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A–1 Letk be a fixed positive integer. Then-th derivative of
1

xk−1
has the form Pn(x)

(xk−1)n+1 wherePn(x) is a polyno-
mial. FindPn(1).

A–2 Given any five points on a sphere, show that some four
of them must lie on a closed hemisphere.

A–3 Let n ≥ 2 be an integer andTn be the number of non-
empty subsetsS of {1, 2, 3, . . . , n} with the property
that the average of the elements ofS is an integer. Prove
thatTn − n is always even.

A–4 In Determinant Tic-Tac-Toe, Player 1 enters a 1 in an
empty3× 3 matrix. Player 0 counters with a 0 in a va-
cant position, and play continues in turn until the3× 3
matrix is completed with five 1’s and four 0’s. Player
0 wins if the determinant is 0 and player 1 wins other-
wise. Assuming both players pursue optimal strategies,
who will win and how?

A–5 Define a sequence bya0 = 1, together with the rules
a2n+1 = an anda2n+2 = an + an+1 for each inte-
ger n ≥ 0. Prove that every positive rational number
appears in the set

{
an−1

an
: n ≥ 1

}
=

{
1
1
,
1
2
,
2
1
,
1
3
,
3
2
, . . .

}
.

A–6 Fix an integerb ≥ 2. Let f(1) = 1, f(2) = 2, and
for eachn ≥ 3, definef(n) = nf(d), whered is the
number of base-b digits of n. For which values ofb
does

∞∑
n=1

1
f(n)

converge?

B–1 Shanille O’Keal shoots free throws on a basketball
court. She hits the first and misses the second, and
thereafter the probability that she hits the next shot is
equal to the proportion of shots she has hit so far. What
is the probability she hits exactly 50 of her first 100
shots?

B–2 Consider a polyhedron with at least five faces such that
exactly three edges emerge from each of its vertices.
Two players play the following game:

Each player, in turn, signs his or her
name on a previously unsigned face.
The winner is the player who first suc-
ceeds in signing three faces that share a
common vertex.

Show that the player who signs first will always win by
playing as well as possible.

B–3 Show that, for all integersn > 1,

1
2ne

<
1
e
−

(
1− 1

n

)n

<
1
ne

.

B–4 An integern, unknown to you, has been randomly
chosen in the interval[1, 2002] with uniform probabil-
ity. Your objective is to selectn in an odd number of
guesses. After each incorrect guess, you are informed
whethern is higher or lower, and youmust guess an
integer on your next turn among the numbers that are
still feasibly correct. Show that you have a strategy so
that the chance of winning is greater than2/3.

B5 A palindrome in baseb is a positive integer whose base-
b digits read the same backwards and forwards; for ex-
ample,2002 is a 4-digit palindrome in base 10. Note
that 200 is not a palindrome in base 10, but it is the 3-
digit palindrome 242 in base 9, and 404 in base 7. Prove
that there is an integer which is a 3-digit palindrome in
baseb for at least 2002 different values ofb.

B–6 Letp be a prime number. Prove that the determinant of
the matrix




x y z
xp yp zp

xp2
yp2

zp2




is congruent modulop to a product of polynomials of
the formax + by + cz, wherea, b, c are integers. (We
say two integer polynomials are congruent modulop if
corresponding coefficients are congruent modulop.)
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A-1 Consider a setS and a binary operation∗, i.e., for each
a, b ∈ S, a ∗ b ∈ S. Assume(a ∗ b) ∗ a = b for all
a, b ∈ S. Prove thata ∗ (b ∗ a) = b for all a, b ∈ S.

A-2 You have coinsC1, C2, . . . , Cn. For eachk, Ck is bi-
ased so that, when tossed, it has probability1/(2k + 1)
of falling heads. If then coins are tossed, what is the
probability that the number of heads is odd? Express
the answer as a rational function ofn.

A-3 For each integerm, consider the polynomial

Pm(x) = x4 − (2m + 4)x2 + (m− 2)2.

For what values ofm is Pm(x) the product of two non-
constant polynomials with integer coefficients?

A-4 TriangleABC has an area 1. PointsE, F,G lie, re-
spectively, on sidesBC, CA, AB such thatAE bisects
BF at pointR, BF bisectsCG at pointS, andCG bi-
sectsAE at pointT . Find the area of the triangleRST .

A-5 Prove that there are unique positive integersa, n such
thatan+1 − (a + 1)n = 2001.

A-6 Can an arc of a parabola inside a circle of radius 1 have
a length greater than 4?

