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ABSTRACT. We introduce the Igusa local zeta function by describing its rela-
tionship to the Poincaré series, a generating function for the number of solu-
tions of a polynomial in n variables mod p¢. Igusa’s p-adic stationary phase
formula is presented as a technique for computing local zeta functions, which
are all rational functions. In this paper, we use Tate’s algorithm to classify
the reduction type of the special fiber of an elliptic curve by its Kodaira-Néron
classification and then the p-adic stationary phase formula to explicitly deter-
mine local zeta functions for the finite reduction families: Io, II, I11, IV, Ij,
IV*, IIT*, IT*. The infinite families are determined in [?]. We also discuss
properties of the zeta functions, such as patterns in the numerators. This work
was completed as part of the Mount Holyoke Summer Mathematics Institute,
an NSF funded REU Program.

1. INTRODUCTION

In 1964, Hironaka showed that a resolution of singularities always exists for an
arbitrary polynomial in the characteristic 0 setting [?]. Hironaka received the Fields
Medal in 1970 for this work. Using this result, Igusa showed in 1975 that the Igusa
local zeta function is a rational function [?]. In 1994, Igusa introduced the p-adic
stationary phase formula (SPF), a technique that allows one p-adic integral to be
represented in terms of another often simpler integral [?]. This paper together with
[?] proves that SPF is sufficient to determine the Igusa local zeta function for the
class of non-singular algebraic curves known as elliptic curves.

2. INTRODUCTION TO THE p-ADICS

We will be interested in integrals over the p-adic numbers, Q,, and its ring of
integers, Z,. The p-adic numbers arise from a peculiar p-adic absolute value on
the rational numbers in exactly the same way that the real numbers arise from the
usual absolute value. Hence the p-adic numbers are the completion of the rationals
with respect to the p-adic absolute value.

Let p be any prime number. Then any rational number x can be represented in
the following form:

ktl k2 ... where k €Z, a; € Z/pZ, and ag # 0.

x = aop” + arp" + asp
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2 ON IGUSA LOCAL ZETA FUNCTIONS OF ELLIPTIC CURVES

We let k£ be called the order of x at p, & = ordyz. The order of = at p is defined
as the smallest power of p with a non-zero coefficient in the p-adic expansion of x.
The p-adic absolute value is defined as:

|x| B pfordp:r if 7& 0
P10 if x =0.

The p-adic absolute value induces the metric d(x,y) = |z — y|,. The distance
d(x,y) > 0 for all distinct rational numbers x, y as any power of p is positive. We
can easily verify the metric properties of multiplicativity and the triangle inequality
for d(z,y). In fact, we can show that the p-adic metric has a stronger property called
the ultra-metric property:

|+ ylp < max{laly, [ylp}-

Since max{|z|p, |ylp} < |z|p + |ylp, the triangle inequality follows from the ultra-
metric property.

Completing the rationals with respect to this metric, we get the field of p-adic
numbers, denoted @Q,. We can show that each p-adic number can be uniquely
represented by a convergent Cauchy sequence of rational numbers of the form

k+1

aop”® + aip +agpt? + ... with a; € Z/pZ,k € Z.

Additionally, we define the p-adic integers, Z,,, to be the subring of Q,, of all elements
which have |z|, < 1, i.e., any p-adic number with an expansion of the form: ag +
arpt +agp* + -+

3. THE IGUSA LOCAL ZETA FUNCTIONS OF ELLIPTIC CURVES

In this paper we compute the Igusa local zeta function

2= [ \f)lydrdy
zn

P
where f(z,y) = y? +a1xy+azy — 3 — asx? — asx — ag is the Weierstrass equation of
an elliptic curve for the finite reduction families in the Kodaira-Néron classification
of elliptic curves modulo p . The measure that we use to integrate over Zj is
the product measure of the Haar measures on Q,, which we normalize so that

sz dx dy = 1. Igusa showed that this zeta function is related to a Poincaré series.
p

Let f be the polynomial in the integrand of the zeta function. Then the Poincaré
series associated to f is:

P(t) =) Nep *t°
e=0

where N, is the number of solutions to f(x,y) mod p°. This series is a generating
function for the N,’s: when expanded, the coefficient of p~2¢t° is exactly N,. Igusa
showed that the connection between the zeta function and the Poincaré series is:

2() = P(t) ~  (P(t) ~ 1)

