Math 333 Problem Set #6 — Solution

1 April 2003

Al.

A2.

Solve the initial value problem 3" + 4y’ + 4y = 0; y(0) =1, 3'(0) = 0.

Solution: The characteristic equation is 72 + 47 +4 = 0, so the characteristic roots are

—2 and —2. The general solution has the form
y = (c1+cot)e .

From this we get

y = —2(c1 + czt)e_2t + coe” .

The initial conditions give us the system

C1 =1
—261 + c = 0

from which we get ¢; = 1 and ¢; = 2. The solution is

y = (1+2t)e .

Consider the third-order differential equation

y/// + 6y// + 12y/ + 8y — 0

2t

(1)

The characteristic equation of (1) is (r +2)* = 0, and, as you can check, y; = e * is a

solution.

(a) Find two other solutions, 3, and ys, that are not scalar multiples of 3; or of each

other.

(Probably the best way to do this is to make guesses and then plug them in to

(1) to see if they work.)

Solution: We will guess that the other two solutions are y, = te > and y3 = t?e .

To check this, we compute

yh = —2eH 4,
Yy = 4te* —de
Yy = —8te ' 4127,
vy = —2t%e % 4 2te™

Yy = 4te”* —8te ! 4 27,

yy = —8tPe 4 24te ™ —

12¢%,



Checking ys in the differential equation above, we get

Yy 4+ 6y 1205 + 8y, = (=8t +12)e ' +6(4t — 4)e
+12(—=2t + 1)e”* + 8te™*
= ((=8+24—24+8)t+ (12— 24+ 12))e >
= 0.

Checking y3, we get

ya' 4 6y + 12y5 + 8ys = (—8t* 4+ 24t — 12)e " + 6(4t* — 8t + 2)e >
+12(—2t% + 2t)e " + 8t?e*
= ((—8+4-24 — 24 4 8)t* + (24 — 48 + 24)t + (—12 + 12))e*
= 0.

So our guesses were correct.

Solve the third-order initial value problem
y 6y + 12y + 8y =0;  y(0)=1, y'(0)=-54"(0) =20
Solution: The general solution is y = (cth + ¢yt + c3)e . From this we get

Yy = (2t +ca)e = 2(eqt? + Cot + c3)e
"= 2c1e7H —2(2c1t + c)e”H —2(2e1t + c)e”H 4 A(eit? + cot 4 c3)e
= 2cie % —4(cyt + co)e H 4 4(eit? + cot 4+ c3)e

Imposing the given initial conditions, we get the system

C3 = 1
Cy — 2C3 = -5
261 — 402 + 403 = 20
The solution to the system is c3 = 1, co = —3, and ¢; = 2, so the solution to the

IVP is

y = (22 =3t+1)e .



B1. (B & D, §3.5, problem 24) Given that y; = ¢ is one solution to the differential equation
t2y" +2ty’ — 2y = 0, (with t > 0), use the method of reduction of order to find a second
solution, y».

Then calculate W (yy,y2) to be sure that ys is truly independent of y;.

Solution: We guess that yo = tv(t) is a second solution. We have

vo = v(t) +t'(D)
Yy = 20'(t) + " (¢).

Plugging these expressions into the given differential equation (and suppressing the
argument of v), we get

0 = 220 +t") +2t(v+t) — 2tv
30" + 4%
Since t > 0, we may divide through by t* to get
t" +40 = 0.
Next we let u = v’ so that v” = u/. Making this substitution, we find that
tu' +4u = 0.

We can solve this by the method of integrating factors. When we multiply through by
t3, we get
t + 4% = 0
d

%(#U) =

so that u = ¢;¢t~%. From this, we get that

v = /udt:@t_g—l—c?,.

We started by assuming that tv was a solution to the differential equation. We now
have tv = cot ™2 + c5t. We already had the term cst; the new part of the solution is
cot 2. So we take y, =t 2.



B2.

To verify that this in truly new, we compute the Wronskian. We get

_ t 1
= 27272
= =32

Since ¢ > 0 in this problem, we know that the Wronskian is never 0. In particular,
there is some value of ¢ for which W (¢, 2)(t) # 0.

Carry out the calculation of W (y1,y,) with y; = e* cos(ut) and y, = e sin(yut).
Solution: We have
eMcos(pt)  AeMcos(ut) — pe sin(put)
M sin(put) e sin(ut) + et cos(put)
= M cos(put) sin(ut) + peM COSQ(/ﬂf)
—Xe*M cos(ut) sin(put) 4 pe* sin?(ut)
= e (sin? (ut) + co(pt))
e,

W (e cos(put), e sin(put))

As long as pu # 0, this expression is non-zero, so the two solutions form a generating
set.