B-1 Let n be an even positive integer. Write the numbers
1, 2, . . . , n2 in the squares of ann × n grid so that the
k-th row, from left to right, is

(k − 1)n + 1, (k − 1)n + 2, . . . , (k − 1)n + n.

Color the squares of the grid so that half of the squares
in each row and in each column are red and the other
half are black (a checkerboard coloring is one possi-
bility). Prove that for each coloring, the sum of the
numbers on the red squares is equal to the sum of the
numbers on the black squares.

B-2 Find all pairs of real numbers(x, y) satisfying the sys-
tem of equations

1
x

+
1
2y

= (x2 + 3y2)(3x2 + y2)

1
x
− 1

2y
= 2(y4 − x4).

B-3 For any positive integern, let 〈n〉 denote the closest
integer to

√
n. Evaluate

∞∑
n=1

2〈n〉 + 2−〈n〉

2n
.

B-4 LetS denote the set of rational numbers different from
{−1, 0, 1}. Definef : S → S by f(x) = x − 1/x.
Prove or disprove that

∞⋂
n=1

f (n)(S) = ∅,

wheref (n) denotesf composed with itselfn times.

B-5 Let a and b be real numbers in the interval(0, 1/2),
and letg be a continuous real-valued function such that
g(g(x)) = ag(x) + bx for all realx. Prove thatg(x) =
cx for some constantc.

B-6 Assume that(an)n≥1 is an increasing sequence of pos-
itive real numbers such thatlim an/n = 0. Must
there exist infinitely many positive integersn such that
an−i + an+i < 2an for i = 1, 2, . . . , n− 1?
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A-1 Let A be a positive real number. What are the possible
values of

∑∞
j=0 x2

j , given thatx0, x1, . . . are positive
numbers for which

∑∞
j=0 xj = A?

A-2 Prove that there exist infinitely many integersn such
thatn, n + 1, n + 2 are each the sum of the squares of
two integers. [Example:0 = 02 + 02, 1 = 02 + 12,
2 = 12 + 12.]

A-3 The octagonP1P2P3P4P5P6P7P8 is inscribed in a cir-
cle, with the vertices around the circumference in the
given order. Given that the polygonP1P3P5P7 is a
square of area 5, and the polygonP2P4P6P8 is a rect-
angle of area 4, find the maximum possible area of the
octagon.

A-4 Show that the improper integral

lim
B→∞

∫ B

0

sin(x) sin(x2) dx

converges.

A-5 Three distinct points with integer coordinates lie in the
plane on a circle of radiusr > 0. Show that two of
these points are separated by a distance of at leastr1/3.

A-6 Let f(x) be a polynomial with integer coefficients. De-
fine a sequencea0, a1, . . . of integers such thata0 = 0
andan+1 = f(an) for all n ≥ 0. Prove that if there ex-
ists a positive integerm for which am = 0 then either
a1 = 0 or a2 = 0.

B-1 Let aj , bj , cj be integers for1 ≤ j ≤ N . Assume for
eachj, at least one ofaj , bj , cj is odd. Show that there
exist integersr, s, t such thatraj + sbj + tcj is odd for
at least4N/7 values ofj, 1 ≤ j ≤ N .

B-2 Prove that the expression

gcd(m,n)
n

(
n

m

)

is an integer for all pairs of integersn ≥ m ≥ 1.

B-3 Let f(t) =
∑N

j=1 aj sin(2πjt), where eachaj is real
andaN is not equal to 0. LetNk denote the number of

zeroes (including multiplicities) ofd
kf

dtk . Prove that

N0 ≤ N1 ≤ N2 ≤ · · · and lim
k→∞

Nk = 2N.

[Editorial clarification: only zeroes in[0, 1) should be
counted.]

B-4 Let f(x) be a continuous function such thatf(2x2 −
1) = 2xf(x) for all x. Show thatf(x) = 0 for −1 ≤
x ≤ 1.

B-5 Let S0 be a finite set of positive integers. We define
finite setsS1, S2, . . . of positive integers as follows: the
integera is in Sn+1 if and only if exactly one ofa − 1
or a is in Sn. Show that there exist infinitely many
integersN for whichSN = S0 ∪ {N + a : a ∈ S0}.

B-6 Let B be a set of more than2n+1/n distinct points
with coordinates of the form(±1,±1, . . . ,±1) in n-
dimensional space withn ≥ 3. Show that there are
three distinct points inB which are the vertices of an
equilateral triangle.
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A-1 Find polynomialsf(x),g(x), andh(x), if they exist,
such that for allx,

|f(x)| − |g(x)|+ h(x) =





−1 if x < −1
3x + 2 if −1 ≤ x ≤ 0
−2x + 2 if x > 0.