In 1975 when Igusa proved the rationality of his zeta function he also proved the
rationality of this Poincaré series. As a result we know that the IV.’s, in general,
have complicated recursive relations on them that allow the series to be summed.
In this paper we will find zeta functions associated to elliptic curves which are
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nonsingular cubic curves. We can then go back and find the Poincaré series via the
relationship:

P(t) = 1%_25’5)

4. THE STATIONARY PHASE FORMULA

In [?], Igusa introduced the p-adic Stationary Phase Formula (SPF), which takes
its name from a similar formula in physics. Since we have the disjoint union

ZIQ; = U (a,b) +psz
(a,b)€F2

SPF breaks up the integral of the Igusa zeta function into three regions of integra-
tion, based on the finite number of points (z,y) where z,y € Z/pZ = {0,1,...,p—
1}: the first where f(z,y) # 0 mod p, the second where f(z,y) = 0 mod p but
is nonsingular, and the third where f(z,y) = 0 mod p and is singular. The idea
behind this dissection is that the integrals over the first two regions are simple
to calculate, and often times the third can be carefully manipulated to reach the
rational function for Z(t). Once simplified, our SPF in two variables looks like this:

_ _ 1—p!
Z(t) = @~ INDP™?) +p 2(N| - |S|)1—7p—1t
+ / (@, y)l; da dy
(a,b)eS (a+Zp) X (b+Zyp)

where |N| is the cardinality of the set of points modulo p such that f(z,y) =
0 mod p, and |S] is the cardinality of the subset of points of N which are singular,
ie.
‘g—i(%y) =0 (mod p), g—g(%y) =0 (mod p).

This paper will show, using an algorithm of Tate, that SPF is sufficient to calculate
the zeta function for all elliptic curves. An open problem is whether SPF is sufficient
for all polynomials; no counterexample has yet been found, in part because it would
be exceedingly difficult to prove without a shadow of a doubt that mo possible
manipulation of SPF will ever work.

4.1. The form of the p-adic Stationary Phase Formula. The p-adic Station-
ary Phase Formula gives a systematic way for computing the local zeta function.
The process of SPF always takes one of the following four forms:

e The polynomial has no singular points.

The zeta function is therefore just the first two terms of the SPF. The zeta function

is rational in this case because it is of the form:
1— p_1
1—p1t

e The original zeta function appears as the singular integral.

Z(t) =" -Np "+ (N-S)p "t

The rationality of the zeta function is due to the fact that the original zeta function
can be brought to the other side of the equation and solved for, leaving a rational
function.

e A previously arrived at singular integral appears again as the singular in-
tegral
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The rationality of the zeta function follow in a similar way to the previous case.
e The SPF process never terminates.

It is possible that the SPF process will require an infinite number of applications
and will still yield a rational function. This happens in the case where we can sum
the infinite series of first and second terms of SPF. If a pattern of f’s in the singular
integral becomes apparent, then we should be able to find the sum.

4.2. Tate’s algorithm. We have been interested primarily in the class of nonsin-
gular (over Q,) cubic curves known as elliptic curves. A resolution modulo p is
known for this class of curves. The resolution was known to Kodaira and an alo-
gorithm for classifying curves according to their mod p singularity type was given
by Tate.

We begin by transforming any elliptic curve to its minimal Weierstrass form:
f(‘ra y) = y2 +a1zy + asy — 9:3 - GJQIZ — Q4T — Q4g,

moving its mod p singular point to (0,0) and defining the following associated
quantities:

by a% + 4as

by = aiaz+ 2a4

be = aj+4ag

bs = (babg —b3)/4

A = —bibg — 8b3 — 272 + ababg

) = T34 ptaxT? 4+ p2a4T +p3ag

Disc(P) = p %(—4a3as + a3a; — 4a3 — 27a2 + 18asasag)
) = Y24p a3y —p ta

For a description of where these quantities come from, as well as a more complete
understanding of this algorithm, see Silverman or Tate.



