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What is a P-adic field?

The most common p-adic field is a result of taking Q and
completing the field with respect to some prime.

» We denote this Qp.
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» We denote this Qp.
» Every element of Q, can be expressed as a power series.

XEQp=X=a mp "+a_mp ™' +.. ap+aiptrap’ ...

where each a; € Fp

We set |x| = p~" where n is the smallest integer such that
an # 0.
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What is a P-adic field?

The most common p-adic field is a result of taking Q and
completing the field with respect to some prime.

» We denote this Qp.
» Every element of Q, can be expressed as a power series.

XEQp=X=a mp "+a_mp ™' +.. ap+aiptrap’ ...

where each a; € Fp

We set |x| = p~" where n is the smallest integer such that
an # 0.
» For example, in Q3 we have that [15| = 3.
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Algebraic Structures within Qp

In the p-adic numbers we have the p-adic integers which we
define to be

{(x€Qp:x=ap+ap+ ap®...fora cFp}
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Algebraic Structures within Qp

In the p-adic numbers we have the p-adic integers which we
define to be

{(x€Qp:x=ap+ap+ ap®...fora cFp}

In the ring Z, we have the maximal ideal

PLp = {x€Qp:|x| <1}
{x €Qp:x=Dbip+bop?...for bj € Fp}

Neal Lima The Igusa Zeta Function in Arbitrary P-adic Fields



Algebraic Structures within Qp

In the p-adic numbers we have the p-adic integers which we
define to be

{(x€Qp:x=ap+ap+ ap®...fora cFp}

In the ring Z, we have the maximal ideal

PLp = {x€Qp:|x| <1}
{x €Qp:x=Dbip+bop?...for bj € Fp}

We take Zp/pZp which we call the residue field of Qp and see
that it is isomorphic to IF, and can be thought of as the field of
coefficients for all power series in Qp.
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Igusa Function over Q,

We let 1. be a Haar measure on Z, which we scale so that
1(Zp) = 1 and for a measurable set A C Z, we say that

H(A) = /A dx
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Igusa Function over Q,

We let 1. be a Haar measure on Z, which we scale so that
1(Zp) = 1 and for a measurable set A C Z, we say that

H(A) = /A dx

With this we can define the Igusa Zeta Function over Q,, for
some function f to be

Z/(s) = /Z 1£(x) S0l
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Igusa Function over Q,

We let 1. be a Haar measure on Z, which we scale so that
1(Zp) = 1 and for a measurable set A C Z, we say that

H(A) = /A dx

With this we can define the Igusa Zeta Function over Q,, for
some function f to be

Z/(s) = /Z 1£(x) S0l

To compute this, one must break up Zp, = Aj U Ao U ... where
each A; is meassurable, and |f(x)| is constant over each A;. In

this case
Z(s) = Z 1f(ai)°u(A;)
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We want to define the Igusa Zeta Function over all finite
extensions of Qp. To do this we will need:
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We want to define the Igusa Zeta Function over all finite
extensions of Qp. To do this we will need:

» An understanding of what the elements in a finite extension
of Qp look like.
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We want to define the Igusa Zeta Function over all finite
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» An understanding of what the elements in a finite extension
of Qp look like.
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We want to define the Igusa Zeta Function over all finite
extensions of Qp. To do this we will need:

» An understanding of what the elements in a finite extension
of Qp look like.

» A ring of integers in this extension.
» A maximal ideal in this ring.
» And lastly, a Haar measure on this ring.
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The Elements of a Finite Extension

We take our finite extension K/Qp and a basis for this
expression {vy,...,Vvq}. Then for x € K we have that

X =Dbyvy+...bgVy

Where b; € Qp.
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The Elements of a Finite Extension

We take our finite extension K/Qp and a basis for this
expression {vy,...,Vvq}. Then for x € K we have that

X =Dbyvy+...bgVy
Where b; € Qp.
Because each b; has a p-adic expansion, we can then express
X p-adically as well,

X = (a_m,1 Vi+... a,m7dVd)pim+- . -+(ao’1 Vi+... ao,dvd)+(a171 Vi+- - -

where each a;; € Fp.
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The Elements of a Finite Extension

We take our finite extension K/Qp and a basis for this
expression {vy,...,Vvq}. Then for x € K we have that

X =Dbyvy+...bgVy

Where b; € Qp.
Because each b; has a p-adic expansion, we can then express
X p-adically as well,

X = (a_,m Vi+. .. a,m7dVd)pim+- . -+(ao,1 Vi+. .. ao,dvd)+(a171 Vit

where each a;; € Fp.

