; 0g sothen jSj = 1 Adjusting for our equation, we nd

i pit,

1 i pi 1t (0+ pZp)(0+ pZp)

[ ¢ _ - -
Z(9)= 'PPi Ny p2+(Ngji 1)p x*+ ax?y? + y* " dx
Using a change of variables sucd that w = xp and v = yp we nd
that the measurechangesby dxdy = p' 2dwdv Thus the zeta function
becomes

i e o L lipto
Z(s)= p?i jNgj p'?+ (iN4ji 1)p 2tl.' Pl +p' 2l
i pr-t
whereZ B B 7 B
| = _p4x4 + ap4X2y2 + p4y4? dx = p' 4s e ax2y2 + y4? dx
Zp Zp

Sowe obtain the recursiwe relationship for Z(s):

1 p't

i 2+4
1 pi P2

Z(s)= 'pPi jNij pi2+ (iN4ji 1)p 2

We can thus solwe for Z(s) as:
(Li P (P®i iNu)p 2+ (N4ji 1)p?t(1i p'?)

2= @i P2 (i p D)
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7. Igusa Local Zeta function for particular f(x;y;2)
class using SPF

For polynomialsof the classf (x;y;z) = (X j y)2+ z the zetafunction
can be found by the stationary phaseformula to be

Z
Z(s)=  jf(xy;2)j°dx
iZp ¢ 1i pt z
= 'p*; Ny P+ (N4 Si)p o+ if Oay;2)i°dx

1i plt

Sincethe partial derivative

Q = 1for all fx;y;zg

@

there are no singular points for this polynomial. This implies that
jSj = 0 We easilyseejN4j = p? Hencethe Zeta function becomes:
1i p* _ 1j pt

i P L
2= i PP P P T T

8. Newton Pol yhedria Method

BesidesSPF, thereis a secondmethod to computethe Zeta function.
This is performed by using the function f (x) to create a geometric
picture, which then separtesall of the cosetsof Z] in which jf (x)j° is
very similar.

— . P
De nition  8.1. The supprt ofafunction f = =, @&X7tixp", a
nonzeropolynomial over Z7 is de ned as:

supp(f) = fw 2 N"ja, 6 Og
From this we can de ne the Newton polyhedron

De nition  8.2. The Newton polyhadron, j(f) of f is de ned as the
corvex hull in (R*)" of the set:
i .G
w+ R
w2 supp(f)

Onething to note from this is that not all of the points in the supp(f )
will de ne the shape of the Newton polyhedron. We have all of the
proper facesof the Newton polyhedron, and the improper face of the
ertire polydedron, j( f).
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De nition  8.3. We de ne the minimum over the supp(f ) as
m(a) = infyz; r)fatxg
fora2 (R*)"
This is neededin orderto de ne the rst meetlocus.
De nition 8.4. The rst meet locus of ais
F(a=fx2i(f)jatx = m(a)g
wherea ¢x denotesthe usual scalarproduct.

The shape of the newton polygon with thesede nitions allow us to
partiton (R*)" into conesusingthe equivalencerelation:

a» a’if and only if F(a) = F(a)
De nition 8.5. If ¢ is a faceof the Newton Polyhedron, then the cone
asseiated with ¢, is
¢.=fa2 (R+)"jF(a) = ¢g

Oncewe have split up (R+) ", we can now usethesecone partitions

to integrate.
X X z
Z(s) = jf (x)j° dx

6 NE T (kiakn)2e, (PUZR)EE(PnZp)

Using the substitutions

x1 = puy
Xo = pu,
Xn = pkn Un
The Zeta function now becomes 7
X X e — —~
Z(s) = p Kui kai i kn f (P ug; pug; i piun) T dx
RN R (z“)n
¢ N3 (kipkn)2¢ p

We must assaiate parts of f with facesof the the Newton polyhe-
dron.

De nition 8.6. For ewery face¢, of the Newton polyhedron, the asso-
ciated part of f with that face of tr>1<e Newton polyhedronis

f.(x) = ay X"

w2,
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Note that f, ¢y = f, sothe ertire faceof the the polygonis included
in this de nition.
De nition  8.7. A function f is non-degeneate over F, with respect

to the facesof its Newton polyhedronif for ewvery face¢, of j( f), the
set of congruences

f,(x)=0mod p

@(x) = 0mod pfori= 1;:;n

i
T .
has no solution in ZIO

In the special caseof non-degeneracythe Zeta function simpli es
into two di®eren parts over eat faceof the polynomial.

Lemma 8.8. Letf bea function that is non-degenente with resgect to
eachface of its Newton polyhadron. Then we havethat the zetafunction
becomes X

Z(s)= L.Sc.
for eachface ¢ in the Newton polyhedron wheie
H s. 4 T

Le= P (Pi i PING s

In this, we de ne the set
a

© _i_,¢. .

N,= x2 Z; "jf,(x)" 0

Also we have X

Se, = pl #0i m(s
k2N | 6 .