ON IGUSA LOCAL ZETA FUNCTIONS OF ELLIPTIC CURVES

Tate’s algorithm leads to the following classification scheme:

Io prA

L [ p"Ap" T TA

p 1 b2, plas, ay, ag
IT | plas, a4, as, p|b2

p2)[a6

I P\a3,a4,06ap|b2,172|a6
p®1bs

v PJas,a4,a6,P|bQ,P2|a67P3|bs
P 1 be

Ia p‘a/?na/4aa/ﬁap|b2ap2|a6,p3|b8ap3|b6
p\al,az,p2\03,04,p3|a6

p 1 Disc(P)

I | plas, a4, ag, p|b2, p*|as, p°|bs, p°|bs
p\al,GQ,pZ\a3,a4,p3|a6

P(T) has a double root

IV* p‘CL3,CL47CL67p|b2,p2|a6,p3|b8,p3|b6
p‘alaGQaPQ‘a37a47p3|a6

P(T) has a triple root
p2|a27p3|0’47p4|a’6

Q(Y) has distinct roots

III* | plas, as, ag, p|bz, p*|ag, p®|bs, p®|bs
P\al,azap2\03,a4,p3|aﬁ

P(T) has a triple root

p?lag, p*las, plag

Q(Y) has a double root
p?las,p®las

p4 Jf Gy

II* p‘a37a47aﬁup|b27p2|a’6>p3|b87p3|b6
p‘a17a27p2‘a3aa4ap3|a6

P(T) has a triple root
P2|a27PS|a47p4|a6

Q(Y) has a double root
p3|a37p5|a67p4|a4

P° fas

or, to represent it with a tree:
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T pfDisc(P), i.e. P(t) has distinct roots
I P(t) has a double root
§ Q(y) has distinct roots
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According to Tate’s algorithm, any elliptic curve that ends up at (x) has a
discriminant that can have a factor of p'? removed from it through a translation,
so the new transformed curve can be plugged through the algorithm again. Since
a finite number of p’s factor out of the discriminant, the algorithm terminates.

5. THE IGUSA LOCAL ZETA FUNCTION FOR ALL REDUCTION TYPES

Type Iy Reduction. We wish to compute the Igusa local zeta function for the

polynomial f(x,y) = y? + ayxy + azy — 3 — asx?® — ayx — ag. Hence, f(x,y) =0

is an elliptic curve in Weierstrass normal form.

TyPE II REDUCTION

We now make the condition that p? { ag. We can change our region of integration
by making the substitution x = pz; and y = py;. The singular integral over

pZy X pZy now becomes an integral over Z, x Z,. This change of variables leads to

a change in measure of p~2.

|f(z,y)|, da dy

PZLp X Pl

=p? / P°y; + pParziys + pasyr — p°xt — pPasa? — paszy — agl} day dyy
Zz

p

= Pizt/ Py} + parzrys + asyr — pPat — pagr} — aswy — ae [} dzy dyy
ZQ
P

Reducing the integrand modulo p, our integral now becomes:

/ | — Q6,1
Loy X Loy

/ Faay)s dedy = p=2t
PLyp X pLyp

o= 1.

This gives us:

The zeta function for an elliptic curve of reduction type II has the following rational
form:

-1

_ o, 1—p _
Z({t) = @*-pp*+@-1p Ztm +p %t
1_p71 +p73t_p73t2

1—p1t

TypPE III REDUCTION

We now impose the conditions: p?|ag and p? { bs. From this we can see that
p? 1 ay4. This follows because 4bg = babg — b3 where p?|bg as bg = a3 + 4ag. Thus,
if p2|bs, then p3|bg which is a contradiction. Recall that by = ajas + 2a4. p* 1 ay
because if p%|ay then p?|by, also a contradiction. Consider the effect of these new
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divisibility conditions on our singular integral.

[ ey
PLp XpLyp
=p 2 / IP*y% + pParziyr + pasyr — pat — pPasai — paswy — a6|; dzy dy
Z
=p~ 2t / YT + arerys + azayr — pri — agat — asax — a672|; dxy dy

Zy

Is1

Let the integrand be called fi(z1,41). Consider fi(z1,y1) modulo p: fi(z1,11) =
y% + a31y1 — a4,1%1 — Gg,2. Let us now make the following change of variables:
T=yi+as31y1 —as121 —ag2 and § = y1.