We can then define the ring of integers in K to be
Ok={xeK:x=a9+a1p" +... where a; =
aj4vi+ -+ ajgVva and aij € Fp}
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Ideals In Ok

» It can be shown that Z, is a PID where every ideal is of the
form p"Z, for some integer n.
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form p"Z, for some integer n.

» Furthermore, it can also be shown that Ok is a PID where
every ideal is of the form 7" Ok.
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Ideals In Ok

» It can be shown that Z, is a PID where every ideal is of the
form p"Z, for some integer n.

» Furthermore, it can also be shown that Ok is a PID where
every ideal is of the form 7" Ok.

» We then have that the ideal pOk is generated by 7€ for
somern € Kand e € Z*.
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Ideals In Ok

» It can be shown that Z, is a PID where every ideal is of the
form p"Z, for some integer n.

» Furthermore, it can also be shown that Ok is a PID where
every ideal is of the form 7" Ok.

» We then have that the ideal pOk is generated by 7€ for
somern € Kand e € Z*.

» We call e the ramification index of K.
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» If e = 1 then K is unramified Example: K = Qp(v/2).
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» If e = 1 then K is unramified Example: K = Qp(v/2).
» If e > 1 then K is ramified. Example: K = Qp(v/2, /D).
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» If e = 1 then K is unramified Example: K = Qp(v/2).
» If e > 1 then K is ramified. Example: K = Qp(v/2, /D).

» If e=d = [K:Qp| then K is totally ramified. Example:
K = Qo(¥/P)
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Structure of K

Surprisngly, K looks like Qp because now we can write all
elements of K as a unique power series around 7. We can also
define a ring of integers in K to be

Ok ={x€K:x=ay+aim+am® +... where a; € F; }
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Structure of K

Surprisngly, K looks like Qp because now we can write all
elements of K as a unique power series around 7. We can also
define a ring of integers in K to be

Ok ={x€K:x=ay+aim+am® +... where a; € F; }
The maximal ideal in O is

7Ok = {Xx € K:x=ajm+ am® + ... where a; € F; }
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Structure of K

Surprisngly, K looks like Qp because now we can write all
elements of K as a unique power series around 7. We can also
define a ring of integers in K to be

Ok ={x€K:x=ay+aim+am® +... where a; € F; }
The maximal ideal in O is
7Ok = {Xx € K:x=ajm+ am® + ... where a; € F; }

Our coeficients of K are now coming from Ok /mOk = F; for
some integer f. We call f the residue degree of K and it plays a
major role in defining Z)(s) in K.
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Fundamental Identity of Ramification

We have
> d=[K:Qp
> f=[Ok/mOk : Zp/PZp]
» esuchthat 7® =pin K
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Fundamental Identity of Ramification

We have
> d=[K:Qp
> f=[Ok/mOk : Zp/PZp]
» esuchthat 7® =pin K

Theorem
ef =d
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Fundamental Identity of Ramification

We have
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Fundamental Identity of Ramification

We have
> d=[K:Qp
» esuchthat 7® =pin K

Theorem
ef =d

» We then have that f is completely determined by e and d.

» K is determined by 7 and the coeficients of all w-adic

expansions, so K is also completely determined by e and
d.
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Fundamental Identity of Ramification

We have
> d=[K:Qp
» esuchthat 7® =pin K

Theorem
ef =d

» We then have that f is completely determined by e and d.

» K is determined by 7 and the coeficients of all w-adic

expansions, so K is also completely determined by e and
d.

» In particular, there is only one unramified extension of
degree d over Qp we call Ky, with ring of integers Oy.
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Fundamental Identity of Ramification

We have
> d=[K:Qp
» esuchthat 7® =pin K

Theorem
ef =d

» We then have that f is completely determined by e and d.

» K is determined by 7 and the coeficients of all w-adic
expansions, so K is also completely determined by e and
d.

» In particular, there is only one unramified extension of
degree d over Qp we call Ky, with ring of integers Oy.

» Note that Ky < K}, if and only if d|n.
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Fundamental Identity of Ramification

We have
> d=[K:Qp
» esuchthat 7® =pin K

Theorem
ef =d

» We then have that f is completely determined by e and d.

