Math 202 Integration Example 27 February 2002
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We evaluate the indefinite integral /

1
To begin, we need the partial-fractions decomposition of T We factor

3+
2+ 1 as

P41 = (e+D)(@*—24+1).
The second factor is a quadratic irreducible, so the partial-fractions expansion

1
of ——— has the form
3+ 1

1 A Bx+C

3 4+1 x+1+$2—x+1'

Multiplying through by (z + 1)(2* — x + 1), we get

1 = A@@* -2+ 1)+ (Bx+C)(z+1) (1)
= A2’ - Az + A+ Bx*+ Bx+Cz+C (2)
= (A+B)2>+(-A+B+C)z+ (A+O). (3)
Equating the coefficients on both sides of lines (1)-(3) we get the system

A+ B — 0
~A + B + C =0
A + C =1

The third equation says C' =1 — A, so we can substitute 1 — A for C in the
second equation to get (after some algebra) 24 — B = 1. Adding this to the

1
first equation gives 34 =1, s0 A = 3 The first equation then implies that

1 2
B = —3 and the third equation that C' = 3

Thus we have

I 1{ 1 r—2 }
»+1  3lz+1 22—z+1]’

1 1 dx T — 2
i = f/ —/ dz| . 1
/x?’—i—l . 3[ r+1 2 —x+1 x] (4)

so that




The first integral is easy: the substitution u = x + 1; du = dz shows that the
integral is a natural logarithm. We get

1 1 -2
/ 3+1dx = gln|x+1|—/7x dx}.
x

2 —x+1
We begin working on the remaining integral by completing the square in the
denominator. We have

-+l = (1:—)—1—.

We get

r=3

1 1 -2
/ s—dr = ln]x+1]—/x—2da: :

3
4

1 1
Next we try the substitution © = x— 3 du = dx. This implies that z = u+§.

We get
1 1 u+ 3 —2
3

1 u—3
= 3 1n]m+1]—/u2+3du :

4

We can write the remaining integral as the sum of two integrals. We get

1 1 u 3 1
—de = - [ Spdus s [ ],
/x3H_I 3[nu+| 23T u%+i“]

3
For the first integral, we use the substitution w = u* + T dw = du. For the

second, we use the trig substitution

u o= Ttane

du = \égsecQQdQ.



Making these substitutions, we get

1 1 1 dw se029
dr = - |lnjz+1]— - / do
/x3+1 o 3 [nle 13 t3 3tan29+3
1 dw 3\/_ sec?d
— -l 11-= [

3 nlz+1] se029 ]
1
3

ln|x+1|—2/5+\/§/d«9].

Now we can perform the integration. We get

1 1 1
/7d1: = 3 {ln|x+1|—21n\w\+\/§6}.

3+ 1
Finally, we unwind the substitutions. We have

3 1\? 3
w:u2+4:(x—2> —l—zzxz—x—i-l

0 = tan (3%) — tan~! (237%%1) .

Making these substitutions, we get

1 1 1 20 — 1
/ de = 3[ln|ac—i—1|—21n|x2—m+1|+\/§tan_1( ° )]—FC’.

341

and

B

To check this, we differentiate our final answer. We get

1 1 20 — 1
d<3[1n|a:—l—1|—21n|x2—x+1|+\/§tan_1<x )])z

dx

P

1 1( 2z — 1 > -
r+1 2\22—x+1 1+ 2
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11 T - 6

n g_m+1_x2—m+1 4x2—4x—|—4]

IR

T 3 |z+1 22—+l x2—x+1]
17 1 z—2

3 x+1_:p2—$+1]

1@ —z+1)—(z—2)(x+1)

-3 (x+1)(22 =2+ 1) ]

1@z +1)— (2 —z—2)

T3 3+1 ]

1y 3

T3 3 +1

B 1
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And there was much rejoicing.