Computing the Jacobian, our integral now reduces to:

T = [lafdidg
Z2

- /|g:=|dgt~./dg
Z, Zp

1—p_1

1—p1t

The rational zeta function for the elliptic curve of type III reduction is:

_ Sy, =7 (L—pTh)
Z(t) = (1—pt 1—pt 1t(7 R
_ 1— p—l _ p—Qt + p_2t2 +p_3t _ p—3t2
N 1—p1t

TypPE IV REDUCTION

If we allow p3|bg, we then get p?|by and p?|as. We will now consider elliptic
curves with the following conditions on their coefficients: p?|ag, p?|bs, and p*  bg.
Our singular integral now becomes:

Faplidedy = p2 / | Fa (o, )5 dey dys
PLip X pLyy Zg

/ | fi(z1,y1)], de dy
z;

s,

where fi(z1,y1) = y? + az1y1 — a2 mod p. The discriminant of f;(z1,y1) mod
p is precisely ag,l + 4ag2 = bga. Because p® { bg, we know that fi(z1,y1) is
nonsigular. Therefore, fi(z1,y1) has distinct roots in the algebraic closure of Q.



ON IGUSA LOCAL ZETA FUNCTIONS OF ELLIPTIC CURVES 9

In Z,, fi(x1,y1) either has distinct roots or no roots. In the case where bs 2 is a
square modulo p, Ny = 2p and S; = 0. Applying SPF to Zg,:
1—p!
Isi = (P*—2pp 2+2p t—F—
S1 (p”—=2p)p" +2p =
1—2p~t+p 1t
1—p1t

When bg 2 is not a square mod p, Ny = 0 and S; = 0. This gives Zs; = 1. The
zeta function for case IV has two forms:

When Ny =2p:
20) - L—p ' —pt4+p P +p 3t —2p 3> +p7°1°
N 1—p1t
When N; =0:
1=l —p=2¢ 1 =242 1 =3¢ _ =343
2 = P —pttp t4p p

1—p1t

TYPE I’ REDUCTION

We now allow p3|bs. From now on, it will be the case that p?|as and p®|ag. This
can be seen as follows: f1(z1,y1) = y% +a1z1y1 + az1y1 — pxi’ — agx% — Q41%1 —
a2 = Y7 + asays — ag2 mod p. Completing the square yields: fi(x1,y1) =

2

2
a ~ ~ a .
(y1 + %5)? — =2 —ag2 mod p. Let g1 = y1 + %3+ and ag 2 = —5* + ag,2. Consider
2 2
~ az, _ 4agetaz, _ bgao _ 3 3 ~ 3
a2 = a2 + 5+ = ———+ = 5% = 0 mod p as p’|bg. Thus, plago and p°|as.

4
Since p3|bg, p3|as, and bg = a2 + 4ag we can now see that p?|as. Given an elliptic
curve of reduction type I, we have shown it can always be transformed to get
plag,2 without affecting the divisibility conditions on the other coefficients. So,
fi(z1,y1) = y? mod p. Setting fi(x1,y1) and it partials equal to zero mod p, we
see that N; = p and S7 = p. Applying SPF we get:

Is, = (" —pp >+ / | Fuer )l day .
Ly X plgy

We change our region of integration from Z,, X pZ,, to Zj, X Z, by making the change
of variables: ©;1 — x5 and y; — py2. This change of variables leads to a change in
measure of p~!. Our singular integral becomes:

/ |fr(@1,y1)]5 daadyy = p~ s,
ZLp X plip
where

Is, = / [P°y5 + parzays + pas1ys — pri — azxs — as 1 — ag2|5dradys

D

= /2 | f2(@2, y2) [y dzadys
z

I4

_ 3 2
where fa(22,y2) = —25 — az175 — a42T2 — ag,3 mod p.
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Type Ij Reduction. The reduction type I is defined in Tate’s algorithm as
the case where fa(x2,y2) mod p has distinct roots in the algebraic closure of Q.
Therefore in Z,,, fa(x2,y2) either has distinct roots or has no roots. That is, fo can
take one of the following three forms with A,B,C € F,[z2]:

o fa(z2,y2) = (z2 — A)(22 — B)(z2 — C) mod p
o foxa,y2) = (v — A)(23 + Bao + C) mod p
o fo(x2,y2) is irreducible over F,[z2].

As fa(z2,y2) is nonsingular mod p, when we compute Zg, we will just get the first
two terms of the SPF with the appropriate N according to which of the three cases
mentioned above we are in. That is,

1—pt

Tg, = (p> = No)p 2+ Nop~ 2t ———
s, = (p 2)p” "~ + Nap 1—p it

where Ny = 3p if fo has 3 distinct roots in Z,, No = p if f5 has one root in Z,, and
Ny =0 if f5 is irreducible. The zeta functions for curves of reduction type I, have
the following three forms.