_ P
Where wedene %a) = I, &

The proof for this is give in Kathleen Hoornaert's thesis[?]
A better working de nition for S; , in the casewhenthe cone¢ , is
spannedby linearly independer vectorsay;:::;a, is

X pi i m(h)s
Y{a1)+ m(a)s : e (n¥ar )+ m(ar)s
o (pradrm@ds 1) s (p i 1)
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9. Using Pol ygusa for degenera te pol ynomials with
respect to the Newton Pol yhedra

If the function f (Xy;:::;X,) is degeneratethe systemof equations:
f (X¢;:5%,) " Omod p
@ (X1;::5%n) © Omod p
i
i ¢
has a nonzerosolution (as;::;;a,) 2 'F; ". The formula given for the
Igusalocal Zeta function usesthe)l(\levvton polyhedraof f to express

Z(s) = LeSe,

¢2i(f)
whereL, dependson f, being nondegenerate.Otherwise the formula
is not correct. Kathleen Hoorneart alongwith Davy Loots wrote a pro-
gram called Polygusafor computing the Igusalocal Zeta function. This
Maple programrelieson previouscode written by Fukuda. Becausehe
program uitalizes the Newton Polygon method, it is not acceptablefor
‘nding the Zeta function of degeneratepolynomials. For examplein
Polygusa, an error messagas displayed when it is asked to compute
the Zeta function of f = (xj y)?+ z.

To avoid the ched for degeneracythe commandnocheck is added.
An exampleof this is the code:

> Zetafunction((x-y) " 2+z,[x,y ,z],igusa, nocheck))

The output from this commandgivesa Zeta function for the polyno-
mial, basedpurely on what the calculatedL ;S , valuesfor ead cone
. Howewer becauseone of the facesis degenerate the resulting Zeta
function is incorrect.

In order to determine how ead face of the polygon contributes to
the total zetafunction, the commandfaceinfo is further added. Com-
bining both commandstogether we have

> Zetafunction((x-y) " 2+z,[x,y ,z],igusa, nocheck, faceinfo))
This allowsfor eadt face'scortribution to the Zetafunction to befound.
Sincethe Zeta fur;é:tion splits into

Z(s) = L:Se.
¢ hon-degenerate
X X z
+ it (x)j° dx
¢ degenerate N3 T (k1;:kn)2¢ , (pklz;)E i (pk” ZS)
by nding the correctcortribution from eadh degeneratdaceand using

a program like Polygusato calculate the cortribution from ead non-
degenerateface allows the total Zeta function to be found.
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10. Kathleen's Conjectures

In her 2002 thesis, Kathleen Hoonaert makes two conjecture con-
cerningthe polesof a zeta function [?]:

Conjecture 10.1. Letf (X1;::;Xn) beapolynomial over Z, with f (0) =
0 and p a prime number. Supposethat f is non-degenerat@ver C with
respect to all the facesof its Newton polyhedronj( f ) and that the ori-
gin is a singular point of f .

If to < 1then i 1=ty is a pole of Z; (s) for pA 0.

Conjecture 10.2. Letf (X1;::;Xn) beapolynomial over Z, with f (0) =
0 and p a prime number. Supposethat f is non-degeneratever F, with
respect to all the facesof its Newton polyhedronj( f ) and that the ori-
gin is a singular point of f. Supposethat ¢, is not unstable over F,
with respectto f. If tg < 1, then j 1=t, is a pole of Z; (s;A) of order -
for at least one character A.

Remark 10.3. It is only necessaryto look at f (x1;:::;X,) forn > 2
in thesetwo conjecturessincein the n = 2 casesthere doesnot exist
any function f (x; y) that satisfy her assumptions

Proof. Assumethere existsa function f (x;y) that satisify's all of Kath-
leen's assumptions. In order for ty < 1, there must be a face of the
polygon that intersectsthe line y = x for somex < 1. Either the
intersectionoccursat a face of degreezeroor one.

CASE 1: If the intersection occurs at a face of degree0, the only
possibleface would be (0;0). This would imply a constart term in
f (x;y). But this causesa cortridiction sincewe assumedf (0; 0) = 0.

CASE 2: The interesction occurs at a face of degreeone. We will
showv that this line is de ned by (0;y;) and (x»;0) and that either
y1=1orx;=1.

For any facebetweenthe support points (x1;y:) and (Xz;Y-) the line
forming the face betweenthesetwo points is de ned by the set

fxuy)t+ (Li ((x2:y2)9
for0- t - 1. When this faceintersectsy = x at (to;to) we nd
(toito) = (xa;y)t+ (1i )((X2;y2)
This equationis equivalert to both
to=xat+ (1j t)x2
to=yi+ (1i t)y2
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Considerthat x1;X, , 1. Assumewithout lossof generality, X; - X».
Thus

to= (1 t)xp+tXo, (1 X1+ X1 = Xy = Minfxy;xg, 1

But t, is assumedto be lessthan 1. Soeither x; < 1 orx, < 1. By a
similar argumern eithery; < 1 ory, < 1. Without a lossof generality,
let x;, = 0. Thereforethe point (0;y;) is in the support of f. If y; = 0O,
this causesa constart term to appearin f, making f (0;0) 6 0 and
violating the assumptionthat f (0;0) = 0. Thereforey, = 0 Thus the
above two equationsreducedown to

to = tXo
to=(1i t)ys
Solving for t, we nd
H 1
to= 1j Lo y
0 L, N

Sincey; is positive, 0 < tg < 1, and assumingx, > 1, we nd

_ H . tOﬂ_ uX2i '[oﬂ uxzi 1ﬂ
to=y: 1j %o =Y % Y1 %

. y1(1=2)

