Math 333 Solution
Final Exam May 2003
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1. Solve the first-order initial value problem 3’ — 2ty = 67; y(1) = 2. (Assume t > 0.)

Solution: The integrating factor is et Multiplying through by e’t2, we get
1
e_to' — 2t6_t2y = 7

so that

e_to = Int+C
y = e’Int+ Ce”

Given that y(1) = 2, we have

so that C' = 2¢~ !, and

y = e’ Int + 2¢" 1.

2. Solve the first-order initial value problem 3’ +y*cosx = 0; y(0) = 4.

Solution: This equation is separable. We get

/

Y

" = —coszT
and integrate both sides to get
1 )
—— = —slnr -+
Y
B 1
C sinz 4 e
Now we impose the initial condition, getting
1

4 =

0—|—Cg



1
whence ¢y = T The solution is

1
sinz + (1/4)

. A force of 10 pounds stretches a spring 4 inches. The spring’s internal friction exerts
a viscous damping force of 3 pound-seconds per inch. A 5-pound weight is attached to
the spring, pushed upward 6 inches from its rest position, and then released at ¢t = 0.

Write an initial value problem for u(t), the position of the mass at time t. Be sure to
specify units for u(t). You do not need to solve the initial value problem.

(Use 32 ft/sec? for gravitational acceleration.)

Solution: The spring constant is 10 pounds per 4 inches, or 30 pounds per foot, so we
have k£ = 30.

5
To find m, we note that 32m =5, so m = 3 Ib-sec? per foot.

The damping constant ~ is given as 3 pound-seconds per inch, which is 36 pound-
seconds per foot.

Here’s the initial value problem:

)
3—21/’ +36u’ +30u=0; u(0)=-—=; «(0)=0

with u(t) in feet.
We could also solve the problem with u(t) in inches. In this case, the spring constant

is 5 pounds per inch, so we have k = 5 pounds per inch.

Gravitational acceleration is 32 x 12 = 384 in/sec?, so we have 384m = 5, and

i 1h-sec?
384 in

m =

The damping constant ~ is already given in the correct units: 3 pound-seconds per
inch. We have

5 " / ) _n. A / —
251 +3u+2u—0, u(0) =—6; «'(0)=0

with u(t) in inches.



4. (a) Find the equilibrium solutions to the differential equation 3’ = y* — 3y* — 4y, and
classify each as asymptotically stable, unstable, or semi-stable.
Solution: We can factor y* —3y* —4y as y(y —4)(y+1). The equilibrium solutions
are

y = —1, unstable
y = 0, asymptotically stable
y = 4, unstable.

(b) Suppose y.(t) is a solution to the initial value problem ' = y* —3y* —4y; y(0) = c.
Find tlim ye(t) if
i.c=-2
Solution: This solution goes to —oo as t — o0.

ii. c=—1
Solution: This solution is an equilibrium; y_; () = —1 for all ¢, so tlir& y_1(t) =
—1.

iii. ¢=3
Solution: As t — o0, this solution approaches the asymptotically stable so-
lution y = 0.

5. The function y;(t) = t* is one solution to the differential equation
2" =3ty +4y =0, t>0

Suppose y»(t) = t?v(t) is a second solution. Find the most general form for v(t).
Solution: If yo = t*v, then 3, = 2tv + t*' and y} = 2v + 4tv" 4+ t*0”, so that we get
0 = t*(2u+ 4t + %) — 3t(2tv + t20') + 4t?v
— t421” + tSU/
= 3t +)

Since ¢t > 0, we can divide through by ¢ and then make the subsitution u = v’ to get

tW' +u = 0
. o 1
This is separable; we write — = —7 so that Inu = —Int + ¢, and so
u
u = e—ln t+c1
C2

e



We then integrate to get

v(t) = colnt+cs.
75+ 10
. C te L1 ——
ompute £ {3(52 +45+5)}
Solution: We write
sS40 _ A BstC
s(s2+4s+5) s s24+4s+5

and solve for A, B, and C to get

Ts+10 2 25+ 1
s(s2+4s+5) s 24+4s+5
2 25+ 4 3
I R L B ) F
2 2(s+2) N 3
s (s4+2)2+1 (s+2)2+1

We find the inverses of these terms in the table. We get

7 10
r-1 {(QTEL—{—@} = 2—2 %cost + 3e Zsint.
s(s S

. Consider the initial value problem y” + 5y’ + 4y = g(t) + (t — 2), y(0) = 2, y'(0) =0,
where

0 if t<2
g@__{&—Gﬁt22

Find Y (s), the Laplace transform of the solution. You do not need to find the solution
itself.
36—23

52

Solution: First, we write g(t) = u2(t)(3(t — 2)), so that L{g(t)} =



Next we take the Laplace transforms of both sides of the given equation, getting

3—23
sV — 25+ 5(sY —2) +4Y = 62 e
5
3
(s* +5s+4)Y = 25+10+e25(2+1>
s
Y(s) = 1<2s+10+e_25 (3+1)>
24 5s+4 EE '

o
8. Suppose y(z) = > a,z™ is a solution to the differential equation y” + 2zy’ + 2y = 0.
n=0
Find the recurrence relation for the coefficients a,. (You should get a formula giving
Ap+2 in terms of a,.)

Solution: With y as given, we have

y o= > naa"t
n=0
so that
20y = > 2na,z”"
n=1
Differentiating again, we get
y' = D nln—1aa"?
n=0
= Y n(n—1)a,a"">
n=2
— Z(n + 1)(n + 2)ap 02"
n=0
The differential equation reads
> ((n+1)(n+ 2)ans2 + 2na, + 2a,)z™ = 0.
n=0

We have the recurrence relation

n+1)(n+2)ap2+(2n+2)a, = 0



which we simplify to

2a,
an, — )
2 n+ 2
Bonus: Let Z a,x™ be the power series solution to the initial value problem 3 = 1 + v
n=0
y(0) = 0.

Find ag, a1, as, ag, as, and as

Solution: If y = ag + a1x + azx® + azz® + - - - and y(0) = ag = 0, then we get

1+y* = 14 (a2 + apr® + asz® + - (a2 + agx® + aza® +--+)
= 1+ ai2® +2(aya9)2” + (2a1a3 + a3)z* + (2a1a4 + 2aga3)2° + - - -

We also have
Yy = a1+ 2a9x + 3agx® + dasx® + basxt + - - -

Equating the coefficients in the two power series yields:

a; = 1

2@2 = 0

3a3 = a?

4@4 = 2a1a2

Sas; = 2aiaz+ a%

Putting this all together, we get
1 1
ap=0; ar=1; ay=0; a3=—=; as=0; a5=—.