When Ny = 3p:
2(t) = L—p ' —p2t4+p 2P +p 3t —p 22 — 2p~ "7 + 2p~ "
N 1—p1t
When No =p
1— -1 _ _2t _2t2 _3t _ _3t2
Z(t) = p p +p +p p
1—p1t
When N2 =0
Z(t) B 1— p—l _ p—Zt + p_2t2 + p_3t _ p_3t2 + p_4t3 _ p_4t4

1—p1t

Type I} Reduction. The reduction type Ij is defined in Tate’s algorithm as the
case where f(z2,y2) has a double root and a simple root mod p. Suppose that
fo(z2,92) = (2 — @)?(z2 — ). Making the translation x5 — x4+« and y2 — y2, we
shift the root to (0,y). From this translation, we discover that p3|a, and p*|ag. Note
that fa(za,y2) = 23 +a9123 +as 272 +ae 3 = 235(v2 — (6—a)) = 25 — (B —a)a3. By
equating coefficients, we see that as 2 = 0 mod p and ag 3 = 0 mod p. If p?|ag, then
f2 would have a triple root, which is not considered in this case. For I reduction,

p? t as.
s, :/ | f2(2, y2)[, dwadys
Lip X Lo

where fo(72,y2) = @3 +az,173 mod p. Setting fy and its partials equal to zero mod
p, we find No = 2p and S2 = p. Applying SPF to Zg, yields:

1—p1t

T — 2_2 —2 71t
s, =(p"—2p)p " +p T

+/ | f2(z2, y2) |, dr2dys
PLp X Ly

We change the region of integration from pZ, x Z,, to Z, x Z,, by making the change
of variables x5 — pxs and ya — y3 which cause a change in measure of p~!. Now
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our singular integral is equal to:

-1 2 3.3 2 2 s
p / Ipys + paizsys + as1ys — p°x3 — pTag, 173 — pas2r3 — ae 3/, dradys
Lo X Loy

= pilt/ |y32’ 4+ ai1r3ys + a372y3 — pzxg — pag,lx?,) — a4,2x3 - a674|; dxgdyg
i

We will call f3(z3,y3) = ¥3 + a123y3 + as2ys — P> — pas 173 — as2T3 — aga =
y% + a3,2y3 — a4 mod p. We will let Zs, be the integral of f3 over the region Z?).
Tate’s algorithm states that I7 is the case where f3(x3,ys has distinct roots in the
algebraic closure of Q,. Over Z,, it either has distinct roots or no roots. In either
case, f3 is nonsingular. Therefore,
1—pt
1—p1t
where N3 = 2p if f3 has distinct roots and N3 = 0 if f3 is irreducible. The zeta
function for the case of distinct roots is:

Zt)=@*—pp > + (p—1p 2t —p ' +p 2 ((p %p* —p)

o -+ D)
((2p)p~2t)(1 —p‘l))))).

1—p1t

Zs, = (p> — N3)p~2 + Nap ™%t

+ pMt((p* —2p)p* +

The zeta function for the case of no roots is:

(p—1p2t(1—p 1)
1—p1t

+p 2 ((p7% = (0 — p))

(2p—p)p2t(1 —p )
1—p1t

Zt)=@@ -pp > +

+ p (P —2p) + +p'1)).

Type I, Reduction. I will be the case where f3 = y2 + a32ys — ag4 has a
double root. Make the translation y3 — y4 + 8 and 23 — x4 to get f3 = y2
mod p. Equating coefficients we see that p®|as and p®|ag. Recall that f3(x3,y3) =
Y3 + a3y — piad — a271px§ + a3 2y3 — G423 — ag 4. Make the change of variables

x3 — x4 and y3 — pys. Our singular integral, Zg, now becomes:

p_lt /Z2 Ipyi + a124Ys — pl‘i - Cl2,11‘42; + asoys — as,3%4 — a6 5| dradys
P
We will call the integrand fs(x4,y4) and we will consider it mod p. fi(z4,y4) =
—ag,lxi — a4,374 — ag5 mod p. As fi mod p is a quadratic in x4, we consdier the
two cases: fjy has distinct roots mod p and f; has no roots mod p. If f; has distinct
roots, then N3 = 2p and S3 = 0. If f; has no roots, then N3 =0 and S3 = 0.
The zeta function for the case of distinct roots is:

20 = -+ 1)1p_2;(_11tp1) +p P (p 2 (p* — p)

+ p (P —p)p? +p Mt((p* —2p)p 2

) )}

1—p1t
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In the case where f4 has no roots, then the zeta function is:

2t = P -t + - 11)p__p(_11t_ D) 4R - p)

+ pTH((P? = p)pT +p 7).
If we continue to look at the cases of distinct roots and ro roots versus double roots
in the alternating quadratic equations in x and y, we will get the general form for
the zeta function in the I’ case. In both cases, the denominator of the zeta function
will be 1 —p~1t. The numerator for the case of no rootsis: 1 —p~t —p~2t+p~2t2 +
P 3t —p 32— p~ B 4 p U 4 p Ot — pOD o (pm (N HD(HI) _ pm(nt ) y(nt ),
The numerator of the zeta function for the case N = 2pis:1 —p~ ' —p~ 2t +p~2t2 +
p 3t —p 32 —p B3 p i fp S —p IO 4 (—p (D) 4 (k) y(ntd)

TypPE IV* REDUCTION

Suppose now that fa(xs,y2) has a triple root. So, fa(z2,y2) factors as (x — a)?

which is congruent to —x‘;’ — ag,lx% — a472x% — 4,272 — ag,3 modulo p.

Make the translation zo — x5 + a and y2 — yo which gives us fo = —x% mod p.
Equating coefficients, we see that p?|as, p®|as, and p*|ag. In terms of fo(2,y2), the
singular integral is now:

2 3 2 s
Zs, :‘/) Ipys + a122y2 + az1ye — o5 — az1T5 — as 2%z — ag 3, dra dya
Loy X Loy

By considering fo and its partials congruent to 0 mod p, we learn that No=p and
there are p singular points. Therefore the middle term of the SPF vanishes. Making
the substitution x5 = px3 and yo = y3 changes the region of integration for the
singular integral to Zf, and causes a change in measure of p~!. Our integral is:

/ | f2(z2, y2)[;, dr2 dy2
DLy X Loy

=p ! / Ipy3 + pa1xsys + az1ys — pPrs
Z2

P

2 2 2
—p~az,1T3 — Pas2T3 — a3/, drs dys

= pflt/ ly3 + a123y3 + as 2ys — pPas
Z2

P

2 s
—Pa21T3 — Q4273 — a6,4|p dxs dys

where f3(x3,y3) = y3 + a123y3 + as2ys — p>r3 — pas 1235 — as,2x3 — ap 3.
Let Zg, be:

/ | f3(3,y3), dvs dys
Lip XLy

where f3 = y§ + a3 2y3 — ag,a mod p. If f3(zs,ys) has no roots or distinct roots,

then we are in the case of IV* where: N3 = 0 in the case of no roots and N3 = 2p
in the case of distinct roots. Therefore, our singular integral can be evaluated as:
_ g, 1—p7!

Is, = (p* = Na)p~ + Nip 2151_72)_%
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Our zeta function associated to reduction of type IV* (distinct roots) is:
1—pt
Z(t) = p* —p)p? —1p 2t—"—
O=0"—pp" + (-Lp 7t — 17

+ (P - P T (P - p)p

(1

R R e G i 3}

1—p 1t
The zeta function associated to reduction of type IV* (no roots) is:
_ o, (1—p7!
20)= @ -pp? + -y

+ p (> —pp?

+ pMt((P*—pp P+ '1))

If we assume that f3(z3,ys) = y3 + a3 2ys — ag 4 has a double root (which we will
translate to the origin y=0) we get the divisibility conditions: p3|asz and p°|ag by
equating coefficients. If, in addition, we assume that p* t a4, then we are in case
I

TyPE III* REDUCTION

With our new divisibility conditions, f3 = y3 + a3 2ys —as4 = y3 mod p. N3 =p
and we also have that S3 = p by considering f3 and its partial derivatives. Make
the change of variables: x3 = x4 and y3 = py4 to get:

~1 2 2 2.3 2 s
D / [p“yi + a1pTays — p wy — pag 12y + a3 2pys — 4274 — ap 4, dra dy,
Lip XLy

—1 2 3 2 s
pt / lpyy + a174ys — pxy — a21%5 + 3291 — a4,374 — a6 5, drg dys
Ly X Ly

Let Zg, be the integral above. Is Tg, a singular integral? Consider the integrand,

fa(z4,ya), modulo p. fi(x4,ys) = —as3zs — ags mod p. Considering the partials

of f4, we note that the partial of f; with respect to x4 is —a4 3 which is never

congruent to zero mod p because p* { a4. So our integral is not singular. Therefore,

we get the first two terms of SPF with Ny = p. The zeta function associated to

type IIT* reduction is:

- o, (1—p ")

Zt)=@ =pp~> + (-p~ %t —

1—p~it
+ p @ —pp 2+ (0 - p)p
-1
—-p

)

+p 2t ((p* — p)p~?