5

This implies that either x, = 1 or y; = 1. Without a lossof generality,
this makesf = a;y¥* + axx + yg(x;y) + x2q(x) whereg(x;y), g(x) are
other polynomials over Z, . When the partial derivative with respect
to x is taken, consideringonly p A 0,

H 1 H 1
@ . .\ @(x;y) 2 @(x)
@(X,y) Rty a0 X & + 2x (q(x))
It follows that
SRS T
%(O; 0)=a+0 @g’ 0 +0 % + 0(q(0)) © a, mod p

As longasa, 6" p, the origin is not a singular point causinga cortridic-
tion of the assumptions.Howeer if a, ~ p, then f (X; y) is degenerate
with respect to its Newton Polygon, also cortridicting an assumption.
Sinceall of the casesare exhausted,there is no possiblesud f (x;y)
that satisi es Kathleen's assumptions.[?] g
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11. Igusa Local Zeta function of f(x;y;z) = x?+ yz+ z?xy
using the Newton Pol yhon Method

This exampleis very closeto that givenin Kathleen Hoonaert'sthesis
[?]. Upon taking the zeta function of this we nd using the Newton
Polyhedra method and the program Polygusa

(Pi 1)(p*p°+ p*p*i p*p’i p®p?i p°+ 1)
P?(pspi 1)(p*pi 1)

Z(s) =

[?]

For the non-trivial f,, [N,j were determined through experimertal
methods using a program written in gp pari. For f, = x? + yz, the
number of nonzero solutions was (pj 1)2. The number of nonzero
solutionsof f (x; y; z) were(pi 1)(pi 2). All ofthe otherf ,, the number
of nonzerosolutionswerepi 3(pj 1)3. The polyhedrais de ned by the
convex hull of the points (2;0;0), (0;1;1) and (1; 1;2) in the support
of f (x;y;z). For this example,to = 2=3 since the plot of the line
y = X = z intersectsthe newton polyhedraat the point (2=3; 2=3; 2=3)
on a faceof dimertion one.

MNewton polyhedran

This faceis de ned by the the set of points

(x;y;2) = £(0;1,1) + t(1;0;1)j0- t- 1g
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When splitting the polyhedron into faces,the Newton polyhedron
also partitions R*? into conesassaiated with ead face of the polyhe-

dron.

Associated cones

Remark 11.1. To better understandwhy the root t, = 2=3 only has
multiciplicit y one, we examinedall of the facesof the newton polygon
that could cortribute the root with multiciplicit y two. This corre-
sponed to the conesde ned by the vectors (1;2;0) and (1;0;2) and
any other vectors. Thereforeonly three possiblefacescould causethe
root to = 2=3 to have multiplicit y two. One of them is onedimensional,
and the other two are zerodimensional. Let - be the setthat cortains
thesethree faces. We we look at the cortribution of the zeta function

from this s)%t we nd
L,Se, =
é2-
(pi D*(P’p*i 2o0°+ 1)(Pp*+ 1),
PP 1)°(ppi 1)
(pi 1?(P°p*+20°p°+ 1),

p3(pPp= i 1)

(Pi 1)@2p'p*i pp®i 1)
P (PP i 1)
(P°p°i 1)

S P D(ppi 1)
Thus the secondmultiplicit y of the root disappearsfrom this part
of the zeta function. Sinceonly theseL,S¢, cortribute this root to

the secondorder, the rest of the L,S;, can only causet, to have
multiplicit y onewhich goesagainstwhat we earlier suspected.
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This exampleis very similar to onein Kathleen's paper, although
this polygon has a much di®eren shape. | would like to examineif
the nontrivial f, causesthe root to lose mulitplicit y in the facesthat
cortribute the root of highter order. More speci cally, | would like to
seehow much of the loss of the root is due to the geometry of the
polygon, and the S¢,. In someother examples,we have found that
it is not enoughto look at only the L,S,, that cortribute the higher
order. Thereforel would like to examinethe classof functions to which
the the higher order of the root disappearsin the facesthat cortribute
the higher order root.

12. Conclusion

We have examinedthe Igusalocal Zeta function and somemethods
usedto peformthe calculation. Usingthe Newton polygon method, we
have looked into a geometricinterpretation of where the roots of the
zeta function comefrom. In the future, we would like to cortinue on
this path of exploration, especially into the caseswhere the roots of
the zeta function occur with multiplicit y lessthan expected.
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