Math 251 Homework Solution 2 February 2004

Claim 1 For any real number r # 1 and every integer n > 0,

n 1— Tn+1

Yot = 0

k=0

Proof: For each non-negative integer n, let
T = 14147+ 41"
Then we have

1-—rT, = A=) A 4+r+r2+- 41"

= 1 +7r + 77 + - + 0"
— r — r,ﬂ2 — . e — frn — rn"’_l
= 11—t
so that
1-rT, = 1—r"t (2)

Now since r # 1, we can divide both sides of (2) by 1 —r to get
1 — ,rnJrl

7, = —
1—r

and since T,, = > r*, we have proved (1). "
k=0

Alternate Proof: We proceed by induction on n.

0

For the base case, take n = 0. On the left side of (1), we have Z ¥, which
k=0

is just 7% or 1 (we are assuming that 0° = 1 for this problem). On the right

1—
side of (1), we have IJ, which, for r # 1, is also equal to 1.
-7

Thus, (1) holds in the base case.



For the inductive step, we assume that (1) holds for some value of n > 0,
and show that

n+1 1 — pntD)+1

rf= 3
g:‘; 1—r )

We have

ni_:lrk _ (zn: Tk> _|_7an+1 (4)

k=0
1— Tn—i—l
= ( _— )—l—r"“ (5)
by the inductive hypothesis.
Now the right side of (5) is just
1 — pntl i 1— 7™t 4 (1 —r)pnt?
- n _ 6
1—7r r 1—7r (6)
1 — pntl + P+l T(n+1)+1
- 1—r (M
1 — T(n+1)+1
- ®)

Putting lines (4) through (8) together, we get
n+1 1— ,r,(n—l—l)—i-l

ko _
kz:%T n 1—r

which is just line (3). Thus, by the principle of mathematical induction,
claim (1) holds for all integers n > 0. "