—2
+ p (PP —pp P+p Mt

TypE II* REDUCTION

If we make the condition that p*|as but p° t ag, then we are in case II*.
Consider Tg,:

2 3 2 s
T, = / |py4 + a1T4Ys — PTy — Q21T + A3,2Y4 — A4,3T4 — a6,5|p dxy dy,
Lp XLy
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With our new divisibility conditions, we see: f4(x4,y4) = ags mod p. Because
p® t ag, |ags|=1. This implies that [, day4dys| = 1. The zeta function associated
¥

to type IT* reduction is:

Zt) =@ —pp > + (p- 1)p2t(11__;11t)
+ p (P —pp P +p (P —p)p?
+ pt((P*—pp P+ 1))

We have entirely worked our way through Tate’s algorithm. If pS|ag, then the
equation we started with was not minimal and we could repeat the above algo-
rithm. Since only finitely many p’s can be factored out of the discriminant, Tate’s
algorithm will terminate. Therefore, we have found the Igusa local zeta functions
assoicated to elliptic curves of all possible mod p singularity types.

6. THE END OF TATE’S ALGORITHM

We have a curve f(z,y) = y? + a12y + azy — 2> — axx? — ayw — ag with the

conditions: play, p®|as, p?|az, p*|as, p®las. We make the change of variables so
that: f(x,y) = y? — 423 — bow® — 2byx — bg. When we do this, we change our
region of integration. We must apply SPF appropriately to the integral that results
from this change of variables to determine what factor should be in front of the
integral when we go through Tate’s algorithm with the new polynomial. From our
divisibility conditions, we see that: p?|by, p*|bs, p°|bs. We apply SPF for the first
time to the integral:

2

(6.1) Z(t) = ly? — 4a® — boa® — 2byx — bely, dz dy
Zy

Considering the integrand modulo p, we have: y? — 423 = 0. There are p solutions
to this equation, one of whch is singular. It is obvious that (0,0) is the only singular
solution. There are p—1 other values of z (1,...,p—1). For p—1/2 of these values,
is not a square mod p, while 4z? clearly is a square, so 42 will not be a square mod
p, and thus each of these (p—1)/2 x values gives no solution. For the other (p—1)/2
values, x is a square mod p. Let x = a?. Then 423 = (2x)?=0a?(2a?)? = 4a®, so this
x value gives two solutions: (a?,2a?), (a?, —2a*). This gives p — 1 more solutions.
The above argument is the explanation for why there are p solutions to y? — 4z3=0
modulo p, with one of them being singular.
So, now we use SPF to see:

1—p!
1—p1t

+ / ly? — 423 — bya® — 2byx — be|, dz dy
(pr)2

Z(t)y=@*—pp > + (p—1)p 2t
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We let x = px; and y = py; to get the following zeta function:
-1
1—p~1¢
52 [ g - apet = bard = 2y — bl dody
72

P

ZH)=1-p ) + (1-p 7t

= A1 +p72t211.

where
1—]9’1
Ai=1—-ptaQ—pHp h—L
1 p+d-p )p =

is the first two terms of the SPF and

Il = /2 |y% — 4pI? — me% — 2b471$1 — b6,2|18) dxl dyl
Zp

is our new integral to evaluate, having pulled two p’s out of the integral after our
change of variables. We can now apply SPF a second time for Z;. Our equation is
y? = 0 mod p. There are p solutions to this equation—(z,0), where z ranges over
F,. All of the solutions are singular. Note that |[N| — |S| = 0 and therefore the
second term of this SPF vanishes. Now, 7; becomes:

171 = (1 —p_l) +p_1t/ |y% — 4pa:? — bgl‘% — 2b471$1 — b6,2|; dry dyl
ZLp X Ly

Note that our region of integration for the singular integral is Z, x pZ, because

all z’s give a singular point when y = 0 mod p. We make the change of variables

y1 = py2 to get the following integral:

Il = (1 - p_l) +p_1t/ |py§ - 4$§ - bg’lfbg - 2()4,2162 - b@}gl‘; dLL'Q dyg.
2

ZP
So
Z({t) = Al +p T
= A+ Ay +p 3T,
where
Ay =p (- p)
and

Ig = /2 |py§ — 4173 — ngI% — 2642.%2 — bﬁ,3|; dl‘g dyQ
Zp

We now apply SPF for a third time to evaluate Z,. Our integrand becomes —4x3 =
mod p. There are p solutions to this equation: (0,y) and all of them are singular.
Therefore,

Iy=@*-pp°+ / lpy5 — 425 — by 133 — 2by 2w2 — bg 3|5 dwo dys
Py X Ly

We make the change of variables z9 = pzs to get the following integral:

Iy=(1-p't) +p‘1t/ ly3 — 4p°x§ — bya§ — 2by2w3 — be 4} das dys.
z;
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So,
Z(t) = A+ Ay +p 33T,
= A+ A+ As+p T
with
Ay = p 331 —-ph and
I3 = /Z2 ly3 — 4p*x3 — boxi — 2by 013 — be 4|, dxs dys

ya

We apply SPF a fourth and final time for Z3. Our integrand is y3 = 0 mod p. So
we have p solutions, all singular. This gives:

Is=(p° —pp° +/ Y3 — 4p*x3 — boa§ — 2b4 213 — bg al; diey dys
ZLp X iy
We change our variables so that y3 = pys to get the following:

zsza—p*>+p4#/

‘yz — 4.1‘2 — b2,2 — 2b474$4 — b676|157 d$4 dy4
72

P

Therefore,
Z(t) Ar+ Ay + As +p T

= Ay + Ay + Az + Ay +p 0T

where

1y = / Y3 — 4x§ — ba o] — 2bs 44 — be g} day dys
ZQ

P

is the integral we were originally looking for. Let us now rename 7, as Z*. Z* will
be our zeta function for when we factor out p’s in our coeflients as Tate’s algorithm
directs us. This gives us:

Z(t) = A1+ Ay + Az + Ay + p 212"
If we substitute in the values of the A;, we get:

1—php~lt
2) = (—p e L2t o poag
1—p—t
+ p_4t4 + p—5tﬁz*
Thus, we can recover our zeta function from the one with smaller coefficietns via
this recursion formula.

7. NUMERATORS OF THE ZETA FUNCTIONS

Now that we have shown it is possible to find the zeta functions associated with
elliptic curves using only the SPF method, we would like to study properties of the
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numerators of the zeta functions we found. Here is a summary of the numerators
of the zeta functions obtained for all reduction types modulo p.

In: Z(t) = 1—p 't—p 2N +p %tN
IT:Z(t) = 1—p t4p3t—p 32
ITLIIT : Z(t) = 1—p t—p2t4+p 22 +p 3t —p 3t?
IVa): Z(t) = 1—p ' —p2t4+p 22 +p~3t — p3t3when ac(bg) is not a square modulo p
or
IVD): Z(t) = 1—p 't —p 2t +p 22 +p 3t — 2p73t2 + p~3t3>when ac(bg) is a square modulo p
IV*a): Z(t) = 1—p t—p2t4+p 22 +p 3t —p 3% + p~°t* — p~5t>when ac(bg) is not a square modul
or
IV : Z(t) = 1—p ' —p2t+p 22 +p 3t —p 3> —p 5t + p~>tSwhen ac(bg) is a square modulo p
Ir':Zt) = 1—p ' —p2t+p 22 +p 3t —p 32 +p 55 —p 04

8. WILL SPF ALWAYS SUFFICE?

Hironaka’s result in 1964 addresses the existence of a resolution of singularities
in the characteristic 0 setting. His proof only supplied the existence and not an
algorithm for finding the resolutions. Historically, resolutions for algebraic curves
have been known since the middle of the last century. These resolutions are given
by the process of "blowing up” the singular points. Currently, there is no known
algorithm for finding resolutions for general polynomials modulo p. It is believed
that if an algorithm exists for finding resolutions modulo p, then SPF will suffice
for finding the Igusa local zeta function.
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