Math 333 Problem Set #8 — Solution 25 April 2003

0 if 0<t<2
A1l. Find L{g(t)} where g(t) =< t—2 if 2<t<4
2 if 4<t

Solution: Writing g in terms of Heaviside functions, we get

g(t) = (£ = 2)(ua(t) — ua(t)) + 2ua(t)
= (£ =2)(ua(t)) = (£ — 4)ua(?).

Since the Laplace transform of (t — ¢)u.(t) is e~ times the Laplace transform of ¢, we
get
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A2. (a) Use integration by parts to prove the following:
Theorem: For n > 1 and s > 0, L{t"} = “r {t" 1.
s

Be sure to point out where you use the hypothesis s > 0.
Solution: By definition of the Laplace transform,

L{t"} = /O e "™ dt.
A

= lim e St dt.
A—o0 0

We let u = t"dt and v = e **dt and apply integration by parts. We have
—st

e
du = nt" ' dt and, since s # 0, v = —

S
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By the definition of the Laplace transform, the second term on the right is
n

—L {t"_l}. The limit in the first term on the right is

s

1 .. A"
— lim .
S A—oo esA

Since s > 0, we have an increasing exponential in the denominator, and a poly-
nomial in the numerator. Since exponentials grow faster than polynomials (see
n

below), we have f}im — = 0, and thus the first term on the right is 0. In
—00 63

summary, we have
c{ty = =cfe).

forn>1and s > 0.

n

x

Here is a proof that lim — =0 for @ > 0 and n > 0. We proceed by induction
T—00 €

on n.

1
Base case: n =0. We have lim — which is certainly zero, since e — 00 as
Tr—00 €
T — 00.
n—1

Inductive step. Let n > 1, and assume that lim
z—o00 e

that 2" — oo as © — oo, and since a > 0, we know that ¢ — oo as well. We
may apply "Hospital’s rule to get

= 0. Since n > 1, we know

" na" !
lim — = lim
z—00 4T z—o0 et
n l,nfl
= — lim
a x—oo e
n
= oo
a
= 0.

1
(b) Given that £L{1} = — (for s > 0), use the formula in part A2a to find £ {t},
s

L {tQ}, and £ {t3}. Based on these results, make a conjecture about the value of
L {t"} for any positive integer n.

(Optionally, use induction to prove that your conjecture is correct.)



Solution: We have
1

Ly = —£{1

= 5 (5>0)
ci{ry = 2o

= 2 (>0
c{r}y = Soi)

- % (s> 0).

Each time we increase the exponent on ¢, we multiply the denominator of the
transform by s and the numerator by the new exponent. We conjecture that

Ly = (s>

8n+1
Here’s an inductive proof.

1
We are given that £ {to} = —, so the conjecture holds for n = 0.
s

—1)!

Now suppose that n > 1 and £ {t”_l} = (n—1) for s > 0. We want to show
Sn

that

|
LA{t"} = " for s > 0.

8n+1

By the result above, we have

L{ty = ~Lfe)
n(n—1)

S s
n!
Sn+1’

valid for s > 0. This completes the proof.




B1. Use Laplace transforms to solve the initial value problem

y"' + 5y +6y=g(t), y(0)=1y(0)=0,
where

6 if 0<t<1
g(t) = ¢ —6 if 1<t<?2
0 if 2<t.

Then use a computer to plot your solution.

Solution: Writing ¢(¢) in terms of Heaviside functions, we get
g(t) = 6(1—2ui(t) + us(t)).

Taking the Laplace transform of both sides of the given equation yields
6
(2 +554+6)Y = —(1—2e"+e%)
s

where Y is the Laplace transform of our solution. Solving for Y, we get

6
Y = — (1 -2t e,
5(52+5s—|—6)( erHe)

It will be convenient to set

6

Hs) = s(s?2 +5s+6)

and let h(t) denote the inverse Laplace transform of H(s).

The denominator of H(s) factors as s(s+2)(s+ 3), and using partial fractions, we find

that
1 3 2
H = — —
(5) s s+2 + s+ 3
so that
h(t) = 1—3e 2 4273, (1)

It follows that our solution y(t), the inverse Laplace transform of Y'(s) is given by

y(t) = h(t) — 2ui()h(t — 1) + us(t)h(t — 2)



where h(t) is given in equation (1).
Here is the solution, plotted by Maple:

> hb :=t -> 1 - 3*xexp(-2*t) + 2%exp(-3*t);
> yb :=t -> hb(t) - 2+Heaviside(t-1)*hb(t-1) +

> Heaviside(t-2)*hb(t-2);
> plot(yb(t),t=0..4);
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B2. (a) Line 19 of the Laplace transform table says that if F'(s) = L{f(t)}, then

L{tf()} = —F'(s).