A-2 Let p(x) be a polynomial that is nonnegative for all
real x. Prove that for somek, there are polynomials
f1(x), . . . , fk(x) such that

p(x) =
k∑

j=1

(fj(x))2.

A-3 Consider the power series expansion

1
1− 2x− x2

=
∞∑

n=0

anxn.

Prove that, for each integern ≥ 0, there is an integer
m such that

a2
n + a2

n+1 = am.

A-4 Sum the series

∞∑
m=1

∞∑
n=1

m2n

3m(n3m + m3n)
.

A-5 Prove that there is a constantC such that, ifp(x) is a
polynomial of degree 1999, then

|p(0)| ≤ C

∫ 1

−1

|p(x)| dx.

A-6 The sequence(an)n≥1 is defined bya1 = 1, a2 =
2, a3 = 24, and, forn ≥ 4,

an =
6a2

n−1an−3 − 8an−1a
2
n−2

an−2an−3
.

Show that, for all n,an is an integer multiple ofn.

B-1 Right triangleABC has right angle atC and∠BAC =
θ; the pointD is chosen onAB so that|AC| = |AD| =
1; the pointE is chosen onBC so that∠CDE = θ.
The perpendicular toBC at E meetsAB at F . Evalu-
atelimθ→0 |EF |.

B-2 LetP (x) be a polynomial of degreen such thatP (x) =
Q(x)P ′′(x), whereQ(x) is a quadratic polynomial and
P ′′(x) is the second derivative ofP (x). Show that if
P (x) has at least two distinct roots then it must haven
distinct roots.

B-3 LetA = {(x, y) : 0 ≤ x, y < 1}. For(x, y) ∈ A, let

S(x, y) =
∑

1
2≤m

n ≤2

xmyn,

where the sum ranges over all pairs(m,n) of positive
integers satisfying the indicated inequalities. Evaluate

lim
(x,y)→(1,1),(x,y)∈A

(1− xy2)(1− x2y)S(x, y).

B-4 Letf be a real function with a continuous third deriva-
tive such thatf(x), f ′(x), f ′′(x), f ′′′(x) are positive
for all x. Suppose thatf ′′′(x) ≤ f(x) for all x. Show
thatf ′(x) < 2f(x) for all x.

B-5 For an integern ≥ 3, let θ = 2π/n. Evaluate the
determinant of then × n matrix I + A, whereI is the
n× n identity matrix andA = (ajk) has entriesajk =
cos(jθ + kθ) for all j, k.

B-6 Let S be a finite set of integers, each greater than 1.
Suppose that for each integern there is somes ∈ S
such thatgcd(s, n) = 1 or gcd(s, n) = s. Show that
there exists, t ∈ S such thatgcd(s, t) is prime.
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A–1 A right circular cone has base of radius 1 and height 3.
A cube is inscribed in the cone so that one face of the
cube is contained in the base of the cone. What is the
side-length of the cube?

A–2 Let s be any arc of the unit circle lying entirely in the
first quadrant. LetA be the area of the region lying
belows and above thex-axis and letB be the area of
the region lying to the right of they-axis and to the left
of s. Prove thatA + B depends only on the arc length,
and not on the position, ofs.

A–3 Letf be a real function on the real line with continuous
third derivative. Prove that there exists a pointa such
that

f(a) · f ′(a) · f ′′(a) · f ′′′(a) ≥ 0.

A–4 Let A1 = 0 and A2 = 1. For n > 2, the num-
ber An is defined by concatenating the decimal ex-
pansions ofAn−1 and An−2 from left to right. For
exampleA3 = A2A1 = 10, A4 = A3A2 = 101,
A5 = A4A3 = 10110, and so forth. Determine all
n such that11 dividesAn.

A–5 LetF be a finite collection of open discs inR2 whose
union contains a setE ⊆ R2. Show that there is a
pairwise disjoint subcollectionD1, . . . , Dn in F such
that

E ⊆ ∪n
j=13Dj .

Here, ifD is the disc of radiusr and centerP , then3D
is the disc of radius3r and centerP .

A–6 Let A,B, C denote distinct points with integer coordi-
nates inR2. Prove that if

(|AB|+ |BC|)2 < 8 · [ABC] + 1

thenA, B,C are three vertices of a square. Here|XY |
is the length of segmentXY and[ABC] is the area of
triangleABC.

