
Math 333 Step-Function Example 22 April 2003

Problem: Use Laplace transforms to solve the initial-value problem

y′′ + 3y′ + 2y = δ(t− 5) + u10(t); y(0) = 0, y′(0) =
1

2
.

Plot the solution in Maple.

Solution: Taking the Laplace transform of each side, we get

(s2 + 3s + 2)Y − 1

2
= e−5s +

e−10s

s

Y =
1

s2 + 3s + 2

(
1

2
+ e−5s +

e−10s

s

)

=
(1/2)

s2 + 3s + 2
+

e−5s

s2 + 3s + 2
+

e−10s

s(s2 + 3s + 2)

where Y (s) is the Laplace transform of the solution, y(t).

Let H1(s) =
1

s2 + 3s + 2
, and let h1(t) = L−1{H1(s)}. To compute h1(t), we use partial

fractions to write

H1(s) =
1

s + 1
− 1

s + 2
.

From this we get immediately that h1(t) = e−t − e−2t.

Let H2(s) =
1

s(s2 + 3s + 2)
and let h2(t) = L−1{H2(s)}. To compute h2(t), we use partial

fractions to write

H2(s) =
1

2s
− 1

s + 1
+

1

2(s + 2)
.

From this we get h2(t) =
1

2
− e−t +

1

2
e−2t.

Now using the properties of exponentials and the Laplace transform, we have

L−1{Y (s)} =
1

2
L−1{H1(s)}+ L−1{e−5sH1(s)}+ L−1{e−10sH2(s)}

=
1

2
h1(t) + u5(t)h1(t− 5) + u10(t)h2(t− 10)



where h1(t) = e−t − e−2t and h2(t) =
1

2
− e−t +

1

2
e−2t.

To plot this in Maple, we define two functions h1 and h2, and multiply them as needed by
the step function, which is called Heaviside in Maple. Here’s the Maple worksheet:

> h1 := t -> exp(-t) - exp(-2*t):

> h2 := t -> 1/2 - exp(-t) + (1/2)*exp(-2*t):
> y := t -> (1/2)*h1(t) +

> Heaviside(t-5)*h1(t-5) +

> Heaviside(t-10)*h2(t-10):

> plot(y(t),t=0..15);
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