Use this fact to show that

s —a?

E{t COS at} = m



: : s
Solution: Given f(t) = cosat and F(s) = T e have

L{tf)} = —F'(s)
(s? + a?) — 25>
(s + a2)?2

as required.
Use the result from part (B2a) and the Laplace transform table to show that
1. 2a?
L4 —sinat —tcosat p = ———.
a (52 +a?)?
Solution: We have

E{lsinat—tcosat} = 1 ( ¢ ) — st —a’
a a \ s2+a? (s2 4 a?)?

1 s —a?
s2+a2 (s2 4 a?)?
s+ a? — (s* — a?)

(s? +a?)?

2a>

(s2 +a?)?’

as required.

Use Laplace transforms to solve the initial value problem
y'+4y=yg(t), y(0)=y(0)=0
where

(1) = sin2t if 0<t<d4m
g\t = 0 if dr <t

Use a computer to plot your solution.
Solution: Writing ¢(t) in terms of Heaviside functions, we get

g(t) = sin2t(1 — uye(t))
= 8in 2t — ug,(t) sin 2t
= Sin2t — ug,(t) sin(2(t — 4m)),



where the last equality follows because sine is obligingly 27-periodic (and therefore
8m-periodic).

Taking the Laplace transforms of both sides of our equation, we get

2
s2 44’

(s 4+4)Y = (1—e ™)

where Y is the Laplace transform of the solution. Solving for Y, we get

Y = (1—e*™)H(s) (2)
where
2
H6) =

1 2x 2

4\ (s2422)2)°
From the results above, we know that the inverse transform h(t) of H(s) is given
by

1/1
h(t) = 1 (5 sin 2t — t cos 2t>

sin2t  tcos2t
8 4

Then from equation (2) above, our solution y is given by
y(t) = h(t) — wan(t)h(t — 4m).

Here is a picture
> hc =t -> (1/8)*sin(2*t) - (1/4)*t*cos(2*t);
> yc :=t -> hc(t) - Heaviside(t-4*Pi)*hc(t-4*Pi);
> plot(yc(t),t=0..8%Pi);



C1. Let g be the square wave given (for ¢t > 0) by

[e.e]

g(t) = D (1) "un(t)

n=0
(a) Graph g¢(t), either by hand or with the computer. In Maple, the step function is
called Heaviside (), and the translation is

u.(t) = Heaviside(t — c)

Solution: Here is a graph of g(¢). Maple has included vertical lines at all the
points of discontinuity. It would.

> sq := (n,t) -> sum((-1) kxHeaviside(t-k),k=0..n);
> plot(sq(10,t),t=0..10,scaling=CONSTRAINED) ;



(b) Let G(s) be the Laplace transform of g(¢). Find the simplest expression you can
for G(s). Don’t forget to indicate the set of s for which G(s) converges.

- 1
You may want to use the fact that Z r't = for |r| < 1.
— 1—7r
Solution: Since the Laplace transform is linear, we have

o0

LM} = Y (~1)"L{un()}

n=0

n=0
= éZ(—es)”.
n=0

For s > 0, we have | — e™*| = ¢™* < 1, so the geometric series converges, and we



get

LA{g(t)} = —- , s>0.

C2. Solve the initial value problem y” +8y = g(t); y(0) =0, ¢'(0) =0 where g(t) is the
square wave in problem C1. Plot your solution for ¢ from 0 to at least 50.

(Note: it will be easier to leave the transform of ¢(¢) in the form of an infinite sum.)

Solution: Taking the transforms of both sides of the differential equation, we get

1

2 )Y = = —1)e s

ey = D

so that
1 o0

Y = —1)re s

s(s? +38) n:O( Jre

Let H(s) = . By partial fractions, we find that

s(s? +8)

1/1 s
H(s) = —(=— .
() = 3 <s 2 1 8)
Let h(t) be the inverse transform of H(s). We have

W) = %—écos(\/gt).

The solution to the IVP is

[e.o]

> (=1)"un(t)h(t = n).
n=0
Here is a plot of this solution.
> hd =t > (1/8)*(1-cos(t*sqrt(8)));
> yd := (n,t) -> sum((-1) "k*Heaviside(t-k)*hd(t-k),k=0..n);
> plot(yd(50,t),t=0..50);
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