B–1 Find the minimum value of

(x + 1/x)6 − (x6 + 1/x6)− 2
(x + 1/x)3 + (x3 + 1/x3)

for x > 0.

B–2 Given a point(a, b) with 0 < b < a, determine the min-
imum perimeter of a triangle with one vertex at(a, b),
one on thex-axis, and one on the liney = x. You may
assume that a triangle of minimum perimeter exists.

B–3 let H be the unit hemisphere{(x, y, z) : x2 + y2 +
z2 = 1, z ≥ 0}, C the unit circle{(x, y, 0) : x2 +
y2 = 1}, andP the regular pentagon inscribed inC.
Determine the surface area of that portion ofH lying
over the planar region insideP , and write your answer
in the formA sin α+B cos β, whereA,B, α, β are real
numbers.

B–4 Find necessary and sufficient conditions on positive in-
tegersm andn so that

mn−1∑

i=0

(−1)bi/mc+bi/nc = 0.

B–5 LetN be the positive integer with 1998 decimal digits,
all of them 1; that is,

N = 1111 · · · 11.

Find the thousandth digit after the decimal point of√
N .

B–6 Prove that, for any integersa, b, c, there exists a posi-
tive integern such that

√
n3 + an2 + bn + c is not an

integer.
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A–1 A rectangle,HOMF , has sidesHO = 11 andOM =
5. A triangle ABC hasH as the intersection of the
altitudes,O the center of the circumscribed circle,M
the midpoint ofBC, andF the foot of the altitude from
A. What is the length ofBC?

A–2 Players1, 2, 3, . . . , n are seated around a table, and
each has a single penny. Player 1 passes a penny to
player 2, who then passes two pennies to player 3.
Player 3 then passes one penny to Player 4, who passes
two pennies to Player 5, and so on, players alternately
passing one penny or two to the next player who still
has some pennies. A player who runs out of pennies
drops out of the game and leaves the table. Find an in-
finite set of numbersn for which some player ends up
with all n pennies.

A–3 Evaluate
∫ ∞

0

(
x− x3

2
+

x5

2 · 4 −
x7

2 · 4 · 6 + · · ·
)

(
1 +

x2

22
+

x4

22 · 42
+

x6

22 · 42 · 62
+ · · ·

)
dx.

A–4 Let G be a group with identitye andφ : G → G a
function such that

φ(g1)φ(g2)φ(g3) = φ(h1)φ(h2)φ(h3)

wheneverg1g2g3 = e = h1h2h3. Prove that there
exists an elementa ∈ G such thatψ(x) = aφ(x)
is a homomorphism (i.e.ψ(xy) = ψ(x)ψ(y) for all
x, y ∈ G).

A–5 LetNn denote the number of orderedn-tuples of posi-
tive integers(a1, a2, . . . , an) such that1/a1 + 1/a2 +
. . .+1/an = 1. Determine whetherN10 is even or odd.

A–6 For a positive integern and any real numberc, define
xk recursively byx0 = 0, x1 = 1, and fork ≥ 0,

xk+2 =
cxk+1 − (n− k)xk

k + 1
.

Fix n and then takec to be the largest value for which
xn+1 = 0. Findxk in terms ofn andk, 1 ≤ k ≤ n.

B–1 Let {x} denote the distance between the real number
x and the nearest integer. For each positive integern,
evaluate

Fn =
6n−1∑
m=1

min({m

6n
}, {m

3n
}).

(Heremin(a, b) denotes the minimum ofa andb.)

B–2 Letf be a twice-differentiable real-valued function sat-
isfying

f(x) + f ′′(x) = −xg(x)f ′(x),

whereg(x) ≥ 0 for all real x. Prove that|f(x)| is
bounded.

B–3 For each positive integern, write the sum
∑n

m=1 1/m
in the formpn/qn, wherepn andqn are relatively prime
positive integers. Determine alln such that 5 does not
divide qn.

B–4 Letam,n denote the coefficient ofxn in the expansion
of (1 + x + x2)m. Prove that for all [integers]k ≥ 0,

0 ≤
b 2k

3 c∑

i=0

(−1)iak−i,i ≤ 1.

B–5 Prove that forn ≥ 2,

n terms︷ ︸︸ ︷
22···

2

≡

n− 1 terms︷ ︸︸ ︷
22···

2

(mod n).

B–6 The dissection of the 3–4–5 triangle shown below (into
four congruent right triangles similar to the original)
has diameter5/2. Find the least diameter of a dissec-
tion of this triangle into four parts. (The diameter of
a dissection is the least upper bound of the distances
between pairs of points belonging to the same part.)