C1. Solve the initial value problem 3" +1 — 2y = t* + ¢*;  y(0) =1, ¢/(0) = 2.

The characteristic equation is 72 +r — 2 = 0, which factors as (r — 1)(r +2) = 0. The
complementary solution to this differential equation is therefore

Yo = cie' 4 coe .
The particular solution will take the form
Y = At*+ Bt+C + De*.

From this we get

Y' = 2At+ B+ 3De*
Y" = 24+ 9De%,

Plugging these back into the given equation yields

2+ = (2A+9De) + (2At + B + 3De*) — 2(At* + Bt + C + De?)
—4At* + (2A = 2B)t + (2A + B — 20) + (9D + 3D — 2D)e™.

We equate coefficients to get the system

—2A =1
2A — 2B =
2A + B — 2C =0
10D = 1
. . 1 3 1
The solution to the system is A = B = —5 C = 1 and D = 0 The general
solution to the differential equation is
1 1 3 1
y = —=t*——t— "4+ e et + e

2 2 4 10

From this we get

1 3
y = —t— 3 + 1—063t + cret — 2972,
The initial conditions give us the system
3 1
_Zl+1_0+61+62 = 1
1 3

—§+E—I—Cl—202 = 2.



C2.

11 11
The solution is ¢; = 5 Cy = ~50" The soluiton to the IVP is

Recall that if y(t) gives the position of an object at time ¢, then y”(¢) is the object’s
acceleration. Also recall Newton’s law: the acceleration of an object is a constant
(namely, 1/m) times the force acting on the object. The initial value problem

y' = cost —fBy’s y(0) =0, y(0) =0 (2)

thus models an object (with mass 1) moving under the influence of an outside force
cost and a second force —3y’ that pushes against the object’s motion, with a magni-
tude proportional to the object’s velocity (we assume 5 > 0). The second force is a
reasonable way to model sliding friction. The parameter (3 is the coefficient of friction.

(a) Solve the initial value problem (2). All the constants in your solution will depend
on (3

Solution: The differential equation is ¢y’ + 3y’ = cost. The characteristic equation
is 72 + Br = 0, which has roots 0 and —3. The complementary solution to the
differential equation is thus

Yo = c14 coe P
The particular solution has the form Y = Acost + Bsint. From this we get

Y’ = —Asint+ Bcost
Y" = —Acost — Bsint.

Plugging these back into the differential equation, we get

cost = —Acost— Bsint — fAsint + 3B cost
= (—A+f(3B)cost — (B + fA)sint.

Equating coefficients, we get the system

BB—A =
B+3A = 0.



1
The solution is A = — , B = b . The general solution to the differential
5+ 1 p+1

equation is

y = ¢ +ce (Bsint — cost).

TEr

From the initial condition y(0) = 0 we get

1
0 = c1+ cog — m
We also find that
y = —fee P+ 7 1(6 cost + sint).

From the initial condition y'(0) = 0, we get

0 = —fPBe+

g+l
We can now determine ¢; and ¢;. We have

1
RS

from which it follows that ¢; = 0. The solution to the IVP is

Cop =

1
YT e

(e + Bsint — cost)

Use the computer to plot solutions to (2) with = 0.25, § =4, and § = 8. With
each solution plot, also plot the function cost (the forcing function).

Here are the pictures: With 3 = 0.25:
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With g = 4:
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With g = 8:
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(¢) Comment on the relation between the forcing function and the response function
(that is, the solution) for the various values of 3. How do the amplitude, frequency,
and phase shift of the response seem to depend on (37

The amplitude of the response decreases with increasing 5. One would expect

this, since (3 is a drag coefficient.
NS
S
The frequency of the response is equal in all cases to the frequency of the driving
function.

(More precisely, the amplitude of the steady-state solution is

The phase shift of the response seems to depend on [ in the following way:
For small values of (3, the response lags approximately 180° behind the driving
function. For larger values of 3, the phase lag decreases. When ( = 8§, the
response seems to lag about 90° behind the driving function.

(More precisely, we have a phase lag ¢ determined by tanp = 3, with ¢ = —7
when 3 = 0. Thus the phase lag ¢ is given by —7 + tan™' 3, so it does indeed

approach —g as [ — 00.)