» K is determined by 7 and the coeficients of all w-adic
expansions, so K is also completely determined by e and
d.

» In particular, there is only one unramified extension of
degree d over Qp we call Ky, with ring of integers Oy.

» Note that Ky < K}, if and only if d|n.
» In Ky we let 7 = p.
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A Measure on Ok

We now take u to be a Haar measure on Ok scaling u(Ok) = 1
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We now take u to be a Haar measure on Ok scaling u(Ok) = 1
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A Measure on Ok

We now take u to be a Haar measure on Ok scaling u(Ok) = 1
» Once again ;(A) = [, dx
» We can show that u(7"Ok) = p~™

» Based on our measure we set || = p~'
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A Measure on Ok

We now take u to be a Haar measure on Ok scaling u(Ok) = 1
» Once again ;(A) = [, dx
» We can show that u(7"Ok) = p~™
» Based on our measure we set || = p~'

» Now that we have a measure and absolute value on Ok we
can define the Igusa Zeta function over K to be

Z(s) = /O ()| ax
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Ramification, What is it good for?

We let E € Qp|x, y] be an elliptic curve. We studied the
resolution of singularities mod p which depend on what E looks
like modulo p.
» In an unramified field, p is no longer prime so we must look
at E modulo .
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Ramification, What is it good for?

We let E € Qp|x, y] be an elliptic curve. We studied the
resolution of singularities mod p which depend on what E looks
like modulo p.

» In an unramified field, p is no longer prime so we must look
at E modulo .

» Also, if a function g has a singular point in Oy then it will
also have a singular point in O, for all n € Z+.

» A result due to Igusa relates a curves zeta function to it'’s
singularities. In these two previous examples the Igusa
zeta function will change and not change based on the
ramification index of K.
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We let E € Qp|x, y] be an elliptic curve. We studied the
resolution of singularities mod p which depend on what E looks
like modulo p.

» In an unramified field, p is no longer prime so we must look
at E modulo .

» Also, if a function g has a singular point in Oy then it will
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» Take any polynomial f and find Z(s) over Qp. Then Z)(s)
will be the same over all totally ramified extensions of Qp.
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» Take any polynomial f and find Z(s) over Qp. Then Z)(s)
will be the same over all totally ramified extensions of Qp.

» Take f(x) = x — 21in Qp for p > 2. Then Z(s) = 1_155_‘;,5-
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» Take any polynomial f and find Z(s) over Qp. Then Z)(s)

will be the same over all totally ramified extensions of Qp.
» Take f(x) = x —21in Q, for p > 2. Then Z/(s) = 1_1;5;,5.
» Let K be any totally ramified field (e = d) with prime 7.

_p—1
Then Z/(S) = 171'0_%
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Another Example

» Let g(x) = x> — 1 and p such that 2 # [0 (mod p). Then g
has a root in Ky if and only if d is even. In this case

1-2p 9+ p 9
1 — p—dt

Zi(s) =
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Another Example

» Let g(x) = x> — 1 and p such that 2 # [0 (mod p). Then g
has a root in Ky if and only if d is even. In this case

1-2p 9+ p 9
1 — p—dt

Zi(s) =

» If d is odd, then Zj(s) = 1.
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Another Example

» Let g(x) = x> — 1 and p such that 2 # [0 (mod p). Then g
has a root in Ky if and only if d is even. In this case

1-2p 9+ p 9
1 — p—dt

Zi(s) =

» If dis odd, then Z(s) = 1.
» Take L to be any field such that K, < L. Then

B 1 _2p7f+pfft2

Zi(s) 1—pft

where f = ¢
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Conclusion and Thanks

» We now see how we can fix a polynomial f and let our
base field vary and how this will effect Z;(s).
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Conclusion and Thanks

» We now see how we can fix a polynomial f and let our
base field vary and how this will effect Z;(s).

» Using the fact that ef = d and the work of the 1999 REU
we can ask how an elliptic curve’s reduction type will
change in arbitrary extenions of Qp.
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Conclusion and Thanks

» We now see how we can fix a polynomial f and let our
base field vary and how this will effect Z;(s).

» Using the fact that ef = d and the work of the 1999 REU
we can ask how an elliptic curve’s reduction type will
change in arbitrary extenions of Qp.
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